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Abstract

This paper presents a class of Bayes estimation of component steady-state availability. Throughout this

paper, we will denote the mean time between failure and the mean time between repair by MTBF and

MTBR respectively.

In section 2, we investigate Bayes estimation of the steady-state availability for noninformative prior de-

nsity function and in section 3, we compute Bayes estimation for conjugate prior density function.

1. Introduction

Let us denote the distribution of failure time
X and repair Y by H(X) and G(Y) respectively.
Then the repairable component with respect to

these distribution can be determined by steady-
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state availablity A=E(X) / (E(X) +E(Y)), which
is the probaility that the repairable component is
in operation in the long fraction of time.

Gave and Mazumder(3) investigated the esti-
mation of parameters in case that two probability
distributions are specified on the two-state pro-
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cess in operation and under repair. By investiga-
ting the failure of previous try and the period of
repairs, Nelson(4) determined the interval of
prediction for the availability of repairable com-
ponent. Brender(1) worked on theh Bayesian es-
timation of the steady-state availability by using
failure rate and repair rate.

On the other hand, Thompson and Palicio(5)
obtained a method to compute the Bayesian inte-
rval of the availability of a series or parallel sys-
tem consisting of several statistically independent
two-state subsystems having exponential of failure
times and repair times.

The main purpose of this paper is to compute
Bayesian estimation of component steady-state
availability. In section 2, we will investigate Baye-
sian estimation of the steady-state availability ofr

gy | aq, Bo):m'y

where a (shape parameter)has a known value o,
and B(scale parmeter)is unknown value fo.
Assume that X, Y independent the stady-state
availability is given by

@2-1 L(q, T, T, 10, Bo, a0) =

, where q . observed failure repair cycles

T, = ill % (x; is the i-th failure time) : total

observed operating time

Il

T, _g} y; (y;i is the i-th repair time) : total

(a0-1) ,

X

1 ex(———
gv P )

) v 1

noninformative prior density function and in sec-
tion3, we will compute Bayesian estmation for co-
njugate prior density function. Finally, some exa-
mples to compare several estimations numerically
will be given in section 4.

2. Bayes Estimation for Noninforma-
tive Prior Density Function

Consider a repairable component for which
theh failure time X is distributed as H(8) with
exponential probability density function{pdf)

1), x>0, 030

=1 -
h(x!0) e,exp( 3

and the repairable time Y is distributed as G(a,
B) with Gamma-pdf

exp(-—L>,y>O, a>0,8>0

Bo

Ao E®

= EX+EN)” EX) =0, ECY) = a’Bo

Then, the likelihood function of q, T, T,given

)quﬂ ( ,-i‘l yl) (a0—-1) exp( _’é‘y_)

0

observed repair time
Let’s introduce some integration for calculation
of the expectation,

2-2 ﬁo Z%Y « exp(—az) dz = [(p)a®,

[ &1 -tz = IO b b b ),
0 r(C)

for |t} <1, c<b<0 and is confluent hypergeometric functions of Gauss

(a) (by) ¢
(c) !

form for |t| <1 with

zFx(a, b>s C, t) = igo

_ I'la+d)
@) = ra)



From Erdelyil2], we have

(2—3) Fi(a, b3 d; 20 =(1—2) “* F (c—a,

c—bsc—2), for 12| <1 3

, where (a, b, c—a, c—b)is positive integer.
Assume that MTBF in the exponential failure

time distributed and scale parameter in the Ga-

mma repair time distribution has independent

noninformative prior distribution given hy

0, Bolq Te3, Tyra0) =
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25 KB wgw  B>0m>

Then we have the following lemma.
LEMMA 2.1 The joint posterior density function
of 6 and Bis given by

(TR ™V (T,) 0 ™D oxpl — (T, /O) + (T, / B) ]

, where 0> 0, B> andI’ (Jis a Gammn function.
PROQF. From(2-1), (2-2) and (2—3), the

L(q, Tx, Ty l 9, Bopuo) . f](e) fz(Bo)

eq+ml) Bo(qu0+m2) r(q+ m— 1) r(qao+ my— 1)

joint posterior distribution of 8, B, reduces to (2
—6) £(8, Bol g, T, T, 5 a0)

) J: :L(q’ T. T, [ 0, Bo> 04)) : fx(e) fz(Bo)dBo do

o~ 1) [ ] 50w e[ B oo

Bo

By the cancellation, the denominator of (2—6)
becomes

9,
S | By ey pe e o Prypee

£, Blq T, T,sa)

— j:j: o~ GammD B-(qammz) exp[ — ( T, + —IX—>] d Bodd

0 Bo

- Jiremonl ) i ool Jen

Suppose Bo = 1/a, then the inner integral is
evaluated as

[ (o

- fw a(qa0+m2—2) . eXp("Tya) da

¢

P(qa0+ me— 1)
(Ty) (qe0+m2-1)

Suppose 6 = 1/ B, then the outer integral of (2~
6) is evaluated as

0

ﬁo g™ exp (— ’I(;’ ) do
= f Br™=? exp(—T,  B) dp

(Tx) (g+ml-1)
(Q E. D)

LEMMA 2.2 The posterior distribution of com-
ponent steady-state availability
A=1/(1+0ad) is given by

RAlq T, T, ao
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- ( ao T, )(qa0+m2—1) Al0tn2= (1 A) (wHmi=2 PROOF. First, we find the posterior distribution
T of = & /0. According to LEMMAZ2. 1, we express

= Bt m 1 qumme D [oA(—T)), ha

(<A< Rs (81 q T. T, o) Pob2d Bo

, where B(., .is Beta function, k=(g+m+q ao . ,
— @ . -2
+m,—2) and 5=,/ 0 is the service factor. = L S( 5 Bola T, T, (lo) Bod? dPo

= I’(EI’E),::T;; i,](‘%:qi;:jl) J»: (_[;0_>—u+m:> B0t eyp [-(—go—T,—k—Blo—Ty)] BoS~%d o

ml—~ (qa -1
— r(‘(lT,)r;w 11)1) 1(—:&)0:-::2 ll) J’: BO—(q+m1+qa0+m2‘1) exp [_ 610 (8T,+Ty)] d6e
—m T 2

Let o = 1/ a, then we have integration with res- R(8lq T, T,5 )
pect to fo that

(Tx)(quml—l) (TJ)(au0+m2—l) 8(“+""_21"(J+m1+qao+mz—2)
I(qgtm—1 « Mgoetm;—1) » (8T, FT,) @+ mi+aw+me=2)

(Tx)(q+ml—1) (Ty)(qa0+m2*2)

= —— 0< &
B(q—mi~1, qoo+m,—1) (§T,+T,)  mituwotnz=2 <O<ew
Accordingly, the posterior distribution of compo- given by
nent steady-state availability A = 1/ (1+aed)is RAAIq T, T, s )
A'-v

-2
| ¢ T, T,:ao]( *}10 )

(Tx)(q+m1—l) (L)(qa0+ml‘l) (l_A)(q+m1—2)
11— m a0+ m2—
B(q+m1—1, qa0+m2_1) [Ty+Tx (1_%)}(& 1+qa0+m2—2)

=R5|: Qo

(_QL 04 ma—2) (1-A)g+ m1~2)
T,

Bla+m—1, quotm—1) [1-A(1——2h )|

T,
(Q.E.D)
By using LEMMA 2.1 and LEMMA 2.2 we can nction, Bayesian estimation of component steady-
prove the following theorem. state availability A is given by
THEOREM 2.1 Under a squarred-error loss fu-
._ gaptm,—1 . e - q1__Law
A7 qF met lao+ mp—2 zF](l, q+m1 1:q m1+qou>+mz 151 T, .



, Where O<ET—TL<2, JFila bscit) is a

confluent hypergeometric function in Gauss form.
PROOF. Bayes estimation of component steady-

(_ML)(quO-FmZ—I)
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state availability A is average of posterior distr-
bution. From (2—2) and (2—3), we reduce as
follows 3

A*1=J;1A h(Alq T, T, a)dA

(qo0+m2—1) - {q+ml—2)
A 1-A

T,
B J;l a T, (q+ml+gad+m2—2) " dA
B(q+m;—1, qap+m,—1) [I—A(l—__T_L)]
( (LOTT! )(qa0+m2—l) r(q+m1+q(1.o+m2—2) I'(qao+m,) I‘(q+m1—1)
x . Ql

[(q—m;—1 TI'{qoy+m;+qatm,—1)

< ao T, )(qao+m2~1) . (qao+m2_ D

TX

Q“m1+1(l0+m2_2

- qaotm,—1
qtmi+qoetm.—2

- Q2

, where Q1=,F,(qtm+qoetm:—25 q aptmy+
qoetm,—13 1— (o T,/ T)) and Q2 = ,F:(1, q+
m—1: qtm+gotm—1351-(aT,/T)).

(Q. E. D)

3. Bayes Estimation for Conjugate Prior
Distribution.
In this section, by employing the technique si-

_ b
(3-1) Kl(e)———r(e)<

__d
(3-2) K2<e>————r(c)(

Then, we have the following lemma.

LEMMA 3.1 The joint posterior density function

aoTIL>‘(qa0+m2—l) Q2

milar to that of the previous section, we shall ob-
tain bayes estimation of steady-state availability
for conjugate prior distribution. Suppose MTBF
in the exponential failure time distribution and
the scale parameter in Gamma repair time distri-
bution have independent conjugate density func-
tion +

)wl) exp<- ), 06>0,a b>0

b
0

)(”” exp(*i) Bo>0, ¢, d 0
0o

of 8 and © is given by
K@® Bolg t t,3 00)

(T B (T, +d)“* exp [— (1/0) (T,+b)— (1/y) (T, +d)]

eq+a+l) Bo(qa0+c+l) . r(q+a) I‘(qao—c)

PROOF From (3—1) and (3—2), the joint dist-

ribution of 6 and B, is as follows,

K@® Blq T, T, o)
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_ Lg T, T, 16, o’ a) ki®) k(Bo)
J2]iita T T 16, Bt a0) k(@) - 1a(Bo) dpade

68 %xp (—T./0) [1/T(a)]®" 6,7 ( iiTl y) @V exp(—T, /6o) [b¢/T(a))9~ @+

Jolzom om (=) [T -0 (2 9] eml(- ) o om(~3)

exp(—b/8) (d°/T(c)) 68 “*? exp(—d/8)
(d/T()) 0, exp(—d/6,)dB.do

By the cancellation,

1
Bo

(2=8) = [707? exp[ ~ (T4 D) [7p =0 exp {——Bl—(Ty+ @ }deoa0
0

Suppose 8, = 1/a, then the inner integral of (2—8) as follows

[opm oo exp [~ (T4 @) ] a0 = [0 exp[ ~ (T + )] a6

_ _ I(gooto)
(Ty + d) (qa0+c)

and suppose 6 = 1/0, then the outer integral of (2—8) as

[z07 e exp [{—- (TN dou = [T exp[[=p(T,+ 1] ap
q+a)

+ (gta)
(Th+d) (Q. E. D)

LEMMA 3.2 The posterior density function of +ad) is given by

component steady-state availability for A-1/1(1 h(Alq T, T, 60)

(QOY;/TX)(an+m1*1)A(qa0+m2—2)(1_A)(q+ml—2)
Blg+mi—1, guotm.— DI1—A(1—0,T,/T,) )« mitee0tme=2

;where B(.) is Beta-function. SGlg T, T, o)
PROOF First, according to LEMMA 3.1,

:l: K(—i—o, Bolg To Ty ao)Bed %dBo

(Tx+b)(q+a)(Ty+d)(qu0+c) - By ( . ) 5 1 )
7 y-(gtati o qafc+1 = " il y+ , 2 .
T(g+a)T(gos+c) J ( 5 ) B expl Bo (T, +b)+ o (T,+d) ) B %dP

]
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(T B) (T, + ) 0t ope? r

1
0‘(q+a+qa0+c+l) x+ + y_,_ N

0
, whrer 1/6=8,, Suppose B,=1/a, then SGlg T. T, ao)

(T;+b)(q+a)(Ty+d) (qa0+r)8(q+a-l)r(q+a+qa0+c)
Ig+a)T(qootc) (8(To+8) + (T, +q) ) wreresre

(Tx+b)(0+a)(Ty+d) (qa0+c)8(q+a—l)
Blg+a, qootc) (3(T.+8)+ (T, +a))aretamo+d

Therefore, posterior distribution of steady-state availability is as follows

PAlg T, T,5 o)

A T T ad (O
Qo
(T45) e (T, + D) @0 (A= 1)) P (A 00)

Blg+a, gaote) (8(T,+d) (A7 — 1) (T.+b)/ay) @tetao+o

)

(T, +) (T, +d) "4 = 1) /o) PA Y e
Blg—a, qootc){1—Alao(R,+d)/ (T, +b))} )} etermeo

= Hao(T,+ @)} /(T A+ b) Jaot I fuctte (] — g) v
B(g+a, qootc)[1—Al—{al(T,@) /(T +b)} ) ]erareoro

(Q E D)
THEOREM 3.1 Under the squarred-error loss A is given by
function, Bayes estimation steady-state availability
quotc . ao(Ty+d)
*= +aiqtatqutls 1——————]
A, pur— L1, gtas gtratgu T.40)
T,+d :
where 0 < P {2 JFiabic;t)is a confluent PROOF. From LEMMA 3.2, (2—2) (2—3)

we have following Bayes estimation of compo
hypergeometric function in Gauss form.

nent steady -state availability A ;

1
A2=[ APAlqg T. T, a)DA
4]

Cool T, +d) /(T4 b)) w0t f AU) (1 —A)lrerDd

dA
Blg+a gaotc) 0o 1—A{1— (T, +a)/ (T, +b)})ereradro -

(e T+ D) /(T4 8) )T (g +a+qaot )T{gast ¢+ DIg+a) £K1
T{g+a) Tgaet+c) Tgtatqaotet+D)
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(ool Ty +d) /(T +8)) 0 (qap+¢)

a(T,+d)

[ :](—qa()+r) . K2

(gF+atgute)

qaotc
qtatqoetec

where K1=F(g+a+qootc quotec+1: g+

ao(T,+d)

Th

atqatctls 1—a(T,+d)/(T,+b)),

and K2=F[ 1, g+a; ¢+a+qao+ct+1— b ]
(@ E D)
4. Numerical results Table. 4.3
In this section, several numerical estimations True A A’ At MLE
0.971 0863 0.962 0.957

were compared with each other. As is seen from
Table 4.3, the extimations nearest to true value
are considered as those A;* and A,*, which we
reduced from the above sections.

Example

Cycle Failure times Repair times
1 725.67 18.34
2 280.04 16.84
3 850.58 13.69
4 845.76 17.83
5 195.10 16.76
6 732.36 15.78
7 528.40 20.96
8 610.12 18.83
9 32784 19.73
10 310.12 17.84

Table. 4.1

q=5, 8=500, %=3, Bo=5

(m,m) (1,2 3,5 (59 4 8)

True A A AT AT A
0971 0966 0863 0957 0.943
Table. 4.2
q=5, 0=500, 0s=3, Bo=5
@b, @d 1,585,055 (210,37
True A A* A"
0971 0.985 0.962
2,5, 34 33, 48
Ar* A’

where, A,*(3, 5), A.* (2, 10), (3, 7)
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