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RECONSTRUCTION OF THE CUT TREE

2 3 8

Chae-Bogk Kim*

Abstract

This paper develops 0(n?) algorithm to construct a cut-tree generated by Goemory-Hu algo-
rithm. The algorithm only requires node sets defined by the minimal cut in each of the (n-1)
maximal flow determinations. Merging computerized facility layout procedure that uses cut-
tree concept lo generate design skeletons with our algorithm requires less storage space than
merging it with Gomory-Hu algorithm. Also, the cut-iree can easily be modified when the (n-
1} minimal cut-sets are updated due to changes on arc capacities.

1. INTRODUCTION

Consider a capacitated undirected net-
work where a commedity is transported
from any node to any other node in the net-
work. A classical example is a transporta-
tion network where each node generaies
flow and receives flow at different points in
time. The amount to be transported is only
limited by the capacities of the arcs (distri-
bution links) in the neiwork. For such net-
works, analysts are often interested in find-
ing maximal flow between all pairs of nodes
in the network. Gomory-Hu algorithm [2]
solves this problem In (n-1} maximum flow
determinations, where n is the number of
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nodes in the network. The basic idea of the
method is to successively construct a maxi-
mal spanning tree with arcs representing
cuts and the arcs paramters representing
the value of the cut separating the nodes in
the subsets formed by deleting the arc from
the tree. The tree generated is referrned to
as cut-tree since the arcs of the tree refers
to cuis in the original network.

Although one can use the Gomory-Hu al-
gorithm to find the cut tree, as Gusfield [3]
states, 1t 1s not a trivial algorithm to pro-
gram. Gusfield [3] provides a simple and
efficient technique to generate the cut tree,
not restricting his method to noncrossing
cuts of the network.

Adolphsen and Hu [1] discuss a backboard
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wiring problem where n pairs connected by
wires should be placed Into n holes {all in a
line) such that the total wire length is mini-
mum. They have shown that if the Gomory
-Hu c¢ut-tree is a chain, then it is the opti-
mal solution io the problem. Otherwise the
two most extreme nodes of the cut-tree are
in the optimatl linear ordering.

Although graph theoric approaches have
been applied effectively for layout problems,
the concentration has mainly been on
adjacency matrix nformation rather than
the traffic between two nodes. Recently, cut
-trees have been using as design skeletons
for facility layout problems [4]. Given the
material flow matrix, a cut-tree is generat-
ed using Gomory-Hu algorithm to determine
the maximal flow between every node pair.
The cui-tree provides information such as
which departments should be separated in
the layout.

One actually does not need to generate
the cut-iree explicitly while using Gomory-
Hu algorithm. The following procedure gen-
erates maximum flow between all node pairs
without explicitly generating the cut-iree.
A cut-set C(X, X”) separates the nodes into
two disjoint node sets, X and X', At each
step two nodes from the some node set are
used as the source and sink node for the
maximum flow caleulations. The newly gen-
erated cut-set further breaks down the node
set into two smaller node sets. Eventually,
every node set contains only one node sig-
naling the termination of the process. At
this point, maximum flow values between (n
-1) node pairs and the respective cut-sets
are on hand. There remains to determine
maximum flow between the remaining node
pairs. The maximum flow between node i
and node j not included in (n-1) maximum

flow determinations ¢na be found as follows,
Let Xy and X'x; and denote the two node sets
generated by the minimal cut separating
node k (source node) and node [ (sink
node)} generated after maximum flow deter-
mination. Let V be the corresponding mini-
mal cut, herice, maximal flow value. Define,

S={[kI]}: 1 €Xu j€EXu ori1 E Xuj
€ Xu} : .
Thus,v,;=min {[k, 1]JEs} (vu). Hence, the
above procedure generates the maximum
flow matrix without explicitly making use of
the cut-tree. Certain class of problems such
as layout problems require construction of a
cut-tree from maximal flow matrix.
Although, it 15 somewhat easier for a human
to generate the cut-tree, one needs a step-
by-step procedure which can be easily com-
puterized. '

In this paper, we present an efficient algo-
rithm to reconstruct the cut-tree from the
(n-1) cut-sets generated after (n-1) maxi-
mum flow determinations. Section 2 devel-
ops the algorithm for reconstructing the cut
~tree. Section 3 analyzes the performance
of the algorithm. Conclusions are given in

section 4.
2. RECONSTRUCTING A CUT-TREE

Let G=(N, A) be an undirected network
where N and A are the node and arc sets,
respectively. Let ¢; be the capacity of the
arc (1,j), by symmetry c;=c; The maxi-
mum flow from node 1 to node ] is indicated
by vy, The corresponding minimal cut-set
and the two node set are denoted by C(X,
X5 X and {X'};. respectively. The Gomory-
Hu algorithm generates (n-1) cut- sets. Def-
ine,
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tlifl=1ifk € X;
=0 otherwise

Define F={ [i, i] } as the set of source and
sink pairs used for {n-1} maximum flow cal-
culations. Brackets are used instead of pa-
renthesis to separate source-sink pairs from
arc representations. For any two nodesu €
N and v € N, define

dfii]=1if wlijl= tlif]
=0 otherwise

Lemmma 1
The number of arcs between any iwo nodes
u and v in the cut-tree is given by D,

where
D= 2tnEr duliy]
(Proof) Suppose maximum flow from

node 1 to node j is determined. For nodes u
and v which are both either in X; or X'5 tu
[i,jl1=t.[1,j] and hence d.[ij]=0. For
nodes u € Xz and w € X'y, [, i] = tdi,
jJ and hence d..[i, j]=1. The arc added to
the cut-tree at this step separates nodes in
X; from nodes in X (Figure 1). Therefore,

the added arc increases the number of arcs
between any node in X; from nodes in X' in
the cut-tree by one. Next, maximum flow
between node k and node I both in X or
both in X’; is determined. Without loss of
generality, assume k € X; and | € X are
selected. Then, minimum cut C(X, X)) fur-
ther divides X; into two node sets with eil-
ther X% C X'u{Figure 2.a) or X'; C Xu
(Figure 2b). With a little effort, summa-
tion of d.[i,j] over all maximum flow com-
putations (that is, for all [i,j] € F) estab-
lishes the desired result. ®

Lemma 2

The maximum flow between any two nodes
u and v in the cut-tree is given by M
where

M= min ¢ jer{vs : lbf] = tlLi]}

{Proof) Maximum flow beiween any
two departments is deqfined by finding a
path (i.e., a path between any iwo nodes in
a tree is unique) in the cut tree and select-
ing the minimum cut value, v correspond-
ing to the path. Whenever t[i,j] > t.[ii],

New arc of

/
X,'j

the cut rec

Figure 1. Expanding the cut tree by an arc
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Figure 2. Expanding the cut tree by a new arc

the arc number of path between nodes u and
v increases by one. Becaus of Lemma 1,
finding the minimum cut value of the path
between nodes u and v is equivalent to pick-

ing the minimum cut value, where t,[i,j]>t,
[Lj). =

In the Gomory-Hu algorithm, some nodes
are condensed, if necessary, in order to
But, the crossing cut
problem is not needed to consider in this
paper due to Gusfield [3]. He presents a
simple algorithm: generaiing noncrossing

avoid crossing cuts.

cuts by adding just five or ten lines in the
The matrix D =
[Dy] is a symmetric matrix with diagonal el-

Gomory-Hu algorithm.

ements equal to zero. The fallowing algo-

rithm capitalized on the D matrix in generat-
ing the cut-iree for the problem. The inputs
io the algorithm are X;; and X' sets for all
[ii] = F.

ALGORITHM

Stepl : For each [1,j] € F
If node k & X, set ty{k)=1.
Otherwise, set t;(k) 0.
Next[1,j]
Step2 : For each (u,
Dy -0
Foreach [i,j] € F
If t;(v), go to Next [i,j].
Otherwise, set d,, [i,j] =1
and Dy,=D,.+1.

u{v,

v) €A,



2194 H3% 1993. 9

CUT TREES) A +& 55

Next {i,j]
Due = Dy
Next (u,v)
Step 3 : Select any node u = N as the root
node of the cut-tree.
N, = {u}, N = N'-{u}.
Draw node u.
w = 1.
Step 4 : B = ¢.
For eachi = N,_,
Determine Bi={i:Dy=1
and D; = w}l.
If B; = ¢, go to Next i.
Draw nodes in B;
Draw arc (3,]) from node i to
each node j € B;.
B -— B+Bl
Next 1
Step 5: N,~B,N = N'-B.
If N = ¢, stop.
Otherwise, w=w+1 and return to
Step 4.

The first two steps generate the distance
matrix D, where D,, gives the number of
arcs of the path from node u and from node
v in the cut-tree. Any node can be picked
as the root node of the cut-tree. The chosen
node is indicated by u. All those nodes

which can be reached from node u using one .

arc define the first level of the cut-tree. In
general, w refers to the level of the cut-tree
currently under consideration. The set of
nodes in level w which are incident to node i
in level (w-1) is given by B, Note that, B;
€ Nw., are mutually exclusive sets, since
otherwise the cut-tree will contain cycles.
Step 4 is repeated until N* =¢.

Example. Consider a flow matrix in Table 1
taken from [5]. With this flow matrix we

can draw a network shown in Figure 3. The
numbers assigned to the arcs on the net-
work represent flow capacities. Table 2
shows source nodes sink nodes and corre-
sponding cut values of the iterations when
Gomory-Hu algorithm is employed. In order
to obtain the cut tree grapph (Figure 4),
three operations are needed : operation for
node separation matrix (Table 3), operation
for distance matrix (Table 4) and operation
for maximum flow matrix {Table 5). We
can obtain the node separation matrix at
Step 2 in the proposed algorithm. From the
node separation matrix, the distance matrix
and the maximum flow matrix can be gener-
ated using Lemma 1 and Lemma 2,
respectively.

Table 1. Flow matrix

D] 12 ]|3]4]5]6]7
1lo[8lo9 7|0 o0]o0
2 8]0 05 ]|7|0]o0
3|9 004|090
4 |7 |5 |4]0]4]6]s
50 7|0 |4]0]|0]2
6 | 009 |6]|0]0]1
70 0 0|82 ][1L]o0

Figure 3. Multiterminal network
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Table 2. Thustration of Gomory-Hu algorithm

Table 4 Distance Matrix

iteration |sourcenode | sinknode  |eut value D 1 1213 4|5 |67
1 2 5 13 1 0 2 2 1 3 2 3
2 1 2 19 2 2 0 2 1 1 2 3
3 6 7 21 3 2 2 0 1 3 2 3
4 4 6 25 4 1 1 1 0 p 1 2
5 1 4 24 5 3 1 3 2 0 3 4
6 3 4 22 6 2 2 2 1 3 0 1
7 3 3 3 2 4 | 0

Table 5. Maximal flow matrix

Table 3. Node separation matrix

M |1 2 3 4 5 6 7
source |snk [ 123 |4;516]|7 1 0|19 (22 24 |13 |24 |21
2 5 Lj1 110111 2 |19 0119 |19 |13 |19 |19
1 2 1fo031]1(0¢{1 |1 3 |22119 ) 0|22 (183122 |21
6 7 1(1y1(1{1]11]60 4 124 |19 | 22 0113|256 |21
4 6 I'f1|1(1]|1]0]|¢@Q 5 13 |13 | 13 | 13 0|13 |13
1 4 1j0|0|0C|0]01{0O 6 (24 |19 |22 |25 [ 13 0 {21
3 4 g|o0|1|0|0|0O]O 7 121 |19 (21 )21 |13 ]2 0

3. PERFORMANCE OF THE ALGORITHM

The worst case performance of the algo-
rithm can be determined as follows. Step 1
is executed (n-1) times. In each repetition

Figure 4, Cut tree

ty(k) values are set for n nodes. Hence,
Step 1 requires 0(n?) time. Step2 requires
(n-1} comparisons n(n-1)/2 times, hence 0
(n®) time. Steps ¢ and 5, together require 0
(n®) time. Hence, theoretical complexity of
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the procedure is 0(n*). However, since at
each step either simple comparisons or incre-
mentations are done, the computational time
of the algorithm is expected to be short.

For a problem such as a facility where the
cut tree is required for an initial layout, a
merge of proposed algorithm with a layout
improvement technique will lead to consider
able savings in computational time and re-
quired memory size. Also, we can use the
distance matrix and maximum flow matrix
for the facility layout problem when the cut
tree approach [4] is employed. They pro-
vide a good criterion for the neighbor set in
layout problem.

4. CONCLUSIONS

This paper presents an algorithm for re-
constructing a cui-tree from (n-1) maxi-
mum flow determinations. The theoretical
complexity is shown to be 0(n?*).

Given a change in X, X’ for [i,j] € F
due to change in arc capacities, one ¢an up-
date the cut-iree very easily using the con-
cepts developed in this paper. The algorithm
also is essential for researchers in the faciii-
ty planning area if their designs are based
on fiow hetween any two departments in the
facility.

Final remark concerning the problem is
the adjacency information. The reconstruc-
tion of the cut-tree only requires X; X'; sets
for all {i,j] € F and not any specific infor-
mation abcut the original network such as
adjacency information on arcs. Hence, for
facility layout problems, for example, where
disk space is limited due to the size of the
problem, one can run Gomory-Hu algorithm
separately and store only X;, X’ for [i,j] €
F. This information is the only information

required for a computerized facility layout
procedure that uses cuil-tree concepts.
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