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Design of Two - Dimensional IIR Digital Filters
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ABSTRACT

This paper develops a design technique for approximating nonseparable frequency
characteristics by sums and products of separable transfer functions. Therefore
nonseparable frequency characteristics includes the four-quadrant symmetry filters.
The desired filter with half plan symmetry is obtained by shifting a low pass
characteristic in the frequency domain, and by combining these shifted charac-
teristics.

Also the paper develops the technique for designing recursive and nonrecursive
two dimensional digital filters by the application of a complex transformation to one
dimensional low pass filter.
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H(z,z) = H (z) H,(z,)
2) 443 A gE
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Fig. 1. Two-dimensional filter derived by

the combination of two one- ) 5 .
dimensional filters. . : . - WIT

-

Fig. 3. Nine rectangular pass fi-lters derived
by the combination of one-dimen-
sional LPF, HPF, BPF.
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n T w2 T

(a) (b)

Fig. 2. One-dimensional component filters of Fig. 1.

(a) Amplitude response along w-axis
(b) Amplitude response along w;-axis
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Fig. 4. Derivations of a transfer function with arbitrary rectangular pass regions by
decomposing the original characteristic into several building block sections.

(a) Specified characteristic H (z, z)
(c) Rectangular stop filter Hy(z, z2)

9 & Fig. 4. (a)¢] d& d=gs Hz,
)= 4 6)3F o] Fig. 4.9 (b), (o),
(d) AL Hi(z,2), Hi(z,2z), Hilz,
2) & vhehi

(b) Rectangular pass filter H,(z;, z5)
(d) Rectangular stop filter H,(z;, z,)

H(z), z) = Hi(z,2) H, (21, 22) H;(z), 2y)
6

4714 Hi(z, z) & A5G E, H(z,
z) % Hi(z,2) = AZAAAYEE, H (2,
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Fig. 5. Ideal low-pass characteristic.
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G\ (z) 3} Gy (z) & 12148 LPFo|t}. o
N4z = zeds, z, = zeieg} o G (z)
3 Gz ol g o 12 ¥ G (z)
B Gy(z) & O3kl s o] % (Shift) FA4
UL, G'1(z)G2(z) 234 HH
AE 4 At FEAE G
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W 4 (8), (9) & Zot
Gi(z,0) =G (z) (8a)
Z, = z,e76
G (25, 0,) = G5 (z5) (8b)
Zy = 2,676,

G(z2,0,2,6,) = Gi(2,0) Gz, 6,) 9

ouf WY LAEL Bagolct o4
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g oAk el EAlL Fig. 6.3 #Zt}.

w2T
w
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Fig. 6. Shifted ideal low-pass characteristic.

Qg ez s AN Abolol
£ HolBAo] Veim o 4H SAol
dox)x) gech 2HEE oM B4
& 7] AsAE 223 £& A47) Wa
A . 7 40oE o5d 54 @
g AL A (10034 Zom GolAel AAE
7 Aehe epdch

Gi(z1,2) = G(21,7/2,2,,7/2)  (10a)
Ge(21,22) = G(21,-7/2,2,7/2) (10b)
Gs(z1,2) = Gz, -7/2,2,,-7/2) (10c)
Gi(z1,22) = G(21,7/2,2,-7/2)  (10d)
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] (Half-plan symmetry)4]& 4] (11) o2
el

Gislzi, 2) = Gi(21,2) G* (2, 2,7)
+ Gy (21, 2) Gs* (2, 2,™)
-Gi(z1,2) G* (21, 2,") Gy (2, 22)

Gy*(z1, z,) (11a)
w2 T
T
w1 T
-~ T
-

(a)

Gui(z1,2) = Gy (21, 2) Go* (2,7, 227")
+ Gy (2, 2) G* (2, 2,)
~ Gy (z,, z,) Go* (2, 2, Gy (2), 22)

G4* (Zl—], Zz'l)
(11b)
G*e G 249 FAZL4E 2 BH
olw 4 (119 AL Fig. 7.3 v}
waT
4
/4
w1 T
-
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(b

Fig. 7. Two-quadrant ideal all-pass characteristic.

(@) Gislzi, z)

=3 A (119 WA, FHs g
complex 84 & 2= zero phase I

13
Gis(z), 2) & Guylz),2) o] AFH] 84
AFAERE 2 "o vy G
Ga 132 G* = G,o]7] wigolvh AH# &
< 30HA &3} T go] oA o 44
FTAHEES AA A FAolH,
PRl A dAHAA - FAHE
B A Fl ol FHFEE T4,
A A 88 A A FA 2 4] (12) 9 72}

=

o>‘ rlr

T.Vi_ﬂr

Gis(z, z2) = Gi(2),2) G * (2, z;")

+ Gi(zy, z,) G* (zi!, z") (12a)

(b) Gay (21, 22)

Gui (21, 22) = Gy(z), 22) G* (2,71, z;)
+ Gi(z), 2,) G* (2,7, z;")
(12b)
de] 479 <& Fig. 8.9 ¥4 U
(zi, 2) & V(z,, z,) g} & uj Fig. 8. & 4ty
Wl AGE 2 Jeld| A (13) 3 2}
H,(z),2z) = Uz, 2:) G5 (21, 2,) (13a)
H;(z),z) = V(z,, 25) G34 (2, 2,) (13b)
H(z, z) = H (2, 2) + H:(2), 2,)
-H,(z,, ) H,(z,, z,) (13¢)
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Fig. 8. Example of four quadrant characteristics.

(@) Uz, z) (b) V(z,2z)

A (13c) 9 Hi(z), z)H:(z1, 2) & AFA 2o nks o (Half-plane symmetry) 543
ARE = ZHEEL A7 el L ztow, H(z,z)9 AI< Fig. 9(c) &
H,(z, z;) & H,(z,, z) = Fig. 9. (a) (b) &} P
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w2 T
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-
(c)
Fig. 9. Given half-plan symmetry charac-

teristics and its decomposition into
two characteristics.

(a) First and third quadrants.
(b) Second and forth quadrants,
(c) Given characteristic.

Zero Phase %HL 4] (14) &} 7EL°‘I1
Ulz,z) = U (z,,zz)U (2, z7)
Vi(z,2) = V' (2,2)V (2, 2,)
A Aol Fahgo] 4o e £
HE A% A AL 249 Uz, 2)

v
(zi2z), G'(z2),2) & F3t= 7o) EAolH,
kA Q) A YA e o

D) F43 5A4& 183 G'(z,2)9 A
45 AT de9 A
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A, 2388 54, 4430 B L 39
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A9 AN & 4 E] FaiA
VE Gz, z) & A gl Bas),

21, 2,) & A9 3}

V. 2483
(Complex Transformation)

YT 2304 WE) I (z,2) & 4] (15) 9}
Zo] B4 3 (Complex Transformation)

3;‘__]- _/,: 315]. (e, 1)

H'(z),2) = H(2) (15)

i euB aoBe
z=e Z Zy

ool AgshE Fup W

rlo

Jjo J(#+ a1w1/ 81+ azws/B2)

z=¢e =@ (16)

= ¢+ aw/B + wy/ By (17)

7} "oh ol ® e Wiy Biwe
(Complex Transformation) &} A= t}e
3} o] 37}A| 2 2.9Ffl},
1) F34 o]% (shifting) : Yeje] =z}
T S5 0 F& wely gutF o) F g}
2) F a4 o‘%«] 3] A (Rotation) : z,9]
/Bl A o] gl

Rotation Angle & = Tan'(a,/8) (18)

3 w & W& F9p85H] Scaling :
2,9] /ol &3] Ful4~ 25}o] Scales
w F714E BET)

= Bt o7 =48 ol e}
o] Ho& of
H(z\, 2., 6, /81, @y/8,) =H(2)

¢ auB  aybe
z=e Z Zy
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Hel o)% 9 ML Fig. 107 e}

V. 4 A ol H

T Wi oA GE e HdgrE
Frestr] A% Uz, 2z), Vi(z,z), G(z,
z) o Z2YYHE Aot AdAFHE B
25 ATE A7) A% 1349 ASE
Heio) Aedde ol A o Folal
r,]..m

n>(n k,/In k) (20)

k = {tan (w.T/2) /tan (w..T/2)} (21)

Xmax/10 Xmin/10

k= {10 -1/10 -1 (22)
A714 w.: 2 2R
Wnn © A ANY F A2 R}
Omex + FITH A F o) 7}
i+ A AN F 274

b7t A4 =W 12 LPF A2 dee
o 2 2ol e & Adsr] 9

w2 T

3n/4

/2

n/2 3n/d n
(a)

w2

12 T

3n/4

n/2

n/4

n/4 w/2 3n/4

Fig. 11. The
example.

n/2

/4

w2 T

given

-

specification

n/4 w/2

(b)

n

Fig. 12. Decomposition of the first quadrant of Fig. 11.

(a) Rectangular pass filter Hy (z:, z,)

(b) Rectangular stop firlter Hy (21, )

for

W1 T



g H(z,, z) A Qnex = 3dB, ame = 20dB
ol =m4 B o] Fig. 11.3 ol & of
Gis(zi1, ) & G4 (21, 29) & gl 23 FA A
2o =xsla, AWGHE (Al Pass

Filter) & AH-g-3l), Fz1 542 HAA
W gl FUT 134e WET Pasje
Fig. 11.9 EA42 4] (23), (24) 2 ebd

2 glom, 4 (28a)% Fig. 12.9 (@),
by} Ag ot
U (Zl, Zz) = H, (Z|, Zz) Hae (Zu Zz) (233.)
V(Z., Zz) = Hy(z,) Hu (Zz) (23b)

3714 H,(z,2) : 23+ LPF A2
- Hi(z)H.(z) & ¥ A"
Hui (z), 22) © AFZA| A S g ¢
Aty
Hy(z), Hs(z,) @ 27§9] 1214 BPF
A

Hu: (21, 2) = Ha(z)) Ha (z,) - (Hu(z))Ha (z) )2
(24)
o714 Ha(z), Halz) : 1314 APF2] A
Paiiy
Hu(z)), Hu(z) : 134 HPF¢ A
s

Al (13a) € Ads7 9% G@)F H
(z) 9 we, Anin, Buins FHoZRE o
A& Table 13} Zov] Hi(z) & A%
we, o, e ZO] RS

Table 1. Requirements for each one-
dimensional filter which is found
from the given two-dimensional

specifications.
ol onx(dB)  @mnT  @min (dB)
G(zy) 0. 5= 0. 6257 10
Hi(z) | 0.57 0.75x 10
Hu(z) | 0.57 0.825 0.25x

a8 4] (20) S EEE & 234
AL BEFAFE FHi 2A5E Glz)ol 4
2, Ho(z) ] 43}, Hu(z) 2 2348 25E
Ao, G(z)9 an = 1.328dB, H.(z)
9] pa = 0.03377dB, Hu(z) 9
9.088dBE < ¢lth.

gE A A3 AL A (29),
@6), 27), 28), 29) &} o™, 4 &
2378 Table 29} #r}.

Cpin =

G = [I F(z) (25)
H.(z) = iljl Fi(z,)
(26)
_ (lratay) (1+2")?
Fi(z) = 4 (l-ayz !+ agz,?)
(27)

Table 2. Coefficient values in (27).

(440 an 24V (277}

G(z) |-0.18529 0.44975 -0. 13399 0. 043676

Hi(z) |-0.81978 0.51324 -0.60987 0.12577

Hi(z)) 3 Hu (z) 9 AT

(Zl_z_alzl_] + 0:2)

Hala) = (1-ayzy" +epz, %)
(28)
H,(2) = (1+a+ap) (1-z,")?
niz) = 4 (lﬁalzl—l-l'azzl_z)
(29)

oln a, = 0.44958, a, = 0.20753¢]t}. 2]
25-29 = A A" G(z,2), Ulz, z;) ¢
zul4 EAL Fig. 13. 3 2t}
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Fig. 13. Frequency characteristics.

(@) Gz, z) (b) Ulz, 2)

b A3 BT (13b)§' é #3l7] $3 BPF Table 3. Coefficient values of (31) for i
o A% 6ROl WRFEE A (30), =123
(31) 3} oo %E-].,] 8438 Table 3. ; 1 9 3
of ek sl ay | -0.52163 -1.28530 0. 17667
Hy(z) = K iﬁl H, (2) (30) a 0.25933  0.69257  0.56572
K =5.3585 4] (30), B E A4H V(z,2) % Gz,
(1-,) (1-2,")? z), Uz,z), V(z,z) & AT Hiz,z)
2i 1 o F34 B4 Fig. 14. 9 2o}

Hii(z) = 92 (l—alizl’l-{' (ZZiZ[‘Z) (31)

\\;\‘\‘\‘\\“ { i

0
,, \\\

Fig. 14. Frequency characteristics.
(@) Vizy,z) (b} H(zy, z,)

3E "ee] F35 54 Hi(z,z) & Hr o el Wald 4 9len, o =fois
(z1,z) = H(z,2) H'(z,2) |7, Fig. 4. 99 H'(z, z) & B2ghste] 33 We 9
bl A o]& Ads7] 13 Hiz, )& 7 AW 715A0e 23 9 H(z,z) =
stich. 9714 UeA] &9l H' (2, 2) & 7 67'<M LPFTFA S o] 431712 8o Hg
3t7] A% el ddts "Ele YAFA T 4 (32)2 )



H(z) = Table 4. Coefficient values of (32) for i
=1,23.

ﬁ (1+ay) (1427
=1 (1 (@t ag) 2, + (et ay)z,?) i | 2 3
(32) an | -0.834235 -0.865090 -0.878181
4 (D AM @ oyt Table 4.9 % | s | 0.570150 0.277891  0.153889

o},
A%k 2ol 4 ()& ¥

24
2 H'(z), z) & H(z, z,) 3 &

Myl do] o F34 E4¢ Fig 15. 9 ol T8y
¢ 3% 98 o

(a) H(z1,22,0,1,1) (b) Desired filter,

’0\\“ W

..jm,;\\\“ ,'

,;_;.‘.;;; \\\
. “““““\\{\\\{\\t\\i\\\\\\ll\\

Wi

(e) H(z1,22,7/2,0,-1) (f) Desired filter,

Fig. 15. Frequency characteristics of the filter desire using complex transforamation.
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