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System Size and Service Size Distributions
of a Batch Service QueueT

Soon Seok Lee*, Ho Woo Lee™, Seung Hyun Yoon™ and R. Nadarajan™

Abs ract

We derive the arbitrary time point system size distribution of M/G®/1 queue in which late arrivals
are not allowed to join the on-going service. " he distribution is given by P(z)=P,(z2) S*(;-Az)
where P,(2)is the probability generating function >f the queue size and S*(0) is the Laplace-Stieltjes
transform of the service time distribution functi». We also derive the distribution of the service

size at an arbitrary point of time.

1. Introduction

Batch service queues were studied by many researchers. They have been applied to traffic
systems, transportation systems, and producticn & manufacturing systems. The first study on
batch service queues was due to Bailey [1]. He obtained the transform solution to the fixed
size batch service queue with Poisson arrivale. Other studies followed on general bulk service
(Neuts |8]), batch arrival, batch service (Miller [71). and random size batch service (Jaiswal
[4]). For more comprehensive discussion in ‘his or related topics, readers are urged to see
Chaudhry and Templeton [2]. Lee and Lee [6] studied the decomposition of batch service
queues.

Most of the studies dealt with queue size ¢ istribution instead of system size distribution be-
cause “it is more convenient to derive the cieue size distribution” (Chaudhry and Templeton

12]). The difficulty in modeling the system s:ze instead of queue size occurs in a lot of batch
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service queueing systems, We in this paper sugg:sts a modelling technique that makes it easy
to derive the system size distribution as well as the service size distribution. This is ac-
complished by keeping track of the “service size” all the time,

In this paper we consider a batch service queuzing system with following specifications (this

queueing system is denoted as M/G?/1 queue in queueing literature),

(1) The arrival process is Poisson with rate 1.

(2) The service time follows a general distribution,

(3) As soon as a service is finished, the server takes into service maximum of B customers
(B is called the “service capacity”).

(4) If less then B customers are present at a service completion epoch, all the existing
customers are taken into service.

(5) Those customers who arrive while a group c¢f customers are being served cannot join the

service even if there is a space available.
2. System Size Distribution

In this section, we derive the system size distribution of the above queueing. We model the
system by using the elapsed service time as the supplementary variable,

Let {N,(f), t=0} be the queue size process. Since N,(f) is not Markovian, it is impossible to
set up the system equations for N,(¢). It is custcmary to add §(z‘), the elapsed service time of
the customer in service at time #, as the supplementary variable, Then we have the bivariate
process {N,(¢), S(¢)}. As far as the queue size is concerned, the bivariate process contains all
the information to set up the system equations. Liut if we are interested in deriving the system
size distribution, we need to add one more variabie U(#) which is the number of customers cur-
rently in service at time /, This forms a trivanate process {N,(f), Sy, U, 1t is easy to
show that the trivariate process is Markovian.

Let us define the following notations and probalilities,

A — arrival rate,
U — Service rale,

B — service capacity,

B . e
p — traffic intensity ( B ),
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S — service size random variable,

S(x).s(x) — service time distribution Function ind density,

SX0) — Laplace-Stielties transfom (LST) of S' %),

S(#) — elapsed service time of the customer iy service at time t,
U@ — service size at time t, U)=0 if server is idle)

N(t) — system size at time i,

N/(t) — queue size at time L.

Q..(x)At = Pr(NW)=n UlB)=m, r<SH<r+At], R=0), m=1,2,--.B,
Qut) = PriN®#)=0],

nx)dx = Prla service ends in (x.x+dx) given that it has not finished in time x].

It is not difficult to derive following infinitesi nal system equations.

Quit+dt) = QuNI—idt) + T 1i Qulrdio)ix dI—idD) + 0,

1

Qo lxtdtt+dt) = QoY1= idt)I—n(x)dt) -- 0dt), m=1.2,,B
Qux+dti+d) = QulxNI—idtlI—nlx)dt) Q. xidt + 0dt), n=l, m=12,-.B.

I

The first equation states that there are no :ustomers in the system at time ¢-+dt iff there
are no arrival and no service completion in (t t+db). Similar interpretations could be given to

the remaining equations. From above equations we can easily obtain following steady-state sys-

tem equations.

0= ~iQu + L 1 Qulbindx, (1)
(d1dX)Qun(x) = —[A+3n(0)]Qun(x), m=1,2,-,73, (2)
(@idx)Qun(x) = —A+n0)]1Qumx) + Qs im(x) (w21, m=12,-.B. (3)

The steady-state boundary conditions are,

Qui0) = iQu + X, [i Quisix)dx, )
Qon0) = ;i fo Quilon(x)dx, m=2,3, B—1 (5)
Qui0) = ¥ §i Quaibin@dx. (n0) (6)

Let us define following probability generatins functions (PGF).
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Mz = ¥ Qualx)2h (7)
B
M(z,z:x) = :1 [L{(z,x)27%, (8)
M(z,2:) = [, (z2,2,.x)dx, (9)
P(ZI,ZZ) = ng + H(ZbZz). (10)
P(z) = P(2,2) = Qy + THz.2). (1D
Pq(Z) = Qoo + H(Z,Z) (12)

Notice that P(z) and P,((z) are the PGFs of tie system size and the queue size at arbitrary

time points respectively. From equations (2) and (3), we have
3
ﬁ M.z} = [lz;—i—nlx) (2,x), m=12 B.
The solution of equation (13) is given by,

M(z,x) = C- [1-S(x)]e 2"

By letting x go to (), we have

M. (z;x) = (2,0 [1-S(x)]e 2"

From boundary conditions (4), (5) and (6), we tave
B

Oz,0) = iQy + ;1 o Quilxn(x)dx,

B
Mi(z.0) = ;I 5 Qulxx)dx, j=2,3,- B—1

* B
Nyz,0) = Loz L) Qundanx)dx
B . oA
= (1/z7) Lo X 21 @ulxin(x)dx
B B8 1 ) B B-I
= WD L0 L2 Quiontidx — Ui Y i Y 2 Quxnxdx,
Now,
(z,2,x) = 25 Ta(z,x)

s 1w

2% Ma(z,0)[1—Sx)]e ==

1

= Hz,2:0[1—S(x)]e ">
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From equations (15),(16) and (17), we have

B
n(ZI,ZZ,O) = S 2'2" H,,, (21,0)

=]

B 51 . B
= 1z2.Qm + 22 L i Qulxix)dx + };2 25 k; §o Qulxnlx)dx

k=1
B x
+ (282D © h io‘ )% Q. lom(x 4x — (z?,fzf) \0 ,Vg 2'Q, (xn(x)dx

- /(ZZ—I)QO() + (22,’/21)8 i{; ﬂ(z;,].x)r) X)dx

B B-1
+ X 00 L =i Ziz:/2)°] Q. (oIn(x)dx

—

= Mz~ DQw + E Bi [2h—2%zslz) " |5 QulxIn(x)dx

k=1 n=0

+ (22/2)" |5 Mznl0e - [1 -Sto) In(x)dx

~

Az DOy + f S 2= 2ziz) | T Quidyndx

k=1 n=0

+ (2.' ’Z] S*(A }Zl) H(leo)

Thus

B
H(Z},I,O) = \;1 ﬂ,,,(zl,O)

(1%

1 B
= Qw + Ikzﬂ is @uxn(x)dx

3

B .
b E Y 2Qubnds — i LT 3 2Rl
1

B B
= Qw + X L [ -2 Qulohnddx

k-1 -0

E]

S — 2Iz,,1, 0)

21

B
- kil l(; Qulxmlx)dx +

Solving for I{z.1,0) vields

-1

1=
17

is (21 — 2DQulxIn(x)dx
- S‘!(}. - /{Z})

In

<

MN(z,10) = =

Therefore, we have

-1

B B
Mz,2,.0) = Mz:—DQw + ¥ T [5 [25—2Kz:2)"] Q. x)nlx)dx

=1 =0
B B-1I
C Y §s (= 2Qulon(x)dx
+ (ZZ/ZI)BS*(,« _)ZI) i1 n*o B

28 -SHi—iz)

(19)

(20)

(21)
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From definition (9) and equation {18), we have

H(ZJ,Zz) = H(ZI,ZZ,O) ﬁ(_/_lt—zz) (22)
A(I*“Zl)

Letting z; = z; = z in equation (22) vields

M(z,2) = ———-——1_}:?1.(:1;)’12) X
SC—id), T fi (&~ o Rulon(x)dx
{ Me—DQy + 1ezd

25—-S*i—.2)

From equation (11), we have the system size distribution at an arbitrary time point,

P(z) = @y + T(2,2)
Qu + [Si—12)—1]1Qu

1l

[1-SG=i2] 5. i (2 = 2)Qul)dx

+ S*(/.—iz) * ).(JAZ)[ZB—S*(/].‘ IJZ)]

B B I
[1-SCG -] L ¥ v @~ 2)Qulxdx

i o
MI—2)[2" = (= 22)] . (23)

S—Az) - Qw +

The term in the bracket of equation (23) is the queue size PGF at an arbitrary time point

(see Chaudhry and Templeton [2 : page 183], Thus we have

P(z) = SH1—iz) - PL2). (24)

3. Service Size Distribution

Let U,.=llim Pr[Ut)=nl, n=0,1,2,---,B be the probability that the service size is » at an ar-

7=

B
bitrary time point. If the server is idle, the service size is zero, Let Ulz,) = '>:0 u,2% be the ser-

vice size PGF. Then we have

U(Zz) = Qoo + [I(l,zZ) (25)
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From eq. (22) and the L’hospital’s rule, we hav:
B-1 B
Ulz:) = Qu + Bplz:=DRw—ES) ¥ ¥ (27=2) [; Qunlxhn(x)dx
B-1 B N )
ES)Y S(B—n) [; Q.(xhx)ax
_+_ ZB . n=0m-1 3 o
‘ B(I1-p)
B-1 B
= Qu + Bplz:—DQu—ES) ¥ Y (2f-2) [, Qunlx)dx + (1—Qu)z?, (26)

n=0 m—1

where the last equality comes from Chaudhry ¢: Templeton (2],

Recovering the coefficients of 2% #=0,1,--,B, v have

Uy = Quw,

B
U; = Bp Qu + ES) :I [0 Qualemix)dx,

B
Uy = ES Y i Qualei(xldx, (n=2.3,B=").

B2
Upg = 1-Qun—ES)

-0

B
L7 Qualxin(x)dx.

1

2

Let P! be the departure point system size ¢ stribution. Then from Chaudhry & Templeton

121,

_ P
Q= B i
B . 1__Q’ ‘
L0 Qualomodx = E(S;“ . P

Thus we have the service size distributions,

_ P
Uo = Bp+P;~
:_B_ﬂ_.. 4+ pt
BpP;
U, = ———, \=23,,B-1),
Bp+PJ n=23 B-1)
B-1I
Bpll-% P,}
UB — n=0

Bp+P;

(27)

The departure point system size distributions (Pr, n=0,1,2,--,B} can be obtained by applying

the Rouche’s theorem to the departure point sy:tem size PGF (Chaudhry & Templeton t2h.
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B
S*A—4z) ,Eo(z”~z’) A
~

Piz) = 2S5 —i2)

The distribution of the conditional service size ziven that the server is busy becomes,

U, = ———— n=12-B (28)
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