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THE APPROXIMATE EIGENVALUES
OF AN OPERATOR MATRIX

HoNG YoulL LEE AND YONG BIN CHOI

In [5, 6] R. E. Harte determined the spectrum of an “operator ma-
trix” by computing the joint spectrum for certain systems of elements
in a tensor product of normed algebras and applying a spectral mapping
theorem in several variables. In this note we derive a spectral mapping
theorem for the joint approximate eigenvalues in a tensor product of
normed algebras and then determine the approximate eigenvalues of
an operator matrix. :

If a = (aj,a2, - ,a,) € A™ is an n-tuple of elements in a normed
algebra A then we write '

Gala) = {/\ eC™:1¢ cl i:A(aj - ,\j)}

and

54 (a) = {A eCr:1¢ d zn:(a,- - A,-)A}
j=1

for the almost left spectrum and the almost right spectrum, respec-
tively, of a € A™ with respect to A. We can make similar extension to
n-tuples of approximate eigenvalues ([2], [5], [6]): we shall write

H@={rect: it Zu(aj - Xj)ell = 0}

and

@)= {rects it 3 lkla; - 1)l =0}
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for the le ft approzimate eigenvalues and the right approzimate eig—
envalues, respectively, of a with respect to A. We have the obvious
inclusions: ‘

TA(a)CaA(a) and fﬁ(a)cﬂ(a)

If a € A™ then for each w € {crA, G'A,TA,TA} w(a) is a compact subset
of C". The “spectral mapping theorem” for w € {UA,O’A,TA,TA} is
the assertion that if @ € A™ is commutative and f : C® — C™ is an
m-tuple of polynomials in n variables then ([1], [2], [5], [6])

‘wf(a) = fw(a). (0.1)

Ifw E {64,875, 74,745} then whasa “subprojective” property that is,
ifa€ A" and be A™ are arbitrary then

w(a,b) C w(a) x w(b).

If w is a subprojective system of mappings from A" into qubsets of cn
we shall write ‘ ‘ ‘
-~

wh=p(@) = {X €eC”: (\p) €w(a,b)}. ,,
It was known ([4] Theorem 2.3; [6] Theorem 11.3.5) that if a € A"
i ‘1s commutative and commutes with b € A™ and if f : crtm - Cr
is a p—tuple of polynomials in n 4 m variables, then for each w €
{5%,6%,7,, TA} there is equality

fla)= | wa=af(Ab). ‘ (0.2)
: Aew(a)
If A and B are complex normed algebra.s then we shall denote by
A ® B the completion of the algebraic “tensor product” A ®¢ B with
respect to some uniform crossnorm ([3]) which is compatible with
the multiplication (a¢ ® b)(a’ ® ¥') = (aa’ ) ® (bb'). The space AT ® Bt
can be naturally mapped into (4 ® B)!: sometimes we have

At@B' = (4® B)! | (0.3)

An obvious example for {0.3) is when A and B are both Frechet spaces
and B is a nuclear space if a topological vector space ([10] Proposition
50. 7) and hence, in particular, B is ﬁmte dlmensmnal ifa normed space.

Our first observation is elementary:
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LEMMA 1. Ifa = (a;,ag, - ,a,) € A™ for a normed algebra A and
if A™ is the completion of A then

Tala)=7Th~(a) and  Fi(a) = 73~ (a). (1.1)

Proof. If A = (A1,A2,-++,Ay,) is not in #(a) then there exists a
positive constant ¢ > 0 for which

ellbl <D ll(a;— A)bll  forall be A
J=1
Since for each ¢ € A™, there exists a sequence (¢n,) in A such that
¢m — ¢, it follows that

llel = lim ellen]| < lim % f(a; = Aemll = Y_ I(a; = A))ell;
j=1 3=1

which says that A is not in 74.(a). This gives inclusion one way in the
first equality of (1.1). The reverse inclusion is evident. Exactly similar
argument gives the second equality of (1.1).

For tensor product of normed algebras, we have:

THEOREM 2. If A and B are normed algebras and if A® B is a
uniform tensor product of A and B satisfying At ® B = (A @ B),
then for arbitrary a € A™ and b € B™ there is equality

Feop(a®1,1®b) = 7i(a) x 75(b) (2.1)
and

Taep(@® 1,1 b) = 74(a) x 75(b). (2.2)

Proof. If (A, p) € C™™ is not in #,(a) x #5(a) then there exists
e > 0 for which either ellz|| < 3°7_, [[(a; — Aj)z| for all z € A or
ellyll < i, 1(bk—px)y|| for all y € B. Now suppose, for each sequence

(X 2" 0y),enin A® B,

[((a; =A;)®1) Z $$r) ® y,r)H —0 for each j

=]
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and .
Qe —m) Y 2" @y”| -0  foreach k,
=1 ‘
so that

1Y (a5 = 2)2P @yl 50 and ||} 2" @ (b — ur)y” | — 0.

=1 t=1

By the assumption that the tensor product is uniform, the linear func-
tional ‘

60%:> ai®bi— > d(ai)h(bi) for each ¢ € A" and y € BY

=1 =1

~ is bounded, and extends to the product A& B. We thus have;, foreach

¢ € At and ¢ € B,

3 (a5~ 1)) p(w) 5 0 and 2¢(z£’>)¢((bk—uk)y£") 5o,

=1 =1

so that

#{(@5=2) 2 e} 5 0and{ be-p) Y 790} Lo,
=1

=1
and hence
(@i =) ePp(y”) 50 for each j
t=1 .
and

.y
(bx — px) Zy§')¢(x§’)) 5,0 - for each k.

=1

Thus our assumption gives

either Z $§r)¢(y§r)) 50 or Zy}r)ﬂx?)) 50:

=1 Ci=1
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Each case gives
37 B()b(y?) 50 for cach 6 € A' and € B,
i=1
and hence
$QY (izﬁf) ®y§’)) 550 for each ¢ € A" and ¢ € B
i=1
From the assumption that AT @ Bt = (4 @ B)!, we can conclude

Z Ny L

t==1

which, by (1.1), says that (A, ) is not in 7’2®B(a ® 1,1 ® b) because
elements of the form Zf___l a; ® b; form a dense subspace. This gives
inclusion one way in (2,1). The reverse inclusion was noticed by Ichi-
nose [8, Corollary 3.8]: Suppose A € 74(a) and p € 7§(b), so that there
are sequences (z,) and (y,) in 4 and B for which |jz,|| =1 = |jy.||

and ||(a; — Aj)z,|| + [[(bx — pr)y-|l 2 0 for each j and k: but by the
crossnorm property for A ® B

”$r ® y"” =1
and
I((a; = 2;) ® 1)(r ® go)]| + [|(1 ® (b — p))(z- @ yr)|| = O,

which says that (A, p) € F4gp(a ®1,1®b). This proves (2.1). The
argument for (2.2) is similar.

Theorem 2 gives us a spectral mapping theorem:
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THEOREM 3. Suppose that A and B are normed algebras and that
A ® B is a uniform tensor product of A and B satisfying At @ Bt =
(A® B). Ifa € A™ is commutative and commutes with b € B™ and if
f: C™™ 5 CP is a p-tuple of polynomials in n + m variables then

Fhepf(a®1,1®b) = Fpf(F4(a),b) (3.1)
and » .
Faesfla®1,1®b) = 75 f(74(a), b). (3.2)

Proof. From (0.2) and (2.1) we have

Fopf(a®1,10b)
= U 7~'¢£®1=,\(1®1)f(/\(1 ®1),11b)
AeF(a®1)
= |J #emrerf1®X),100)
Aeii(a) -
= U {necm:(\pef@eLiier1eb)}
. AEF, (a) . ) ’
= U {pecm:(\pea)x 75\ 5)
A€ (a) ‘

={p e C™:peihf()0b) for some A € 7”'51(0)}
=7pf(74(a),b),

which proves (3.1) and similarly (3.2).

Theorem 3 gives an expression for the approximate eigenvalues of
an “operator matrix”. If C,, is the algebra of n X n complex matrices
we shall write ‘

Ann=AQ Cnn = An2

for the algebra of n X n matrices over the normed algebra A : All
the uniform crossnorms give the same Cartesian product topology. If
t = (z;;) € Apn is a commutative matrix (l.e., zijTiy = TijTij
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for each ,3,4',;') then we can define “determinant” exactly as in the
numerical case ([7]):

det(z)

= Z {Sgn(a)ala(l)a2u(2) *Qpg(n) 0 € perm(l, 2,0, n)} €A
together with the “cofacter” or “adjugate” matrix
adj(x) = (.f,‘j) € Ann,

where (—1)*7%,; is the determinant of the submatrix of z obtained
by deleting the row and column containing the entry z;;. Evidently,
exactly as in the numerical case

adj(z)z = det(z)I = zadj(z),

where I € A,,, is the identity matrix. If y = (y;;) € Ann is another
commuting matrix, whose entries commute with those of r, then we
also see

det(zy) = det(z)det(y) € A.

It was known ([5], [6], [7], [9]) that if z = (a;;) € Apn isann xn
commutative matrix over the normed algebra A then

Ga,(z)={p€C:0¢€Gadet(x —p)}. (3.3)

For the approximate eigenvalues, we have an analog of (3.3):

THEOREM 4. If z = (a,j) € Anpn is an n X n matrix over the
normed algebra A with a commuting sequence of entries a = (a1, a2,
3y Qin, aann) € An2 then

f';’;nn(z) = {M eC:0¢ %Adet(x - ,u)} (4.1)

7h. (z)={p € C:0e 7jdet(z — @)} (4.2)
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~ Proof. Writing B = Cpplet b= (by1,b12, " ,b1ms-*+ , bun) € B
be the canonical basis for the vector space B. Thus ¢ = (ai;) € Aan
can be written as

z=g(a,b)=Y_ Y a;;®b; € AQ B=Any.
=1 j=1
Since evidently A' ® BY = (4 ® B), we have, by Theorem 3,
Fhon (@) = 74,,9(a,8) =Fhop9(a® 1,18 b) (4.3)
=759(74(a),b)
’ n n
= U (Z > Aij‘bij)-
AeF(a)  i=lj=1 -

Since, for each A € C™,g()\,b) is an n X n complex matrix, it follows
from the determinant theory in the numerical case that

75g(A,0) = {p € C : det (g(,5) — p) = 0}. (4.4)

If we now apply (0,1) with the polynomial f = det(g(z,b) — #) then
since f(a) = det(z — ) we have

0 € #Ldet(z — p) <= det(g(A,b) — u) =0 for some X € 74(a). (4.5)
From (4.3), (4.4) and (4.5) we have
Thnn (2)
=7pg(74(a),b) |
={y € C: det(g(),b) — x) =0 for some A€ #(a)}
={p € C:0 ¢ 7idet(z — p)},
which gives (4.1) and similarly (4.2).

We believe that Theorem 4 can also be deduced from an extended
version of {7, Theorem 2.2; 9, Lemma 1.1].
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