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o FAMRS Le n>pm @ o,
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olmz u= x ¥ Welw 0o] Wt ol#hM log L& HUZ s uE xde A& Yo AT,
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Lemma (Anderson(1971)) A7t a5 pd] & AA WEeoln

f(3)=-nlogn 3| -uIlA
E A= 3= F A P 37t EASH 2RL I=lovernAdiM f(2)E HJ= da,
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f(lovemA)=pnlogn-nlog | Al -pn
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d W7l logle AU se AE ¢ 4 AT HolM T u=x &
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9% Aol ohm %&37] U o=z ol7|ME WA MATHEMATICASIA Ahg a7 g
ARYY, 7 U, 2H-FEN 93 98 & 3L 2ol F vt
drHoz prlel Wpel BE 0l BE B yiyz, - yaE A7 pAdd HEoln, AE
Yde BEL e 2L pxn WY 2 Uy Uz A

yu, ¥iz, = ¥Yia
y:ZI y:sz ::. .V?n (21)

Ypt ¥Yp2 = Yopn

23y MATHEMATICAS] dite] B4 o & B9l p=2, n=3 & ¥ ¥+
o A PEL

to,
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y[11(1]1 y[2]1[1]
y[11[2] yl2][2] 2.2)
y[11[3] y[2][3]

B W) WLz ve Wrl2 @t & 2D 9do] Ax ° 2ol

oleig wWdg wEelW WA MATHEMATICAGIM Amay $48 o884 5 W4 yl1],
29l BAE (yUly[2DE ST, 7 Wael Ml ) e BAANE e YEe VE F o
A2 #9 Gk AXE7] Ao 2ge @D §43 2L wdo] ©rh o] MATHEMATICA
o gEge gey 2.

rv=Arrayly,2]
dmat=Transpose[ Table[Array[rv[[i]],3],{i,2}]]

AR HEE 2DF ZL P FH4A (228 2ol FruHl: FAUSFS
MATHEMATICAR 7¢] 8t7] HalA a7] HE Aol & 3 ) 22 d9jo] B8 F &
T B A9 Hy {y[1)1]yl2)[11}= dmat[[1]]ztn #29 =7 gFe|o)

S BTG Aol #3A vlE o2 g golFak

WA gdolth AW A ds y(1]9 HF ml1]e o9& Zo] MATHEMATICA %oz 4}
Eld o gl

m(1]=Sumly(1](i],(i3})/3
olRE 4¥ A7Id

m{l1]=(y[1](1] + yf1}{2] + y[11[3])/3 2.3)

of 2ol vehdnt o] R Fof JHA hEF AFEEY A FA A ¥ Y7 ¥
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3 dA e AE H$ A "4
A3 A BME Ug 2 9 4E velo F2 wA F gdR s y1]n
vi2lg B4 s(1L1]3 s[22]e 24

s(1,1] = ((y{1]01] - (y[1101] + y[11(2] + y{1](3])/3)"2 +
{1][2] - (y[1](1] + y[11[2] + y{1](3])/3)°2 +
(v[11(3] - (y[1](1] + y(11(2] + y[11(3))/3)°2)/3

o] A& MATHEMATICAS d#E9 3l Simplify& AH8-3Hd

Simplify{[s{1,1]} = 2=(y[11[1]°2 - y[11[11*y[1][2]
+ (112172 - y[1][1]*y[1][3] (2.4)
- yl11[2}*y(1](3] + y[1][31°2))/9

7t 80 AR R s[22] =

sf2.2] = (yl2][1] - (y[2)1] + yl2](2] + y([2](3])/3)°2 +
(v[2][2] - (v[2){1] + yl2]{2] + y(2][3])/3)2 +
(v[21(3] - (y[2]{1] + y([2][2] + y[2](3])/3)"2)/3

Simplify B®& 21,

s[2,2] = (2=(y[2](1]°2- yl2](1]=y[2](2]
+ yl2](2]"2 - yl2][1]+y[2](3] (2.5)
- yl2][2]*y(2](3] + y[2][3]"2))/®

oE TEY sl12le

s(1,2] = ((y[1](1] - (y[1)01] + y[12(2] + y[1)(3])/3)*
(v[2]1] - (yl2](1] + yl2)(2] + y[2](3D)/3) +
(y[13(2] - (y[1101] + y[1][2] + y[11(3])/3)*
(yi2l(2] - (y{211] + yl(2][2] + y[2](3])/3) +
(y[11(3] - (y[1][1] + y(1][2] + y[1][31)/3)*
(v[2](3} - (y[2](1] + yl2](2] + y[2](3])/3))/3

o] & Simplify3tH

s[1,2] = 2»y[1][11+y[2}{1] - y(1](2]*y[2](1]
- y[11[31+y[2]11] - yl[1][1]*y[2](2]
+ 2+y[1][2]*y[2](2] - y[1](3]*y{2][2] 2.6)
- y{1[1)xy[2)(3} - y[11[2)*y(2](3]
+ 2xy[11[31*y[2](3D)/9

g At olF @3)1A (26) A Aol Fol AN Yot A AdXdE AE ¥l
s €.
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DataMuCovMatlrv_,dmat_,mean_,cov_ups_p_n_J:=
(rv=Arrayly,pl
dmat=Transpose[ Table[ Array[rvi[ill,n],{i,p}]];
mean=Array[m,p];
cov=Array[s,{p,p}];
Dolsli,jl=sl3,i],4G,1,0},{i,i,0} %
ups=Table[s[i,jl{i,p},i,ip};)
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1ol

471N E718 A FEA 9F cove 9A Folw, Fo AN FY BA-FE
cov del A4 WY o4, of W¥ ANE ETRW 2 A S BLVE 7
B2 upsthe 4% 47 998 39 sgich

olAl S ANH LR p=2 n=32 Aol U Hh FA FFe AR e

of 99 g4 ¥

mh o e

DataMuCovMat[rv,xx,mu,ss,tt,2,3]
32 & A9
gL O AFEE P el
mdflmrvx_ {muv_cov_},p_}=

1/(Detlcov]*(1/2) Sart[2 Pil"p)*
E*(~(mrvx - muv).Inverselcov].(mrvx - muv)/2)

718 p=2%] 7% oL AFEEY A& vy
mdf{rv,{mu,ss},2]
Za & o

1/@Z+E~(((-m[2] + y[2)*(-((s[1, 2]*(-m[1] + y[1]))/
(-sl1, 2172 + s[1, 11xs[2, 2D) +
(sl1, 13%(-ml2] + v[2D)/(-sl1, 212 + s[1, 1]xsl2, 2]) +
(-m{1] + y[11)*((s[2, 2]*(-m[1] + y[1D))/
(-sl1, 2172 + sl1, 11+s[2, 2D) -
(s(1, 2]x(-ml[2] + y[2D)/(-sl1, 21°2 + s[1, 11xs[2, 21)))/2)*Pix
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(-sl1, 21°2 + s[1, 11*s[2, 21)°(1/2))
gtz "o

Tge oug A7 BES 22 F4 859 Adelth olAE BAAJ 4UL el A
M A xxol £ s oAl A8 WEA A ¢ + Uk

LogLikeMdflmdf_xx_,theta_p_J:=
Sum[Loglmdf{xx{[i]],theta,p]],{i,1 Length[xx]}]

33 23 FAL 9 Eol

olAE E+ {mll]lml2]s(1,1]s[1,2]s[22}E2 ¥ £ °]&E& 04 Z2A ¥ JHEA
Ag E7] A9

lifunc=LogLikeMdf{mdf,xx,{mu,ss},2l;
flatyeta=Flatten[{mu,tt}]

Dol diff(iJ=D{Ifunc flatyeta{[i]]],{i, Length[flatyetal}]

Solve[Thread[Equal{ Array[diff,2],0]],mu]

g g3 22 mu={m{l)m2]}ol e AF 715 dAe Az AFH £

{{ml1] -> -(sl1, 2)*(s[1, 21*y[1][1] + s[1, 2]*y[1][2] +
s[1, 21*y[1](3] - sl1, 11=y[2)(1] -
s[1, 13+y[2][2] - s[1, 1]=y[2)3D))/
(3=(-s[1, 21"2 + sl1, 11»s[2, 21)) +
(s[1, 11*(sf2, 2]*y[11[1] + s[2, 2}+y[1][2] +
s[2, 21*y[11[(3] - sl1, 2]=y[2][1] -
s(1, 21xy(21[(2] - s[1, 2}+y[2](3D))/
(3*=(-sl1, 212 + s[1, 11xs[2, 21)),
m[2] -> -(s[2, 2]*(s[1, 2]*y[11[1] + s[1, 2]*y(11(2] +
s[1, 21xy[1103] - s[1, 1)=y[2)(1] -
s(1, 1xv[21[2] - s[1, 1]»y[21[3D))/
(3x(-s[1, 212 + sl1, 1]1xs[2, 2D) +
(sl1, 2)*(s[2, 2]xy[1](1] + s[2, 2]xy[1][2] +
s(2, 2)xy[11[3] - sli, 2]=y[2](1] -
sl1, 2]=y[2][2] - s[1, 2]+y[2][3D))/
(3«(-s[1, 2]°2 + sl1, 11=s[2, 20}

°]A-¢ Simplify3td

{{m(1] -> (y[1)1] + yl1][2] + y{11(31)/3,
m(2] -> (y[2]1] + y[2}{2] + y[2](3])/3}}

B 4318 devh oL 23)9 43 ¥4 3 Ut
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o[Al ol F W y[1]1s} y(2]19] 2t 2 7e Ao FA FAHFE th&x 2ol ml1], m2]
HHdsted dojA Ml oA 24 §[1,1]s01,2)s[22]8 FEo

Do[subdifflk]=diff{k}/.m[1]->Sumly{1]{i],{i,3})/3
/.ml[2]->Sumly[2](i),{i,3}}/3 {k,3,5}]

Solve[Thread[Equal[ T'able[subdiff{k],{k,3,5}],01],
Table[flatyetal[i11,{i,3,5}]]

ol A3 thge AT

{{s[1, 11 -> (@»y[1]11°2 - 2xy[1][1]%y[11[2] + 2%y[1][2]"2 -
2oy[1[1]*y (13} - 2%y[11[2]*y[1][3] + 2=y[11[3]°2)/9,
s[2, 2] -> @+y[2)(11°2 - 2+y[2][1]*y[2][2] + 2*y[2][2)°2 -
2xy[2][11*y[2](3] - 2*y[2][2]*y[2][3] + 2+yl[2][3]°2)/9,
sf1, 2] -> @xy[1][1]xy[2](1] - y[1][2}=y[2][1] - y[1}(Bl=y[2](1] -
yl1[1]+yl2][2] + 2xy[1][2]*y([2][2] - yl1][3]xy[2][2] -
y[11{1)xy(2]03] - y(11[2]*y(2][3] + 2%y[1][3]*y[2][3])/9}}

olE2 FEl7} (24),(25),(26)°14 ElHl e A Eo|th

4 2= %

HolA Hlupsp o], B =EL V&€ AE MZE 7EdY e #He
MATHEMATICA®} = 4ZE §ol& o[ &M 78 Ao AuA] A, o] dx o o
AME TAH AR G2 FE ol &M A FA FAHE 7Y 4 o LA 5
3 FA F5E o8 E Eole BY ATFE I AIFEBCNA olg g duFo] o] &HW F
AA Ego] HA ¥&7 7P
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A Study on Maximum Likelihood Estimation
Using Symbolic Manipulation3

Chi-Hoon Choi®

Summary

Using the software named MATHEMATICA which can evaluate symbolic
operation, it is demonstrated to obtain the maximum likelihood estimation form. A
sample from Multivariate Normal distribution is adopted to show the process of
obtaining the maximum likelihood estimator.
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