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A Hydrodynamic Solution for the Lateral Spreading
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Abstract (] Assuming Gaussian distribution of the density difference between a turbulent jet river
plume and its ambient saline water, a hydrodynamic solution for the lateral spreading of a river
plume is developed. Two advantages can be expected from the assumption we made. Firstly, we
need not consider mixing processes in the plume in dealing with this problem. Secondly, by putting
pressure gradients which can be obtained from the density distribution, into the equation of motion,
we can solve them easily. We compared the analytic solution with the field data of the Nakdong
river plume and found reasonably good correspondence.
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1. INTRODUCTION

The dynamic behaviour of the fresh water river
plume issuing into a salt water basin has been sou-
ght by many investigators since the work of Takano
on a river plume (Takano, 1954a; 1954b; 1955). Ta-
kano treated the spreading of the river water as
it expanded laterally between hyperbolic boundaries
and thinned vertically above heavier ambient water.
Since then the primary operative forces, such as
the inertia of issuing river water and associated tur-
bulent diffusion, friction between the effluent and
the bed immediately seaward of the mouth and the
buoyancy by the density contrast, and their relative
roles have been considered by many workers to so-
Ive the dynamic behaviour of the turbulent river
water plume (Borichanski and Mikhailov, 1966; Bo-
ndar, 1970; Wright and Coleman, 1974; Officer,

1976). There are also some works to deal with the
problem by numerical approaches (Gravine, 1987;
O’Donnel, 1988, 1990).

For the present work an analytic solution on the
lateral expanding velocity of the river plume was
investigated by assuming that the density difference
between the plume and the ambient saline water
has a Gaussian distribution in the lateral cross-sec-
tion of the plume, ie.

Apx, y, 2)= Apix) e~ WBP2p— wHRL2

Here x is the distance along the plume axis from
the river mouth, y is the lateral distance from the
plume axis, and z is the depth from the level sur-
face. Ap, is the density difference with the ambient
seawater at the surface of the axis. H and B are
the depth and half width of the plume at whose
boundary Ap decreases to a small value; ie. Ap
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Fig. 1. Definition sketch of the river plume.

=Ape '*=0.6 Ap, which is considered to be negli-
gible (Fig. 1).

The assumption of Gaussian distribution for the
density difference was adopted by Bates (1953), and
has been supported by other authors (Murota e
al., 1983; Fischer er al., 1979; Jirka et al., 1985). Based
on this assumption, we can figure out pressure in
the plume layer, and the steady state equations of
motion for the lateral expanding velocity of river
plumes which were established following the exam-
ple of the Bowden (1983) can be solved easily. This
solution has been compared with the field data ob-
tained at the Nakdong river plume in 1981 and
1993.

2. LATERAL SPREADING OF THE
PLUME

When we assume a Gaussian distribution for the
density difference in a plume cross-section, the mi-
xing processes of the salt water need not to be con-
sidered in dealing with the dynamics of the river
plume because the effect of the processes is already
included in the density distribution. The equations
of motion of the plume dynamics can also be sol-
ved with the pressure gradient which can be evalua-
ted from the density distribution.

For simplicity, the density distribution in the
plume cross-section at a fixed x can be assumed
as:

py=p,— Ape” B2, 0£<z<0 )

PI=pa—Ape VBT (<7< @

where, p, is the surface density of the plume, p,
is the density of the ambient water, { is the surface
elevation above the level surface, and p, is the den-
sity of the water below the level surface.

The equations of motion in the lateral direction
of the plume can be established by assuming that
the lateral motion is so slow that it can be treated
as a steady state. We can calculate the pressure
from the density distribution of Egs. (1) and (2);
In the plume layer, we have;

g _ P
pN; 2 o 3
P=(p.— Ape g {+pgz—Ape g

f ey @

In the lower layer, we have;

v _ P
N5 =" 5
PN = &)

pr=(pa~Ape™ Mg {+pgz
—Ape Bng’;e"Z/ H2 2, (6)

In the equations the variables with subscripts 1 and
2 are those of the plume layer and the lower layer,
respectively, and N, is the vertical eddy viscosity.

In the lower layer the velocity of the ambient
water, v, can be assumed as constant, and hence
the pressure gradient along the lateral direction is
zero. Then Eq. (5) is reduced to;

op2 d - -
or: __ U — Ape W/BRIDE — Ape /B2
» [(p P s—Ap. g

\/g‘H] =0 O]

Here, J Oe"/”’zfzdz (the error function) was replaced

to /?H

From the boundary condition that the { and
e ¥P¥2 approach zero rapidly for large y, the sur-
face elevation { can be solved as;

\/—?H ®)

Substituting { into Eqgs. (3) and (4), we get

Apae—(y/B)zlz

CZ pa'"Apse_(y/B)Z/z
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oL =~ Ao /5ge /T HlI~ef] - O

and the solution for this equation is
W=~ Ap(/Be P /T E /o)

(ﬁ—zf f;e,j(t) at dt)+C (10)

where t=(z/H)/\/2—, and the z-dependency of the up-
per layer density p; was temporarily neglected and
the eddy viscosity N, was assumed to be constant.

To determine the integration contant C, no-slip
condition was applied at the interface between the
plume and the ambient water of the lower layer;

vi= = Ap/B e/ S N =260}

+C=w a1n

Here the subscript i is used for the interfacial varia-
bles, and v, is the lateral velocity component of
the ambient water and is assumed to be zero. And
we put ff{)er]‘(t)dtdt=G(t); which can be numerically
integrated.

Now we have the solution:

v=A ps(y /sze—(y/mz/z\/_?l_P /p Ijvz)
[@—P)—2{G)— G}

The surface velocity v, at z=¢ can be obtained neg-
lecting §;

(12)

V.= Ap/Blge R/ TaPIBN)E-260] (13

If we assume that the density difference Ap at
the interface which decreases to Ape™2=0.6Ap,
can be regarded negligible (Murota e al., 1984), the
interface between the plume and the ambient water
can be determined by the equidensity line of density
difference 0.6 Ap, in the cross-section. That is,

Ap=Ape VB g &= Ap o112 (14)

Then as the equation of interface we get an ellipse;
— +— =1
= as)

From this equation f; becomes;
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At last the solution of lateral expanding velocity
in the plume cross-section is;

(16)

= Aps(y/Bz)g@vWE)zlz\/‘gT(vaWz)
LE—P)—2{G@)— G0l

and its surface value is

an

vs=Apx(y/Bz)ge’W/B‘z/z\/%_(HJ/sz){ﬁ—2G(ti)} (18)

3. RESULTS AND DISCUSSIONS

In order to verify our theoretical solution, we se-
lected the Nakdong river plume as an example. The
data used here are those taken in September 16,
1981 and in August 31, 1993. We have carried out
oceanographical observation in this area for a long
time since 1981 (Fig. 2). The former are the data
of natural river plume and the latter are those of
discharged plume from the Nakdong barrage which
was constructed in 1987. In Fig 3, we find that
in 1981, the river outflow was in its peak in Septe-
mber. Fig. 4 shows time variation of the vertical
density distribution. We can see in the figure that
two plume cores passed the observing site during
our observation from 10:00 in 16 September until
10:00 next day; one around 18:00 and the other

35°06'N

35°04'N

Kadokdo

35°02'N

135°0°N

128°50" 52 54* 56" 58 129°00'F

Fig. 2. Location map of the current, salinity, temperature
measurement and water sampling.
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Fig. 3. Amount of river discharge in 1981.
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Fig. 4. Variation of vertical density (o) distribution with
time (1981. 9. 16~17).
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Fig. 5. Time variation of velocity (E-W Comp.) (1981. 9.
16~17).

around 06:00 next day. Fig. 5 illustrates the time
variation curves of the surface velocity of the plume
(starred) and the depth-mean velocity of the lower
layer (circled). We can find bumpy parts around
18:00 and 6:00 next day. They show another indica-
tion of the lateral expanding of the plume. We
choose the former plume for the analysis, confir-
ming it as the effluent jet plume flowing out of
the river mouth of the passage which passed west
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Fig. 6. Surface velocity of lateral spreading of the plume
(1981. 9. 16).
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Fig. 7. Variation of vertical density (o) distribution with
time (1993. 8. 31).
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Fig. 8. Time varation f velocity (E-W Comp.) (1993. 8.
3.

side of Ulsukdo, and now blocked by the barrage.
We evaluate the lateral expanding velocities of the
plume surface by substracting the velocities of the
ambient water from the surface velocities, while co-
nsidering that the plume axis stretched southward
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Fig. 9. Surface velocity of lateral spreading of the plume
(1993. 8. 31).

and the plume expanded laterally in the east-west
direction. And the lateral distances is calculated by
numerical integration. Thus we take B=5 km, H=1
m, and N,=3X107° m?%sec in this analysis. The
result of the analysis is shown in Fig. 6 (dashed
line).

The analysis of the data taken in August 1993
(see Fig. 7 and 8) is also carried out in the same
way and its result is shown in Fig. 9 (dashed line).
It can be found from the above cases that the resu-
Its of field data correspond well with theoretical cu-
rves (solid lines).

4. CONCLUSION

We developed an analytical solution for the late-
ral spreading velocity of a river plume, assuming
the Gaussian distribution for the density difference
between plume layer and ambient saline water. Ap-
plying the theoretical solution to the real plume of
the Nakdong river, we found they correspond well
each other. We conclude that our solution can be
used satisfactorily for the problems dealing with sp-
reading of river plumes.
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