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The Development of Incompatible Finite Elements for Plane Stress/Strain
Using Multivariable Variational Formulation
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Abstract

Two kinds of 4-node plane stress/strain finite elements are presented in this work. They are
derived from the modified Hellinger-Reissner variational principle so as to employ the internal
incompatible displacement and independent stress fields, or the incompatible displacement and
strain fields. The introduced incompatible functions are selected to satisfy the constant strain
condition. The elements are evaluated on several problems of bending and material incompres-
sibility with regular and distorted elements. The results show that the new elements perform
excellently in the calculation of deformation and stresses.
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Fig. 1 Straight beam test by using distorted plane

stress mesh

Table 1 Comparison of plane stress solution by

2)1

shsjo]

Al
A

e N
QO | = | 00 |0 |~ |~ |0 | o
R T R - B S A e R e B Vs =
LS B B A T T R B B e T e B 4
NNl e o = | = | =<t | = | =
nu | | | | | | | | |
2
S &
m <N |||l || 2= |wv |
g S| |ln |wle|o|w |3 |~
= o) o
8] — e~ O [ | =N D
= BlO | N|[m | DB 22D
0755490000
byue TN | N NN N e | en
-.m H | | | | | | | | !
S &
SRS [ o | |wv ]| o
- <|w|= = =22
= A~ || ||l gl |||
S R RSN RS IR IO = IR I =
bt
=
o » .m
@8
Q GGNHOS &
m = | O 51 | 2
§E |83 8|2 |x|2 (=8
= =
253
~ T Y W o = RO I T oq R
ol o T s = = wr
# B zTyagwr T
o ) ™ % o ,mmuﬂ_.an
¥ T FMoxT F= &A=z
do T li%im_AA& ROy
o I -
£3 ol Y N qu%{daaool
N R R 7
[ ok oE X — 7
T2 R T oo w2 =
= . I} o = RO
T o oo X o R X e w
U = O Wy
THE® gan Tl e T
; T —
Foadde 2 hvzdesa®y
o 5 o N o K yr
ol M & e T T 0oap o
oo g = oo T oo o
= & » 2 = g
T X = 5 s ' CRA
= s Eo,aaact 5
—_ ~ _
o = R B o N e
€ oo P R oo N
—_— ~ ~. P
=~ d S TwloLwna
@ g, T BN FT H . BOF
e W o @4 — = o= oL
0 H._._.o
—— N —J ,Z.:.a\}\ru
—_ o .)odﬂ)ﬂdﬂ WS
CHxgpgFTReww oy F = R
T o T FTETE T

Sk,

X0 |

5.1

£ 5oll4 28

gael a7

od
]

2, gl el 5709 Az

o

S

!

ISOs}

Al Akstgicel.  Table 1.2

1o
W=

24

ol 4 2]

e

e

°ol&

-lo‘l

A%

4

al

et 7ol

L
T

EAG Aoleh, Hold

SHPAM = A

IASE

of

© £¢e4dA 4

Holedl of

Jp

g o} 7|

Q84 o)

o ula 8ol

vlebdsl, NQLoo A3

e s

(=]
T

=
T

o7

2

SHZ A L FL

=2}
X

L242E #HY

Fxjoff 2

5.2

&

o] 100l Hx =

[+
L2
ki

hytot wlH g wele

HEol 9lenze

AYE FAo] FAFsted vlEEH el v WS

A
=

o] 3a77kA]

Ko
S

SEE!

49 2& Jehla glew 7 HolA g



2880 EARS) A |

Fig. 2 An example of clamped circular beam under
end shear load

Table 2 An example of clamped circular beam
under end shear load

Elements Us | Oxs Oxc Oep Oe
Q4 58.32 |1773| —840.7] —629 [1336
Q6 62.75 1545 —941.8] —694 [1400
QM6 82.67 |1783| —1320.0f —991 |1643
NQI0 84.66 [1781| —1509.0 | —1097 |1566
ISO 85.24 |1753| —1484.9 | —1088.2 | 1580
IAS 87.171789| —1553.1 | —1113.3 |1595

Exact sol. |90.41|2214| —1476.0 { —1044 |1230
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Fig. 3 Cantilever beam regular meshes with end
shear load
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Fig. 4 Cantilever beam skewed meshes with end
shear load

Table 3 Tip-deflection ratio for the antisym-
metric beam mesh

Elements v=025 v=0.4999
Q4 0.715 0.0613
Q6 0.989 0.989

QBI 0.989 0.989
SRI 0.924 0.800
ISO 0.989 0.990
IAS 0.989 0.990
Exact 1.000 1.000

Table 4 Tip-deflection ratio for the antisymmet-
ric skewed beam mesh

Elements v=0.25 v=0.4999
Q4 0.696 0.0614
Q6 0.957 0.965
QBI 0.950 0.959
SRI 0.778 0.902
ISO 0.986 0.980
IAS 0.987 0.984
Exact 1.000 1.000
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Table 5 Result for ring test

Elements Tip-deflection ratio
Q4 0.363
SRI 0.458
QBI 0.984
ISC 0.984
IAS 0.989
Exact 1.000

7

Fig.5 One quadrant of the thin ring subjected to
equal and opposite diametral forces
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