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Hessian Comparison Theorem of distance functions
relative to some boundary points
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1. Introduction

Given two complete Riemannian manifoids and distance functions relative to some fixed points
respectively, Green, Wu[1], Siu-Yau[2], S. T. Yau and Schoen([3] proved the Hessian comparision
threorem of distance functions at point which is not conjugate point. In this paper, we show the
Hessian comparision theorem of distance functions relative to some fixed points which are boundary
points of each manifold.

Let M be an m-dimensional Riemannian manifold with boundary (m = 2). Let 6(t), 0<t<b
be a geodesic in M parametrized by arc length with inital point p € dM and initial tangent 0.(0)

orthogonal to the tangent space (aM )p The second fundamental form assigns the normal vector
0.(0) to a symmetric linear transformation S, on (oM )p Let (0, b, M) denote the linear

space of all piecewise smooth vector fields along O’I{O,b] whose values are everywhere orthogonal 0

the tangent vector O, of ¢ and whose initial value is an element of T(JM). A smooth vector field
Y (¢) along o is called a Jacobi field if it satisfies the Jacobi equation

(VYY) +RY(1)=0

where RY (2) is R(Y(1),0.(2))0.(t). A Jacobi field Y € (O',b,aM) is called a(strong) oM
-Jacobi field if it satisfies the boundary condition

Se. @Y (0)=(VY)(O0)

A focal point on o'is a point 0(2),# # O at which a nontrial M -Jacobi field along o vanishes. The
index forn /(b,0M )is a symmetric bilinear form on £ (0, b,0M ) defined as follows :
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+J'0'< VX,VY>-<RX,Y >dt.

MINIMIZATION THEOREM1.1{4]. Let X € (O‘ ,b,oM ) Assume that there are no focal points on
0. Then there exists a unique OM -Jacobi field Y such that

Y(b)=X(b) and 1(X,X)21(Y,Y)
with equality in case that X =Y .

Let N be an n-dimensional Riemannian manifold (7 > 2). Let 7(2),0 <t < b be a geodesic in N
parametrized by arc length with initial point ¢ € OV
and initial tangent 7, (0) orthogonal to the tangent space (dN) .

THEOREM1.2[4). Assume that the sectional curvature K(p) and K(Q)satisfy K(p) < K(Q)
for each t€[0,b)] and for all 2-plane P < M., containing 0.(t) and all 2-planes OcN

containing T.(t) and the second fundamental form elements of OM is the greater than second
fundamental form elements of AN . Then, if there are no focal points on T , there are no focal points
ono

2. Comparison Theorem -

THEOREM2.1. Let M and N be compact Riemannian manifolds with boundary such that
dimM <dimN . Letp and q be boundary points if M and N respectively. Let p,, and p, be

distance functions on M and N relative 10 P and q respectively. Let ¥, :[0,b] > M and
¥, :[0,b] > N be normal

geodesics with ¥,(0)=p, 7,(0)=¢, ¥, € (aM)iand Yas0) € ((9N)ql If each radial

curvature at ¥, (t) is the greater than every radial curvature at ¥,(t) and
there are no focal points on Y,. Then

M D’ (Y,Y)< D?ou(X,X)
forallY € Ny, andforall X € M,y suchthat |X|=[Y| and <X, Yy >=<Y, Vpuy >

PROOF : It suffices to prove (1) For t=b. for X17,.(b),

D pu(y,.(6),X) = D*pu(X, 7,. (b))
= X(¥,.pM) ~ (Dy 7, )(pM)
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=—< Dy, ,.,gradpM >
== < DyY1e, Ve >= -%X <Y Y >=0

Similarly, for Y.Ly,.(b), we have
Dy (Y5(6),Y)=0
On the other hand,
D3 (112 (5),112(5)) = 1,4 (B)(Y1epM) = (DY, )pM =0

Similarly,

D2 (1,.(0),7,.(b))=0

It remains to prove(1) when X, 17,.(b) and X,L17,.(b).

Let X;(i =1,2) be the parallel vector field of X, along ¥, By Theorem 1.1, there exist a unique
OM -Jacobi field W, and a unique oV -Jacobi field W, such that W,(b)=X,(b)= X, and
1(X,,X,) 2 I(W,,W,). Hence

@

Do (X, X,) = X, (W, pM) ~ (D, W, )(pM)
=X, <W,gradpM > —< D,, W,,gradpM >
=X, <Wp,7.(6)> =X, <W,7,.(6) >+ <W;,Dy 7. >
=< W, D,1.xW, > (b)

b
= 0—5—; <W,,D,.W, >dt+ <W,D,.

= [IDW- < W, D*W, > di+ < W,(0),S,100 W (0) >

W, >

= [IDWa- < W, (0), ROW, ), 7, )1,.(0) >
+ < Wi (0),S, 10, W(0) >



176 LEFT RUNNING HEAD
Similary,

3
2 b 2
Din(Xy, X,) = [ IDW,[ = < Wy(0), ROW, (1), 750 (0072 (0) > i
W00, 00 W3 (0) >
To compare the two integrals in (2) and (3), let a new vector field W* be defined along ¥, as follows.
Let {el,i}1 <ism and {ez, j}l <j<a D€ Orthonormal because of M, and N, such that

e, =Y.(0)and e,, =7,.(0) respectively. Let {e,,i(t)} and {e2, j(t)}be their parallel
translates along ¥, and Y, respectively. Without loss if generality, we may assume that

e (D) =W (b)=(X,) and e, (b) = W, (D) = (X,).
Define functions {h,}1 cism OD [0,b]by W, ()= Z:] h(t)e (t). Then we define

W)= 2:} h(e,;(t) for all t€[0,b] It follows that W™ (b)= e, .(b)=W,(b)=X,.
Since there are no focal point of g along 7, and W, is a ON -jacobi field, by Theorem 1.1

D (X,.X,) < mDW‘F— <RW(8), 7,4 ()Y (1), W' (1) > dt
+<W(0),5,,.0,W (0) >.

Since lDW'l2 = Z:llh'(l‘)l2 = lDW;lz,IW'I = |WII,W‘_L)'2. and W, 1y,., the hypothesis implies

that
<RW (0,707, W (1) > 2 <RW(1), 7, (D)7,.(0), Wi (1) >
and
<W(0),5,,. W (0)> < <W(0),5,,.,W;(0) >
Hence we obtain that

D% (X,,X,) S Do (X, X))
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