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POLYNOMIAL ISOMORPHISMS OF CAYLEY

OBJECTS OVER THE FIELDS OF ORDER p2

HONG Goo PARK

1. Introduction

We define a combinatorial object with a vertex set V to be a pair
C = [~S) where V is a set, and S is a subset of V U 2v U 22 VU· .. ,
called the structure. H C and C' are both combinatorial objects, then
an isomorphism between C and C' is a bijective function from the vertex
set of C to the vertex set of C' which also preserves the structures. An
isomorphism from C to itself is called an automorphism of C. It is clear
that the set Aut(C) of all automorphisms of C constitues a group under
the operation of composition and is a subgroup of the symmetric group
Sv on the vertex set V.

Let V be a finite group and T the group of all translations t a :

V -+ V defined by ta(x) = x + et for et E V and all 'X E V. Then a
combinatorial object C of V is called a Cayley object of V if Aut(C) ;2 T
(see [2] for a similar definition).

ISOMORPHISM PROBLEM. Let GF(q) denote a finite field of order
q = pn, where p is a prime number and n a positive integer. In 1930
1931, the first polynomial representation of isomorphisms between two
combinatorial objects was found by Bays [4] and Lambossy [11]. They
showed that if two Cayley objects of GF(P) are isomorphic, then they
are isomorphic by multiplier maps; that is, maps f : GF(P) -+ GF(P)
of the form f(x) = ax for a E GF(p)\{O}.

To generalize this result, it is natural to drop the condition that
IVI is a prime in the theorem. In [1], Alspach and Parsons extend
the theorem in the case of graphs and digraphs to the vertex set Zrs
for distinct primes r and s. There are many papers verifying that the
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Bays-Lambossy theorem is still true for certain non-prime numbers
[2,9,10,13]. From [1,3,5,9], we can see many examples of specific com
binatorial objects (or Cayley objects) in which some assumption on IVI
is necessary. PaIfy [13] in 1987 solved the problem of determining when
the Bays-Lambossy theorem generalizes to arbitrary Cayley objects.

He showed in [13] that the condition 'two Cayley objects of a finite
group V are isomorphic if and only if they are isomorphic by a group
automorphism', is satisfied exactly when the vertex set V is a group of
order 4 or cyclic of order m with gcd(m, iP(m)) = 1, where iP is Euler's
phi-function.

When does the Bays-Lambossy theorem generalize to a specific Cay
ley object such as graphs, digraphs, or designs? The aim of this_paper is
to investigate the polynomial representation of isomorphisms between
two Cayley objects of a finite field GF(p2) in the case that paIfy's
conditions are not satisfied; that isgcd(m, iP(m)) =ll.

DEFINITION AND TERMINOLOGY. Let Sym(q) denote the symmet
ric group on GF(q). Consider the ring GF[q,x] of polynomials over
GF(q). A polynomial f(x) E GF[q,x] is called a permutation poly
nomial of GF(q) if f, as a function, permutes elements of GF(q). If
S[q, x] is the set of all functions induced by permutation polynomials
f(x) E GF[q,x], then S[q,x] ~ Sym(q). If q > 2, then we can normal
ize so that deg(J) < q - 1. By A, we mean the group of all invertible
affine linear transformations of GF(q) viewed as a vector space over
GF(p). Let B[q,x} denote the Betti-Mathieu group (ref. [12, pp. 361
362l) whose elements are permutation polynomials over GF(q) of the
form

n-l

f(x) = La8 xP·.E GF[q,x].
8=0

It is well-known that B[q,x] ~ GL(n,p), the general linear group of
non-singular n x n matrices over GF(P) under matrix multiplication.
It follows from this that A ~ T 0 B[q, x] < S[q, x]. Denote A = T 0

B[q, x]. Each element in A is called an affine permutation p-polynomial
of GF(q).

Let K = GF(q) and F = GF(p). Then we define an absolute trace
function Tr = TrK/F of a E K over F by
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n-l
Tr(a) = L~.

i=O

BRIEF DESCRIPTION OF MAIN RESULT. Let p be an odd prime.
In [14], we characterized all polynomials f(x) over GF(q) for which
deg(J) < p2 and f(x + (3) = f(x) + a for the fixed nonzero elements Q

and (3 in GF(q). By using this characterization, we will see in section 3
that two Cayley objects over GF(p2) satisfying certain conditions are
isomorphic by a quadratic type permutation polynomial over GF(p2).

The statement and proof of the above main result is given in section
3. In section 2 and 3, we assume that p is an odd prime.

2. Preliminaries

By a(J), we mean the cycle type of a permutation polynomial f( x)
of GF(q). Let f(m)(x) be the m'th iterate of f(x). For a polynomial
f(x) E GF[q,x], the order If1of f(x) is the least positive integer m
such that f(m)(x) = x(modxq - x). First we will prove

PROPOSITION 1. Let q = pR with n ~ 2. Let w(x) = (3+x+L.ix) E
A\{x} for (3 E GF(q) and "I E Ker('Ir), where L1'(x) denotes 'Ir("/x).
Then,

(a) (3 E GF(p) and "I i- 0 if and only ifw(x) is composed ofpn-l 
pn-2 disjoint cycles of length p.

(b) Either (3 E GF(q)\{O} and "I = 0, or (3 f/. GF(p) and "I i- 0 if
and only if w(x) is composed of pn-l disjoint cycles of length p.

Proof. (a) Suppose that (3 E GF(p) and "I E Ker(Tr)\{O}. Clearly
w(x) is a permutation polynomial of GF(q). Ifw(a) = a for an element
Q E GF(q), then (3 + L-y{a) = O. Since L1' is a linear transformation
of GF(q) over GF(p), we can choose an eletnent c E GF(q) such that
L1'(c + a) = o. Then "I(c + a) E Ker(Tr) if and only if a = "1-11] - c
for 1] E Ker(Tr) for 1] E Ker(Tr) and some c E GF(q) with L1'(c) = (3.
So w(x) fixes pn-l elements of GF(q) and is composed of pn-l _ pn-2
disjoint cycles of length p since Iwl = p.

Conversely, if w(x) is composed of pn-l - pn-2 disjoint cycles of
length p, then "I i- 0 and there is an element a E GF(q) such that
w(a) = Q. This implies (3 = -L1'(a) E GF(p).
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(b) It is noted that either,8 E GF(q)\{O} and'Y = 0, or,8 i= GF(p)
and 'Y =f:. 0 if and only if there is no fixed element under w(x). Since
Iwl = p, the above sufficient condition is true if and only if w(x) is
composed of pn-l disjoint cycles of length p; that is, a(w) = a(x +,8).0

We will usually write our operators on the right. Let Y be a subset
of a group G and y E Y, g E G. Then we will use the exponential
notations Y9 for g-lYg, and y9 for g-lyg.

Let G1 and G2 be contained in the symmetric group Sv on a set V.
We set HG1 (G2 ) = {1l" E SvlGf < G2 }. From the following Lemma 2,
we obtain the existence of special kinds of isomorphisms between two
isomorphic combinatorial objects of GF(q). The proof can be found in
[6, pp. 159-160].

LEMMA 2. Suppose that C and C' are isomozpbic combinatorial ob
jects of a vertex set V. Let P be any Sylow p-subgroup ofAut(C) and
Q a p-group in Aut(C'). Then C and C' are isomozpbic by an element
in HQ(P).

Let V = GF(q) and S[q,x] the group of all permutation polynomial
of GF(q). IT two combinatorial objects of GF(q) are isomorphic, then
the above lemma says that they are isomorphic by a function in H Q(P).
By Lagrange's Interpolation Formula [8, pp.55], the function can be
represented by a unique polynomial f(x) of GF(q) with deg(J) < q
and

f(x) E He(P) = {hex) E S[q,x]l.ch < P}

where l' and.c are the polynomial representations over GF(q) of P
and Q. Respectively, this is quite natural because Aut(C) < Sym(q) !:::!

S[q, x].
Consider the group W = {w(x) = ,8+x+L-y(x) E AI,8 E GF(q),'Y E

Ker(Tr)}.

LEMMA 3. If f(x) E HT(W), then f(x + c) = f(x) + fee) - f(O)
for every c E GF(p).

Proof. Suppose that f(x) E HT(W). Then, for each a E GF(q), we
can choose a unique w(x) = ,8 + x + L-y(x) E W such that
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f(x) + a = f({3 + x + L-y(x)).

It follows from (1) that f(c) + a = f({3 + e) for e E GF(p). Also
(1) implies that fee) + f({3) - f(O) = f({3 + e). Since (3 is uniquely
determined by a and runs through all elements of GF(q), f(e) + f(x)
f(O) = f(x + e) for every c E GF(p)· 0

Next, for an arbitrary prime p, we characterize all polynomials f(x)
over GF(q) for which deg(f) < p2 and

(2) f(x+{3)=f(x)+a

for fixed a,{3 E GF(q)\{O}. IT deg(f) = 1, then f(x) E GF[q,x]
satisfies (2) if and only if f(x) = a{3-1 x + u for u E GF(q). So we
assume now that deg(f) i= 1 in (2). By equating the coefficients in (2)
we can obtain the following Theorem 4. The proof is given in [14].

d . 2
THEOREM 4. Let f(x) = Ei=obiX' E GF[q,x] with d < p . Then

f(x) satisnes (2) if and only if the following conditions hold:
(a) d = rp for 0 < r < p, and for each :fixed m and k with 0 =5 k <

m =5 T,

where bmk = mp - k(p -1).
(b) The otber coef1icients which do not occur in (a) are all zero,

except that bo is unrestricted.

3. Main Result

The main result can now be stated as follows and the result can be
improved if more is known about the automorphism group of C.
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THEOREM 5. Let C andC' be any two Cayley objects ofGF(p2) for
an odd prime p. Define a linear operator 4> : GF(p2)~ GF(p2) by
4>(x) = xP - x for all x E GF(p2). Suppose that there is a Sylow p
subgroup P ofAut(C) with T ~ P ~ A. Then C and C' are isomorphic .
by a permutation polynomial over GF(p2) of the form

f(x) = a[4>(Ax»)2 + w(x),

where both a and Aare some elements of GF(p2) and w(x) E A.

Proof. Letq = p2 for an odd prime p. Suppose that P is a Sylow p
subgroup of Aut(C) such that T ~ P ~ A. Let l' denote the polynomial
representation over GF(q) of P. By Lemma 2, an isomorphism of C
and C' can be expressed by a permutation polynomial f(x) in HT(1')
with deg(f) ~ q - 1 since C' is a Cayley object of GF(q).

Consider the group Was mentioned earlier for n = 2. Since IWI =
p3, it is clear that W is a Sylow p-subgroup of A. Since l' is a p
subgroup of A, there exists a Sylow p-subgroup 1l. of A such that T <
l' < 1l.. By the Sylow theorems we can choose a polynomial .,p(x) E A
so that Tlt/J-l < 1't/J-l < 1f.t/J-l = W. Since .,p(x) = lex) + c for some
c E GF(q) and some p~utatioItPolynomiall(x)E B[q,x),f(x) can
be written as g(l(x» for g(x) E HT(W).

If hex) =g(x)- g(O), then hex) = t;lg(x) for c = g(O) and T h =
[Tt;1)9 = T9 < W since T is commutative. Thus it is sufficient to find
all polynomials hex) of GF(q) for which h(O) = 0 and T h < W. If
W' = {w(x) =,8 + x +Li'(x) E WI,8 E GF(p) and "Y E Ker(Tr) \{O}},
then T h c {W\W'} = W. by Proposition 1. So HT(W) = HT(W.).
Then, for each a E GF(q), there exists a unique polynomial w(x) =
,8 + x + Li'(x) E W. such that t~(z) = w(x).

Since hex) is a permutation polynomial of GF(q) with h(O) =0, we
have an element Z E GF(q) such that t~(z) ~ 0 = h-1(a) + z +Li'(z)
for each a E GF(q). Then t~(z) = 0 if and only if z = h-1 ( -a), and
so

(3)

for every a E GF(q) and the corresponding 'Y E Ker(Tr).
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Let r be the set of elements "'I E Ker(Tr) satisfying (3) for each
a E GF(q). Then we define a mapping e : GF(q)~ GF(q) x r by

e(a) = { (h-l(a),O), if a E h(GF(p» .
(h-l(a), rh-lea) + z]/[zP - z]), otherwise

Clearly the mapping eis well-defined and injective. Thus h(x) satisfies
(2) if and only if there exists a unique e(a) =(h-l(a), 'Y) E GF(q) x r
such that, for all a E GF(q),

(4) h(h-l(a) + x + L.,.(x» = hex) + a.

Since L.,.(c) = 0 for c E GF(p), Lemma 3 and (4) imply that hex) E
HT(W) also satisfies, for c E GF(P),

(5) h(x + c) =hex) + h(c).

Let hex) = L:~l b.x· E GF[q,x] with d < q. H d = 1, then hex)
represents a multiplier mapping on GF(q). So we assume that d i= 1.
By Theorem 4 and (5), d = rp for 0 < r < p and (m - k)bmp_kp+k +
(k + 1)bmp-kp-p+k+l = 0 for 2 ~ m ~ r, 0 ~ k ~ m -1. It follows
from this that if we let Ai = bip + bip-p+l + bip-2P+2 +... + bi for
i = 1,2,··· ,r, then all Ai = 0 except i = 1. Thus, by Theorem 4,

r i

h(L.,.(x» = L L bip-kp+l ("'IX +'Y'z')ip-kp+k
i=l k=O

(6)
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From (6), for all a E GF(q) with fJ = h-1(a), h(fJ + x) + heLix»~ =
h(x) + a, and so every term in the right hand side will vanish except
xP , x, and the constant term. By equating those three terms, we can
have the following two conditions for hex) E HT(W.):

(I) 2~p(fJP - fJ) = (b1 + bph, and
(ll) bpfJP +b1 fJ = a,

for all a E GF(q) with €(a) = (fJ,'Y) E GF(q) x r.
Since fJ = h-1(a) runs through all elements of GF(q), b1 + bp =I 0

from (ll). Hence, (I) and (ll) imply that if hex) E HT(W) with h(O) =
0, then the polynomial is of the form h(x) = a(xl' - x)2 + bxP+ ex
for some a,b and c E GF(q). Futhermore, bxl' + ex E B[P2,x] and
a(fJP - fJ) = (b +ch for (fJ,'Y) =€(a) = (h-1(a),'Y) E GF(q) x r.

On the other hand, ·if a polynomial h(x) = a(xl' - x) + bxP+ ex E
GF[q, x] with the condition (I) and (ll), then it can be easily shown
that h(fJ + x + b.,.(x» = h(x) + ft. Thus the given polynomial h(x) E
HT(W). According to the above results, we prove that a polynomial
hex) E HT(W) with T ~ P ~ A and h(O) = 0 if and only if hex) =
a(xp - x)2 + kCx-) for k(x) E B[P2,x] such that 2a(fJP - fJ) = k(l). 'Y
for (fJ,'Y) = €(a) E GF(p2) x r.

Therefore, two Cayley objects of GF(p2) with T ~ P ~ A are iso
morphic if and only if they are isomorphic by a function in HT(W) and
the function on GF(p2) can be represented by a permutation polyno
mial of the form

f(x) = g(l(x» = h(l(x» +g(O)

=a[~(Ax)]2 +w(x)

where both a and Aare some elements of GF(p2) and w(x) is an affine
permutation p-polynomial of A. 0

REMARK. The affine group A in Theorem 5 is obviously a subgroup
of Sym(q), but not necessarily a subgroup of Aut(C). N.Brand [7]
calcula.ted the automorphism groups of a family of 2 - (v, 3, 2) designs.
In the same paper, he also found a block design whose automorphism
group is isomorphic to the general linear groups with certain conditions.
In fact, it is an complicated problem in this area. to find the group
structure of Aut(C) over an arbitrary Cayley object. It remains an
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interesting unsolved problem to generalize the Bays-Lambossy theorem
to an arbitrary Cayley object.
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