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ABSTRACT

Let X, Y be normed linear spaces, and let p;, ps be lower semi<continuous fuzzy norms on X, Y re-
spectively, and have the bounded supports on .\, ¥ respectively. In this paper, we prove that if Y is com-
plete, the set of all fuzzy continuous linear maps from \ into Y is a fuzzy complete fuzzy normed linear

space.

I. Introduction.

Since Katsaras and Liu [1] have introduced the notions of fuzzy vector spaces and fuzzy topological
vector spaces, the theory of fuzzy topological vector spaces were developed by [2, 3, 4, 5]. In (3], Katsaras
defined the fuzzy norm on a vector space and studied its properties. Krishna and Sarma (5] studied the
properties of fuzzy norms on the set of all fuzzy continuous linear maps from a fuzzy normed linear
space into another fuzzy normed linear space. In [6], Rhie, Choi and Kim introduced the notions of the
fuzzy a-Cauchy sequence and the fuzzy completeness, and studied some of related properties of fuzzy
normed linear spaces.

Let X, ¥V be normed linear spaces, and let p1. p2 be lower semi-continuous fuzzy norms on X, Y re-
spectively, and have the bounded supports on .\, Y respectively. In this paper, we prove that if ¥ is com-
plete, the set of all fuzzy continuous linear maps from X into Y is a fuzzy complete fuzzy normed linear
space.

Il. Preliminaries.

Throughout this paper X is a vector space over the field K(R or (). Fuzzy subsets of X are denoted by
Greek letters in general. X, denotes the characteristic function of the crisp set A. By a fuzzy point y we
mean a fuzzy subset u: X — [0, 1] such that

a |, if z=x
H2) _{ o, otherwise
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where a€(0, 1), and I* denoted the set { u| u: X— [0, 1}}. We usually denote the fuzzy point with support
x and value a by (x, a).

Definition 2.1 [5]. Let (X, 1) be a fuzzy topological space. A fuzzy subset u in X is called a neighbour-
hood of (x, a) if there exists € 1 with ¥(x) 2 a and ¥ < pu.

Definition 2.2 [5]. Let (X, 1) be a fuzzy topological space, {u», as)} a sequence of fuzzy points in X and
u a fuzzy point in X. We say that { u,} converges to u, written as u,— p if for every neighbourhood N of u
there exists a positive integer M such that » > M implies u, < M.

Definition 2.3 [3]. A fuzzy norm on X is a fuzzy set p in X which is absolutely convex and absorbing
and infi>o t plx) =0 for x # 0.

Theorem 2.4 {3, Theorem 4.2]. If p is a fuzzy norm on X, then the family B,={0Altp)| 0<6< 1, ¢t> 0}
is a base at zero for a fuzzy linear topology t,.

Definition 2.5 [3]. Let p be a fuzzy norm on a linear space. The fuzzy topology 1, in Theorem 2.4 is
called the fuzzy topology induced by the fuzzy norm p. And a linear space equipped with a fuzzy norm is

called a fuzzy normed linear space.

Definition 2.8 (4, 5]. If p is a fuzzy norm on X, P is defined by PJ(x)=infit>0!fp(x)> ¢} for each ¢
€ (0, 1} and ’.: X — R defined by P.(x) = Supe < . Pelx) for every x & X.

Theorem 2.7 {4, Theorem 3.2]. P; is a norm on X for each e €(0, 1) if and only if p is a fuzzy norm on X.

Theorem 2.8 [3, Theorem 4.7]. Let (X1, pi). (X9, p2) be fuzzy normed linear spaces and f:.X\,— Xz a
linear map. Then, [ is fuzzy continuous if and only if for each . 0 < < 1, there exists { > 0 such that 6
Api(tx) < poAf(x) for all x € X.

Definition 2.9 [6]. Let «€(0, 1). A sequence of fuzzy points {u,= (x,, as)} is said to be a fuzzy «
-Cauchy sequence in a fuzzy normed linear space (X, p) if for each zero neighbourhood N with N(0) > «,

there exists a positive integer M such that #, m = 1 implies ju~ jimn = (Xp — Xm. an /N am) < N

Theorem 2.10 [6. Theorem 3.2] Let (Y, p) be a fuzzy normed linear space and « € (0, 1). Then {(x,, )
is a fuzzy «-Cauchy if and only if for each > 0, there exists a positive integer M such that », m> M/
implies ax N am < @ and P, Ao — Wn — 20 < £.

Theorem 2.11 [5, Theorem 3.2]. Let (X, p) be a fuzzy normed linear space and « € (0, 1). Then { p,, = (¥,
ay)} converges to (x, o) if and only if for every > 0, there exists a positive integer 3 such that n 2 ¥

implies a» < @ and P,,— (x,—x)< .

Definition 2.12 {6]. A fuzzy normed linear space (X, p) is said to be fuzzy a-complete if every fuzzy a-
Cauchy sequence { u» | converges to a fuzzy point u=(x, a), (X, p) is said to be fuzzy complete if it is fuzzy
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a-complete for every « € (0, 1).
II. Main Results

In this section, we deal with the completeness of the set of all fuzzy continuous linear maps from a
fuzzy normed space into another fuzzy normed linear space.

Definition 3.1 [5]. Let (X, p)), (Y, p2) be fuzzy normed vector spaces and ¥ F(X, Y) be the vector space
of all fuzzy continuous linear maps from (X, p)) to (Y, p2). For each 6 €(0, 1), {): ¥ F(X. Y)— R+ is de-
fined by t(f)=inf{s> 0| pa2Af(x)) = 8 A py(sx) for all x€ X 1.

We write #4(f) =£(0, f).

Definition 3.2 [5]. We define p.: &£ F(X, Y)—{0, 1} by p.(f) =Supvero. n(@ A 1/{t6, /)] for f € £ F(X, Y).
Theorem 3.3 [5, Theorem 4.7]. p, is a fuzzy norm on £ F(X, Y).

Theorem 3.4 [5, Theorem 4.10). Let (X, [I-1l,), (¥, -]} be normed linear spaces over the field K and p,
=Xy and pa=Xp,, Bi={x €X |lxlh <1} and Bo={y €Y | lyla< 11, £ F(X, Y) be as earlier and p» be the
fuzzy norm on £ FLY, V). Then P} (f)=¢ll fI.

For a sepecial case of Theorem 4.9 of [5], one can easily get following Lemma.

Lemma 3.5 Let (. |- 1), (Y, li-12) be normed linear spaces over the field & and p1=Xp, and pr=2Xg,, B,
=lreX|lrh <1t and Bo={y €Y |ylo < 11, If £:(X, p)— (X, po) is a fuzzy continuous linear map,
then 7: (X, [-.)— (. I-]2) is continuous.

Theorem 3.6 Let (.Y, |||}, (¥, II- |2) be normed linear spaces over the field X and p1=Xu, and pa=Xp,,
Bi=ixelX|lxlh<llandBa={yeY|lvla< 1!, £ F(X. V) be as earlier and P+ be the fuzzy norm on ¥
FIX Y).

(Y, |I-1l2) is complete, then (£ F(X, V), pJ) is fuzzy complete.

Proof. Fix a € (0, 1) and let {(f,, a,)! be a fuzzy a-Cauchy sequence of fuzzy points in (£ F(X. ), Px).
For every # > 0. there exists a positive integer 1 such that », m > Jf implies an A am < a and P, 7.y — (f,
I T SUPe <y PES = [ = SUDc< oy ram N o= Tl = (am A an) [ S fol <t. That is, {f,} is a crisp
Cauchy sequence in (B(Y. Y), |-1). Since B(X, Y) is complete, there exists JSE€B(X, Y) such that || f,— /|
converges to 0 and a,llf,— /| converges to 0. Therefore, for every ! > 0, there exists a positive integer M
such that for 72 M. an <« and P;,-(f,—f)=ay | f,= fI < !. Hence {(f,. an)! converges to (f. a) with re-
spect to the topology t,,. Therefore (£ F(X. Y), p,) is fuzzy a-complete for each a €(0, 1). This complete
the proof of the theorem.

Definition 3.7 [3]. Two fuzzy norms p; . p2 on X are said to be equivalent if ¢, =1,

a2

Theorem 3.8 ((3] corollary 4.9). The fuzzy norms p, . p» on a linear space X' are equivalent if and only
if for each 9 € (0, 1}, there exists > 0 such that 0 A p,(fx) < p2(x) and 8 A paltx) < pi(x) for all xe X,
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Theorem 3.9 Let p be a lower semi-continuous fuzzy norm on a normed linear space X and have the
bounded support. Then it is equivalent to the fuzzy norm Xz, where B is the closed unit ball of X,

Proof. Let 0€(0, 1) be given. Since p is lower semicontinuous. py={x € X | p(x)> 8} is open. Thus
there exists £, > 0 such that ;' BC py.

Hence for every x € X, 0 A Xt x) =0 X Xplt, x) < plx).

Since p has the bounded support, there exists {2 > 0 such that supp p C {2 B and so [x| > {; implies p
(x)=0. Then we have p(f; x) < Xp(x).

Take tp=maxl(f,, t2). Then 8 A Xpltox)=p(x) and O N pltyx) < Xplx) for every x € X. By the Theorem 3.8,
the proof is completed.

Theorem 3.10 Let p,, p» are lower semi-continuous fuzzy norms on normed linear spaces .\, Y re-
spectively and have the bounded supports on .X, Y respectively. If (Y, |-} is complete, then (£ F(X, Y),

p+) is fuzzy complete.

Proof. By Theorem 3.9, p; is equivalent to the fuzzy norm Xz, and p; is equivalent to the fuzzy norm
Xg,. Also, by Theorem 3.6, (£ F(X, Y), pJ is fuzzy complete.

Corollary 3.11. Let X be a normed linear space on K and p, a fuzzy norm on X. If p, is lower semi-

continuous and has bounded support, then £ F(X, Y} is fuzzy complete.
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