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Design of FIR Filters with Finite Precision Coefficients
Using LP (Linear Programming)
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Abstract

In this paper, an optimal algorithm for the design of 1-D FIR filters with finite precision
coefficients is proposed. The algorithm is based on the observation that the frequency constraints
of a sub-problem(SP) in the branch and bound algorithm, which repeatedly use LP (linear program-
ming), are closely related with those of neighboring SPs. By using the relationship between the
SPs, the propsed algorithm reduces the number of constraints required for solving each SP with
LP, whereas the conventional algorithm employs all the constraints, which are required for solving the
initial problem. Thus, the overall computational load for the design of FIR filters with finite pre-
cision coefficients is significantly alleviated, compared to the conventional branch and bound algor-
ithm. Also, a new branching scheme for the design of FIR filters with sum-of-power-of-two
(SOPOT) coefficients is proposed. It is shown that the computational load for the design of
SOPOT coefficient filters can be further reduced with the new branching scheme.
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1. A9 37t doj AFFdel WME(Indexes of
the constraints with which the optimal minimax
solutions are obtained).

level | notation of SP indexes of constraints
Po 1 28 49 68 89 91 92
6 Sp? 1 49 68 89 91 92
5 SP$ 1 8 91 92 51
4 Sp¢ 1 8 92 351
3 Sp3 1 92 51
2 sp? 1 51

el B =EoAe 27 Medzdd dg R
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o shgtel vt dadE 3L ¢ 4§ g, o)st
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B 2. 22 Fuld e SPEY Astzd Fxtst et
2% 9] o {Example for the sign of quantization
error and the set of constraints for sub-problems
at the same level).

quantized real sign of
coefficient | coefficient | quantization error | constraints
SP} 1 0.312500 0.30196 + 18991 92 51
SP3 | 0.281250 0.30196 - 149 68 91 92
SP§ | 0.265625 0.30196 - 149 68 91 92
SP§ | 0.257812 0.30196 - 149 68 91 92
SPE | 0.253906 0.30196 - 149 68 91 92
SPE | 0.251953 0.30196 - I 49 68 91 92
SP% | 0.250977 0.30196 - 149 68 91 92
SP§ | 0.250488 0.30196 - 149 68 91 92
SP§ | 0.250244 0.30196 - 1 49 68 91 92
SP3, | 0.250000 0.30196 - 149 68 91 92
SP3, | 0.249756 0.30196 - 149 68 91 92
SP§, | 0.249512 0.30196 - 149 68 91 92
SP, | 0.249023 0.30196 - 149 68 91 92
SP%, | 0.248047 0.30196 - 149 68 91 92
SP3; | 0.246094 0.30196 - 149 68 91 92
SP§s | 0.242188 0.30196 - 149 68 91 92
SP, | 0.234375 0.30196 - 3 49 68 91 92
Sp¥, | 0.375000 0.30196 + 1 89919251
SP3, | 0.218750 0.30196 - 3 49 68 91 92
SP3, | 0.187500 0.30196 - 3 49 68 91 92
SP3, | 0.437500 0.30196 + 189919251
SP3, | 0.156250 0.30196 - 3 49 68 91 92
SP3; | 0.140625 | 0.30196 - 3 49 68 91 92
SP3. | 0.468750 0.30196 + 1 89 91 92 51
SP3s | 0.132812 | 0.30196 - 3 49 68 91 92
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C, : Original set of constraints

Input from SP‘ Set of constraints, deﬂned as C 1, with which the
, optimal solution for SP;'Is obtained.
! Set of constraints, deﬂnstli as C;, with which the
optimal solution for SPy fs obtained.

Input from SP
C=C,UC;

[Quantize one of N-1 continuous coefficients.]

Solve LP with constraint C

C=C U {constraints with the larger error
than the minimax ripple}

*n(C): number of

yes ‘l elements in C

no

nfeasible or
unbounded?

yes
[golve LP with consiraint Co

C the errors of all the
constralints In Cy with the current
solution obtained from LP with C

e problem yes
SP, 1s solved.

1 the error no

ripple?

28] 3. 3o SPE E7I9 S AgE g FY TAE
(The signal flow graph of the proposed algor-
ithm for solving an SP).
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J[x ﬂr il

I 3 SPeo %=tz 3% 3% 9] ol(An example for the
sign of quantization error of the sub-problems).
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quantization + + - + - - - + +
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Path of optimal
solution

0%l 4. BaB F3 =AM HH 9] a7t do)d H R (Path
of optimal solution in the BaB tree).

ok 21 olf (8]ell A 1]l ukel o] SPe| @A}
ol 9 Eata A =g ‘zht_g T AEY
Aol Fohrf 1 vk Be W HAslE FHor
mefol Ao} thFol7] Wioluh AR 114 1
Al de o] g By, 9 W e oy

2 ol # %

H(z) =

byt bzt hyz 2 e hgz S gz e Rz
(1)

ul ?MHQ} gol f,=0.2, f,=0.25°" LP&
& ch&3} gro] @10l

e
ro
PN
o
rlo

| s+ 2hy cos 2n f;+ 2hs cos
an fi+ - +2hy cos 10m f,—1.01 <6
for 0.0< £, <0.2

| hs+ 2k, cos 2n f;+ 2h; cos
An fi+ - +2hy cos 10n f;—0.01 (8
for 0.251,<0.5

M i FE4 &el 04E 058 AW AL
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2 AEY 3 ke Jepd) R 7iast Aoz
BaB @500l 514 hottel A8k A ststel oh)
o ol ol 2518w S1e] A& kg3t gol Wi,

|2h0 cos 10n f,-+a,-——1.0| <(§
for 0.0< £,<0.2

(3)

|2k cos 10n f;+a;| {6
for 0.25< £, < 0.5

AN ax= hs+ -+ 2k cos 8n f;2] 2} Boll o] 52
%“Pﬁ}%] b oIl sol), Wt £.9] 7448 0.01
olgbal & uff roA] L owie} po] AFRFUL F W4
7H°]J’(' 1,47, Zt i & A3z 27)) Yo ¢
A sz g %?E— LP9] &= vhg ¥ 22 2434
(minimax) ¥4 2] s} ¢oH11].

Find the minimum of
Max {12 cos 10n X 0.0)hy+a,~11,
112 cos 10m X 0.01) Ay +a,— 11,
(4)
[(2 cos 10m X 0.49) hy + a1,
1(2 cos 10m X 0.5)hy + ayl,

Har gle] 4 ascent ¥ FLE F 5 9

walolmd (1], ivishsh Ml 2 S Aol u}%},_
s 7F Aol sfetar s 1| 5ol A B upe} ol
oliz idAl Ao] Uehii= M3k ;i Aol hehy

slope = 2cos 10 7f ;

minimax solution

sfope = Zcos luat,

-aitl -
air ? ),

Optimal solution for h °

08 5 #HAH £A0] 3(Solution of minimax prob-
lem).
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£ AAMe myolatn & 4 Qlrh EF HHH e 9
2] ez Jelys o Mo R¥E FAAM 2
ol O & A Mo] EAEA oA 1 Fo|7} 7t
e Holat & 4 AoH11], "k A 2HE
WE o f;9) ZhFo] Wl $ o A Frie A
£e] 7127) 2 cos 10n f,9 ¥} ¢ 2o 3
e FHog oalHo] Ao o] " A =
79 rAo] A= P HAPAE 4 (4)oA H
9} zro] Mg 2HEo] HUgte R FoiAEE i
B a9 6ollM HE uhel 22 e g zhA "ok
oM hyE A 9] ol4bgk by Hv Y 2 dxp3 &
o) HH o g7} LEZA Aol HEH AFKA
Aojz &go] 7ol A Bk AT ofw SPolA 38}
¢ #del SPE SHAAE o 7IEe] WHH @o]
Z3} a9} A7V AAE eAUR sYA A= A
Boe 37 dgee eAdE G Aol
o A 68 e A8 48 2S5 UL, "M E

ololg SPo] 47} Zol & 7FsAdo] Ut

hy hy Ky
8 6. 4 (4)9] HAHA: EA9 3H (Error surface
of the minimax problem)

TH)H 42 H 28 wH SPY ¢ SPS 2R
HH ol 8 g 7te4ol A9 g B
Fztgl e ate] A7 Fobeke oM B BAE EW
SP$,-,SPJ o 2E & @ o]S522E syd 4 3l
E 2AEY 88 25 Fo Fo SPS & Zojo} g
o}, AAJE WM SP; & E7)o] UM SPS &
#7] Q& SP3,--SPS #& thE B4 HE 7
e ol olZRH FAEE EASFE HH &
2A 7hsAel e Ag U 28 + dn, 1 E
%2 SP§,--SPS & Zu 39 a4z warke @
o] & ZAE 7HsAol AUt

AAE V1A H 7] My o ohE g H 33 gL &
Mz FA3} oA I3 E ztE AS AAE wHe
|8 SPy7!, SPy!, s} o] oate] =717} F7)
Bl A UNE F2 ¢k 1Y 73 o] RE )
g wAdE Fi= Adoluh & 3R] dlE, AAE"
o2 # 29 & HA SPE E 9 I &Me
SP?, SP?, SP},, SP$, SPJ, SP{, SPJ,, SP?¢ -
9} o) Fr},

)

B @ & @ @ @ @ @

33 7. B 3eMet o] %3t oxE e Ao,
SOPOT A4 HE1E 4AIY w2l SPS 44 (The
order of the sub-problems for the design of
power-of-two coefficient filters, when the signs
of the SPs appear as shown in Table 3).

0. etne|gel 6@

AAE due gy 71Ee] duES Hws7]
st #olel 1319 2 23149 FIR ¥E & 2+ ¢1g
522 MAEA A AL e (1] SolAst
go] & AF=NE Ze Bole] "y dA gid
Zkztel AtAIZbE 2AMSIAL o] HEg vlmale
FHE AT AP ¥InE sl v)Ee gn
A5 Atd duelge AAH 2rxre ES
8l 3, AHEE LP subroutine® @& Aoz &%
o &, 22 LPE AM8shd A Alcke dug]EollA
T LPe 8 R of 29, o9 JH Y v}
Fo150] Aol slHol dvhe A Hole Ao},

AAME H 409} 2 23S zhe 1], 21, 313
o] de & 7t duelgor MAstY o AN
H 500 JFeERRAT. 714 k] s} go] zt Al
12 BlE2] Zo]g 2k o]F 27)uto] go] ofdd &
e Aog s 18 AFEE HFEE Mips
RS3000/33 ]z 2Hol 0. 2 A 40 MIPS A% 9] A
T 7HAW, Zrayge] W 25 YRS A}
315tk A4 BaBel A 71EY ¢m

2393



EEE G S ER s '94-12 Vol 19 No.12

g Folvt A te duelgel B w, [8]e] Iy
= 744 %’:7} Cflxﬂ THE ARRE At '121‘%
o Aol A Asddt AnbHQl 2

2H ol & *}%S}Oif uf A) ko] R g o el éiﬂlﬁ.

5| Z)Eel RO RE HA Aol B g
= gl wope AS WS Ee vl

b7} 2HaL 0o] obel HIE £7h R A 9o B
HEE e d A dA B vE 28
7FAL = 1070 olliell A 2 H &l & VPXM T1 o) Aol A
A = ol el "ol Ada 1070 of el A
UAE ek e Ho B EgkE ’H.,%Lh} e
stich ol & S} A shaie} 1250 7hA)o A
Ao} 2 Fe] 27)7h He vk e Bew 9
cug e W Tk AFE i Aol oluv)
R 5 Atk whebA 2 omRe A Ak o
& 18] Fohe e AR FHE ) $1310)
1134 217 "etel 39 207K, 317 Dejel 45 107
2 7bAe) g Adstgeh e o W 0101]*]
el a7} dojF i o]EFH) LA glouy
B oeolMel A9 Aub AustAl s 2 wyge
A¥a)s Qi=u A Agre] vlsieky] wrhis o
2 ol A 7} sub-problem& ¥3=d] #eli= A
Zve) wlatebar sjot k. #, o)k e A9 Mo
A S5 AAIYES dole AN wgs i
ek BERINE kol A Qlabgh mhe} o] M Emdtoll A
Fol7l i e tRE HHe| vt Jojrng
2 Fed 2™ Arhe) vt &
g 71 oyt At el A vt
e RF gong ke 271 Yol A BaB
AEE Fdshe A 2}91 Hl R4 A
= ™ A Al g darg] Fol
13}&1 - swr wE Ao el
Aol At FUbRAE Sy
o % glek S 1Ee) e elukae)
Aazefolfoz dAst7Iol i mhe Aardol wo.
o AALE bl E 2 71 ) Wl vlake] Al A

Pl
B
Lo
o2
ﬂ:&‘-m
2
Jeg

H 4.1 FIR HEj 2} Al 37 (Specifications of the 1-D

FIR filters).

1D-1 | 1D-2 | 1D-3 | 1D4

£ 11012 (016 |0.20 | 0.24
£ ll0.38 [0.34 {030 {0.26

2394

e vﬁAmt Ao vehdrh AA"
SP aHl& Fe &3 wyolng o8 [

| [
grid- reducmg ol thE F8 39 7iA] 2o
Y, BaBell 7izE F £ A4 dugEd gz
HEd 4 qlen, o] 4% %
Ao g 7 A},

(2 E oA e MEE 2 HS Wol A}
|¥l i 22kl o zty g dA gt 7z dae
ol vlale sty 12] dAE "ee x3s
F 6ol viER e, 71 f,9) £ 8 8alA
o} 3-8 229l AE o] 2, T3 ol Fupfolnh
o] 9ol ti3t 4 ue)Eel AAIZE vag # 7
off vteh it o Auk oAl AAlE Adua)Eo] 7]

#o] el w ‘8}04 A& HYS wol: ).

¥ 5 7t el 13 FIR ﬂ‘Ei MAl AZFulal AT
Eo] qtatdl i, B Aoy gl g, Cr AR vHA
47y g ) %}.LLD]-J(Comparison of the
algorithms for the design of 1-D filters. A :con-
ventional algorithm, B :proposed algorithm., C:
proposed algorithm with a new branching

scheme).

(h R fitter length : 11 (seconds) J
<l H) l 2 { iD-3 ID-4| SAAIF| Average

| /\ B 1(» o 3.2 ‘ 29.3 6.6 29.3 10.9
) Y ) ) Y A
« 1.2 | 3.2 ] 25.1 1 3.2 25.1 R4
filter length : 21 (hour: minute: seconds) _]

1D-2 1D-3 1D-4 HRAID Average

0:08:18 | (:25:46 | 16:36:59 | 16:36:59 5:00:44

‘mTﬂ 0:06:54 0:27:42 1:00:33 0:25:20

0:04:48 | 0:07:24 0:14:23 0:47:39 0:18:34
L filter length : 31 (hour: minute: seconds) —l
1D-1 1D-2 1D-3 1D-4 | A | Average

A | 79:26:19 | 16:51:22 | 0:25:34 | 370:09:46 | 370:09:46 116:43:154
B | 22:08:09 | 6:18:31 ) 0:12:59 | 53:48:41 | 53:48:41 | 20:37:05
(

3:30:03 1:47:09J 0:10:45 | 50:26:21 | 50:26:21 ) 13:58:35

E 6. 239l Heleo] 41321 (Specifications of the 2-D
FIR filters),

|

2D-1 | 2D-2 | 2D-3 | 2D-4

fr 1 0.14 1022 |0.30 |0.38
fs 1036 1028 |0.20 |0.12
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W (0.5,1,)
?, €, 0)
I,

AﬂﬂT : transition band

12 8. 22+ th2}3 e (Two-dimensional quincuncial
filter)

¥ 712 dunelse 2xd "e] 4A A% vla AL 7)E
of g ualE, B:ARME 41, C:AUgE 7=
7] ¥hH & 1§ %9 (Comparison of the algorithms
for the design of 2-D filters. A :conventional al-
gorithm, B :proposed algorithm, C : proposed al-
gorithm with a new branching scheme).

filter length : 3 x 3 (seconds)

2D-1 202 2D-3| 2D-4| MANZ | Average
17.0 7.5 1.6 19 17.0 7.0
8.6 2.6 0.6 1.2 8.6 3.3
3.9 1.9 0.6 0.7 3.9 1.8

filter length : 5 X 5 (hour: minute: seconds)

2D-1 2D-2 2D-3 2D-4 H{YAZ | Average

100:44:54 | 347:15:50 | 16:01:04 | 45:04:09 | 347:15:50 | 127:16:29

21:46:07 | 47:07:27 | 1:39:15 | 1:00:14 | 47:07:27 { 17:53:16

C 2:09:34 | 19:26:25 | 0:22:25 | 0:12:53 | 19:26:25 5:57:49

g 8

B =2oMe f§ AUE A FIR €89 44
gzl Eol AMHUt At FuIAFS 7]ES
BaB(branch and bound) ¢ il oA 1= &
£ 7} SP(sub-problem) &7l #AE o] &3t Z}
SPo| =3 A7tE @H A 7] RHolth, &, F912] SP
232 A E1x e SPL AFzd g
AR E v)g dolM LPY AIZH £ EYL8H
AA A AxTE Fole Aolvh T HE A4}
29 Hol 3 (SOPOT)L 2 Folx& 29 BaB &
nE 5o AdANE O $EAE 4 e 7HAH
7] o] AAIF U o] ¥H-& SOPOT RHA| &
23} 7h7 o] YA A grie AME G o] &8 R

A} 71Ee] whlo) gkxl gt @ xbe] AV st FUhEleE &
M2 7HAE A=l v)Etd AAE EL w3
A AU 7HAE HA HEH s o dA
A 5 Fole Aoju AAH L1y
71&9] Wyl vlmasE A3 AAbA o] Ee)
HE 3Ag F Uk 53], AAE dudE
El9] 2t & Afd v A&FolAx, A
ZFA X 7] A gERD Fole WS A
| = SOPOT A4~ dE] AA o] @& A4l
7 ASE ¢ Uk 5T At Wy
9l 4 x g1 % (integer programming)
g3 FAdg Rez 7idFEe
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