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HOPPING PATTERNS
WITH GOOD HAMMING AUTOCORRELATION
AND CROSSCORRELATION
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ABSTRACT

New family of frequency hopping patterns with long period and good Hamming autocorrelation
and Hamming crosscorrelation properties which can be used for frequency hopped multiple access
communication systems is introduced. Period of frequency hopping patterns is ¢*—1, the alphabet
size of frequency hoppng patterns is ¢, and the size of family of frequency hopping patterns is q,
where k is arbitrary integer and ¢ is power of prime number, The maximum value of out-of-phase
Hamming autocorrelation function of any frequency hopping pattern and Hamming crosscorrelation
function of any two frequency hopping patterns in the family is ¢* 7}, which corresponds to optimal
Hamming correlation properties. And the average number of hits per ¢ X ¢ square in one frequency
hopping pattern and its time shifted version or two frequency hopping patterns in the frequency
hopped multiple access communication systems is less than 1.
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[. Introduction

In the frequency hopped multiple access com
munication systems, family of frequency hopping
patterns with good Hamming autocorrelation and
good Hamming crosscorrelation properties is
needed. Lots of work has been done for searching
the family of frequency hopping patterns with good
Hamming autocorrelation and good Hamming
crosscorrelation properties [ 1, 2, 3, 4.

In this paper, new family of frequency hopping
patterns with optimal Hamming correlation pro-
perties generated by using m sequences with al-
phabet sizc ¢ is presented. The period of fre
quency hopping patterns is ¢*—1, their alphabet
sizes are ¢, and the size of family of frequency
hopping patterns is ¢, where k is arbitrary integer
and ¢ is power of prime number, The maximum
value of out-of-phase Hamming autocorrelation
function of any frequency hopping patterns and
Hamming crosscorrelation function of any two fre-
quency hopping patterns in the family is ¢* !,
which corresponds to optimal Hamming corre
lation properties in terms of lower bound derived
by Lempel and Greenberger [4]. The number of
hits per ¢ xg¢ square in the multiple access
environment of one frequency hopping pattern
and its time shifted version or two frequency
hopping patterns is less than 1. Therefore, the
Hamming correlation properties of new family of
frequency hopping patterns in terms of maximum
value of Hamming correlation function and num-
ber of hits per ¢ X ¢ square is almost the same as

those of ideal matrices.
II. Construction of Frequency Hopping Patterns

We can construct a family of frequency hopping
patterns with period ¢*—1 and alphabet size ¢
which have the optimal Hamming correlation
properties in terms of lower bound derived by
Lempel and Greenberger [4]. by using m-sequences
with alphabet size ¢.
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Let s{¢) be an m-sequence with period ¢*—1
over the finite field, ¢F{(g) |5, 6, 8],

sU) =ty (o), {1

where ¢ 1s a power of prime number p, p™ and «
and f are primitive elements of I'(¢g*) and GF

(q), respectively and trace function is defined as
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Then the family of frequency hopping patterns is
defined as follows :

DEFINITION 1 : The family of frequency hopping
patterns with period N =¢*—1 and alphabet size
¢ 1s given by

S = s(0, s 4 B st A+ L s(8) A+ B e, s(t) gt

s = -, 00 1L 2,0 g2, (3)
where for7=—x, (0, 1, 2,---,.q— 2,
st = s+ S =0 (1)

and the size of family of frequency hopping patterns

is given by
IS —=gq. (5

The values which are taken by s;{(t) are the
elements of (;F(q), that is, O or B/, 0< j<g—2.
The elements of F(g), where ¢ is a power of
prime number p, p™ can be expressed by p—ary
m—tuple vectors and these vectors map into the
set of decimal numbers {0, 1, 2,---,¢—1}, which
means the different frequencies in the frequency
hopping patterns. In case of p==2, that is, g = 2™,
zero element of GF(2”) maps into the decimal
number , which corresponds to frequency f, and
the other elements of ¢ £(2™), f/, map into one of
decimal numbers between 1 and ¢—1, which co-
rresponds to the frequency f,. By this mapping,
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the other expression of the family of frequency
hopping patterns of period g*¥—1 and alphabet, {0,
1, 2,91} 1e, Ufy, £y, fore, fi—y) for frequency
hopped multiple access communication systems
can be generated.

[ll. Correlation Properties of Frequency
Hopping Patterns

In this section, we can consider property of m-
sequences with alphabet size ¢, which will be
used in the proof of theorem below. Let s(¢) be
an m-sequence defined in (1), where p is prime
number and g¢= p™ Then, the characteristic of
GF(q) is p. Therefore,

s(t) —s(t+7)=s{t)~s(t+7) +p-sit+r)
=s5(t)+(p—1)-s{t+7)
=s(t) +sit+7)+(p-2)-stt+7) (8)

and from the shift and add property of m-se-
quence, the following equation is true.

s(8) +stt+ 1) =slt+ 7). (7)
Therefore, {(6) can be rewritten in the form
sty —st+7)=s(t+7)+(p—2)-s{t+ ). (8)

Applying (6) and (7) to (8) successively, the
following equation can be easily derived.

s(t) —s(t+7)=s(t++") (9)

Next, the definition of Hamming correlation func-
tion of the sequences is given as follows [4], Let
H(7) and H; ,(+) be Hamming autocorrelation func-
tion of the sequence, s(¢), and Hamming crosscor-
relation function of the sequences, s(¢), »(f), re-
pectively. Then

Hy(r) :"z Rs), s+ ) 10)

and

N -1

Ho (0) =Y hist), 7t + ), an

(=0

1, ifa=b
where hia, b)= {

0, ifa#b
and the period of sequences, s¢) and »¢), is N = g*—1.

Thus Hamming autocorrelation and crosscorre-

lation properties of frequency hopping patterns
defined in the previous section are given as
follows :
THEOREM 1 : Hamming autocorrelation function,
H,(7), of the frequency hopping pattern, s{#), in
Sis given by

g 1—1,  ifr#0mod N
H(r) = (12)
K q*—1, if 7=0m0d N,
where NV 1s a period of sequence, s;(¢).
PROOQOF : For all 7 and = # 0 nmwod N,
H, () = no. of occurrences of [s,(#) =s,(t+7) =0]

= no, of occurrences of [$(#) + ' —s(t+7)—f =0]

=no. of occurrences of [s{#) —s(t+7)=0].

From (9), the number of occurrences of [s(#)
—s{t +7)=0] is the number of occurrences of
[s(t+7")=0]. By the balance property of the m-
sequences, for 0 <t <g*—2and all 7 [6, 8],

no, of occurrences of [s(#) =p/]=¢* ', 0<j<q~-2
no. of occurrences of | s(¢) = 0] =g* "1 —1.
Therefore,

H(r)=¢*"'—1.

Clearly, for r=0mod N,

H(r)=q"—1 O.ED.

THEOREM 2:Hamming crosscorrelation function
of the frequency hopping patterns, s,{(f) and s;{¢),
1% J,in Sis by
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g ifr#FO0mod N
H (7)== (13)
' 0, if 7= 0 mod \.

PROOF : Assume that

s () = s(t) +p

s, (1) = s(t) + p,

where 7 # 7 and f* can be replaced by zero element
of finite field, ;F(q).
For = # 0 mod N, Hamming crosscorrelation func

tion becomes

H, .(7)=no. of occurrences of [ s;(¢)—s,({ +7) = 0]
=no. of occurrences of [s() + g/ —s{t+7)—p' 0]

=no. of occurrences of s(¢) —s(t+7)—f¢=0}.
From (9).,

H,,  (7) =no. of occurrences of [s(t+7') = 7]

=gkl

where
pl=p =B

For =0 mod N, Hamming crosscorrelation func-

tion is

H,, . (r) =no. of occurrences of | ;(£) —s,{¢ +7) =(]
=no. of occurrences of s(f) +pi—s(t)y=p/ —0!
=no. of occurrences of | B = 0]

=0. OED.

From theorem 1 and 2, the maximum values of
Hamming autocorrelation function of any frequency
hopping pattern and Hamming crosscorrelation
function of any two frequency hopping patterns

in the family can be rewritten as follows.
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THEOREM 3:Maximum value of out-of-phase
Hamming autocorrelation function, H,,. - and ma-
ximum value of Hamming crosscorrelation function,
... in the new family of frequency hopping
patterns given as

Hyps = 4% 11 (14)

i = 45 L (15)
And the maximum value of Hamming correlation
functions in the new family of frequency hopping
patterns. H,,,, 1s given as

H,, = MAXH,, .. H

Lt
ava

gk, (16)

From the lower bounds derived by Lempel and
Greenberger [ 4], the lower bounds to the maximum
value of out-of phase Hamming autocorrelation
function and the maximum value of Hamming
crosscorrelation function for the family of frequency
hopping patterns in (3) can be restated as below :

H >qk -1 (17

i

H,,.. =q° (18}

Therefore, the maximum value of out-of-phase
Hamming autocorrelation function and the maxi-
mum value of Hamming crosscorrelation function
derived in theorem 3 are optimal in terms of
lower bound derived by Lempel and Greenberger
as in (17) and (18).

Now, we consider the average number of hits
per (¢ X ¢) square between one frequency hopping
pattern and its time shifted version in the envi-
ronment of frequency hopped multiple access
communication systems, H,, or the average
number of hits per (g X ¢) square between two
frequency hopping patterns in the environment of
frequency hopped multiple access communication
systems, H . The number of ¢ X ¢ squares which
contains in each frequency hopping patterns with
period gc—1 is ’k L From the above theorem 1
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and 2, the average numbers of hits per (g X q)
square, H,,, and H,, canbe derived as follows,

B ¢—2 ¢*-1 g*—gq
Hyy=(g1-n-2=2 422 =929 (1 (19)
1= (q P / 7 1
g =2 g1 q*—2-q"
H,, = k-1, A= /2 = =
cfsq q qk__l/ q (1”‘—2‘(1"4‘1 <1
(20)

Therefore, the performances of these frequency
hopping patterns are almost the same as those of
square matrices,

Further, s;{#)'s except s(t) in S are not m-se-
quences. Thus, the linear spans of s;(¢)'s except
s(t) are larger than those of m-sequences, k.

IV. Example

Let g=8 and k=2. Consider the finite fields
GF(8) and GF(64). Then, there exist 8 frequency
hopping patterns with period 63 and alphabet size
8 as follows ;

s(6) = tr#'(at)

S§== |S(f), s(t) “f—[}“' s(#) +/31,"',S(t) +/jli='

where « and f are primitive elements of (F(8)
and G F(64), respectively. Assume that the minimal
polynomials of « and p are chosen as

M, (x) =xb+ x>+ x4+ x+1 (21
Allf<x):x3+x+l. (22)

From (22), the mapping from G F(8) to the set
of decimal numbers, 10, 1, 2, 3, 4, 5, 6, 7}, can be
given as

0— (0,0,0 =0
ge—(0,0,1) =1
g — (0,1, 0) =2
g2 (1,0 0) >4
gBF—1(0,1,1 -3
f—(1,1,0) -6

p—-1(1,1,1) —»7
pi— (1,0, 1) =5

Then, the frequency hopping patterns, s;(¢), can
be expressed in the other form as follows :

s_. () =s(t)=tr¥(a))
0577313650155626710211747520422535140344 1612306
3327246076645437

s)(t) = s(t) + g0 =tr¥ (o) +

14662027410447376013006564315334240512550703217
2236357167754526

s =st) + =85 () +
27551314723774045320335657026007173621663430124
1105064254467615

sty =s() +pr=tr¥ (a) +
41337572145112623546553031640661715047005256742
7763602432201073

58 == s(B) + p=tr¥(«") +
36440205632665154231224746137116062730772521035
0014175345576704

si(8) == s(t) + pr=tr¥ (o) + !
63115750367330401764771213462443537265227074560
5541420610023251

sylt) =st) + =15 (af) +
72004641276221510675660302573552426374336165471
4450531701132340

silt) =s(t) + po=tr¥ (af) +

50226463054003732457442120751770604156114347653
6672713523310162

where the decimal number, ¢, 0 <7 < 7, corresponds
to the frequency, f, in the set {f, £, /£, £ fi. f
fi f4. Clearly, there exist 8 frequency hopping
patterns with period 63 and alphabet size 8, that

18,
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[S]=28.

The family of frequency hopping patterns in this
example has the following correlation properties.
The Hamming autocorrelation and Hamming cro

sscorrelation functions are given bv

7, if 7 #0mod 63
H (7)) = (23)
63, if 7=10 mod 63,
8, If 7 # 0 nwd 63
H,, \]_('r) == (24)

0, if 7=0 mod 63,

and the average number of hits per 8 X & square
in out-of-phase Hamming autocorrelation and the
average number of hits per 8 X 8 square in Ha-

mming crosscorrelation are given by

H,, = 0.888

H 1, = 0984+,

V. Conclusion

New family of frequency hopping patterns with
long period and optimal Hamming correlation
properties generated by using m-sequences 1s
introduced. The period of frequency hopping pa
tterns is ¢*—1. their alphabet sizes are ¢, and the
size of famly of frequency hopping patterns is g,
where k is arbitrary integer and ¢ is power of
prime number. The maximum value of out-of
phase Hamming autocorrelation function of any
frequency hopping patterns and Hamming cross-
correlation function of any two frequency hopping
patterns in the family is ¢* !, which corresponds
to optimal Hamming correlation properties n
terms of lower bound derived by lempel and
Greenberger. As the family of frequency hopping
patterns introduced in this paper has the desirable
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properties, such as long period. good Hamming auto-
correlation, and good Hamming crosscorrelation,
they can be used as the code sequences in the
frequency hopped multiple access communication

systems.

References

1. D.V. Sarwate and M.B. Pursley, “Hopping
patterns for frequency hopped multiple-access
communication,” /111 1978 ICC Conference
Record, pp. 7.4.1-7.4.3, 1978,

2. P.V. Kumar. “Frequency hopping code seque
nce designs having large linear span,” i 1EFE
1984 Global Telecomumutnications Conference Kecord,
pp. 29.4.1 29.4.5, November 1934.

3. D.Jevtic and H. Alkhatib. “"Frequency-hopping
codes for multiple-access channels : A geometric
approach,” IEEE Trans. Inform. Theorv, vol. I'T-
35, no.2, pp. 477-481, Mar. 1989.

1. A. Lempel and H. Greenberger, “Families of
sequences with optimal Hamming correlation
properties,” [ELL Inform. Theory, vol IT 20, no.
1, pp. 90-94, Jan. 1974.

5.1.8. No and P.V. Kumar, “A new family of bi-
nary pseudorandom sequences having optimal
periodic correlation properties and large linear
span,” IEEE Inform. Therov, vol, 1T-35 no.2,
pp. 371379, Mar. 1939.

6. S. W. Golomb, Shift Register Sequences. San
Francisco, CA : Holden-Day, 1967 ;revised edi-
tion, Laguna Hills, CA: Aegean Park Press,
1982,

. K. J. MacWilliams and N. J. A. Sloane, The
Theory of Evror-Correcling Codes. Amsterdam, the
Netherlands : North-Holland, 1977.

8. D. V. Sarwarte and M. B. Pursley, “Crossco-

v

=1

rrelation properties of pseudorandom and related
sequences,” Proc. 1ELT, vol. 68, pp. 593-620, May
1990).



WX/t AT R e deA g e N2 ROk mep i

& = %(Jong-Seon No) #3|¢

1981 29 M &Wdty o g
2}z &k} gHA}

1984 29 - Agddtw e A
apg-atat A A}

1988 59 : (m]=h) g ghail ¥
2} 8h3} gl A}

19883 2% ~ 1990 79 1 (v]=)of
dal= A Hughes
Network Systems <1
R #eldrel

19901 99 1 - A5 ol shw o) & w2y st} xalg

1741



