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On Parallel Implementation of Lagrangean Approximation Procedure

Hochang Lee*

Abstract

By operating on many parts of a software system concurrently, the parallel processing computers
may provide several orders of magnitude more computing power than traditional serial computers.
If the Lagrangean approximation procedure is apyplied to a large scale manufacturing problem which
is decomposable into many subproblems, the procidure is a perfect candidate for parellel processing.
By distributing Lagrangean subproblems for given multiplier to multiple processors, concurrently
running processors and modifying Lagrangean rmultipliers at the end of each iteration of a
subgradient method, a parallel processing of a l.agrangean approximation procedure may provide a
significant speedup.

The purpose of this research is to investigat: the potential of the parallelized Lagrangean ap-
proximation procedure(PLAP) for certain comb natorial optimization problems in manufacturing
systems. The framework of a PLAP is proposed for some combinatorial manufacturing problems
which are decomposable into well-structured subproblems. The synchronous PLAP for the
multistage dynamic lot-sizing problem is implems¢nted on a parallel computer Alliant FX/4 and its

computational experience is reported as a promising application of vector-concurrent computing.
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oA olgEm (n/mzye) W v AT SES sershe olel A,

vl o)k e) 7k vhsskoh e 2kgmef cfslA v Havioh 32 HdakE
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SRR Pl

et
2
2,
joR
¢}
=
@
=
2.
=
w
=+
3
i)
Rl
i)

Yol Ak FHulRelE zhe FANS Bl
FAIAE glo] ode] ZFAAlge] Aoz g
L 271E EE vlEAlA daelge v ]
AAE 2dET Uk
Wy 97k A AME
A g ZgA Mo A pe) el A
(speedup) S.¢} A& (efficiency) E, & H
Sieh 7HEA e vl s
= Zlo® ol wh A A
A (optimal) Haelue]Ze] AlsA7}

£ WEFFEA st WaEoluelge] AdA
v}

¥ glolth AL olgdal sb&

o
ON
J)J

olgk & AaAgke

A3 wlaegt A A Ag e Fe A
A 7SS ZEAAY] AT red 7k
2 7bed MR As4e] @)
2 2}7b peol lo]Awt E3hx|sdoln}t EAlF}e)
wE oy 7bz] fahEa Qlste] o] FE A e nlF
2 Fals o] AEolrh AR 715AEL A

wabr] Slatod Aaet A Aedue s 4
A7 o] B A ExEE 7o gx] gleje) =

detreige] Fol3l Aol o shed

D
SR R e R B D E S
chel sz Ao] ofahe] AL wle] Foal 4]
HEE Sk 2 Atel e obA o
of g EEYe FYIITOR A olis
54e) ormelFe] odvhl 2t W shE i
AEE w o wEelie S e g

£
=
=
AEe APsAE Tach WrRe] wels)

ool 4] Wiz wel zbo] ofw pae wadsls)
o

7heshAwt oh g FEE A es Az

T2E Aue] 4 wasil ofgich of
gk el astel o) Fhhael Ak
& AlAlsk= Amdahle] W H[2] o5 3
t}l.

1
S ari-asy 0 VP

714 i E AaAlzhel a 2gdael4]

zhel wlgelrd o)i= AR dikel ol ME vh

ol =Al g A Z HolFul

4. Lagrangean +AM#tA <] H

= 3}
4.1 % Lagrangean -A+3}4
(LAP)

Lagrangean -AF}# (LAP)-2

%] (combinatorial) A 3}RE o) ojsjo] ek

-f
el
_0
o
10
!
=%

Aol ey} Hapa|ekAl(copy constraint )

s¥slsl Lagrangean <SF3H-A1E A (FH) 3}
L FAlel o] HAGS HA(HA)sbe
Lagrangean %75 J&ows 1 Ao s
FHAEH) S AlAls) Fe g
o F Folzl

Lagrangean  2+3}5-3 &

4 (bounding) 7| o ]
S vell diaA A (

LR(v)ebar 3}[}1
Lagrangean |44l LD+t max, LR(v)&,
2 gkshiAl 7 REA LRiv) SR el =
AfoliE max, ¥, LR(v)E Hexin] OV

(LD)Y<OV(P)9] A& zhitl. Lagrangean
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sthiAle] BAgte s ofFejal Lagrangean g9 Lagrangean %1% 7§Aa}

Ao &> (dual function)i= 7 voll s <A

ZAoln] F-HA ¥ (piecewise linear)el # 4.2 W3 Lagrangean %3
E(convex)&gle] Ao 11]l. FEH (PLAP)

/ﬂ_ 01. F’ hal té'_}l\”cq Zo‘ 2 = 7-;}]] '?']61} %7{0 ‘j\j

(hill climbing method)2 2 oJe7}=]7

f
;2

LAPL: T7)1x) slefe] uhE-A (iterative) <&

v} 2 odof|Al:= subgradient®iel] &t H5 aelzer 4 7edd. 0 AUAgE
523 -& 7} g} subgradient ol M= Jeje Lagrangean %<7 v& 3 8l da]Ee
Lagrangean %ol dl¥F 2F3}iA] mi 73 =
¥ FrAEe #HAs eyt dwAe shekd
Axahsl Sx)e] 1 Aol 4 Lagrangean 5 v(k+1)=f(v(k)), k=012, K
o} subgradient® A4FslaL o] wbgko . A g
A wEel @l 55E mgste] e Agm S FulR Teldd ol K=arg max i
Aol AR 55 Algste 5 UEAA A (k,,LB,UB) <¢i 24 nbEAAbe] FR35E
AbS- A EsbA] ®rk ol ubEA|ile] £8 b3 v(0)¥ Lagrangean o712 Z7]*jelrh
270 RE AR, BEe] i me Lagrangean 551 9] <% (sequence) iv(k)}
AsbE-g R8s Epgivh we]  whebxi= oubEAabe] A F s HkALBUB) <e
subgradient®] e} vl iAol A Fe] el 23 2 wrEshdzlr]|, N4 2 =3 9 Egle] A
lRAel s wE:diogs 8 EH AlekA ef g AlwkA ol 4 31!3}11]% AtES
kel g Adgh(Eh S FAlel Alds e FatE 5 (e ofste] ARl AL
glct. A kellAl Felr HF vkl oiske]
LAPE | w2 F3 #»e)gd ohgx 72 Lagrangean Stehi-zlEe] HAstwm 152
ol AR etz 2 Fsl(relaxation and de- #HA s E2e] Aol sl subgradientd] &
composition)ﬂﬁ]lOﬂ A gy el Alekal od 7} sle] AAAIEelxl 4 vik+1)7F oFE A4k
babwlan o) 2 Qlslo] gbsbEAlvl AERe] % A (k+D R GAAAR] BE o gk oA
lzg 9l HyAZg Bidc SH42 %‘—ﬁ’_-XI] o] At A iv(k)izh gk AlAle] ol
A5 o slgk(Agh el 78 4l(solving subpro- al aks Ay {15,
blems and updating lower bound)‘?}ﬂ] of| A= s oabEa] ekmelEe Foil e ovel
Folzl Ldrell ha] REAlSe HA s sl sl gt Lagrangean <FER-Ale] A8 x€ 08
25 o] 2 ¥ = g5kl qm 3kgko] 7 (LR(v))e| &=3eal
A€o}, sz A FE 7 A (termination
checking) SHA Aol a4 Eme st o x(k+1)=g(x(k)), k=12 K (1)
aste] fatshal aratelgel AdE R 2 Z@E x(k)€O0S(LR(v(k—1))) olck.
vhAere. 2 578 Al(multiplier  adjustment) ix(k)ii= LAP7} ERsta7zba] g4 g(-)el 2]

Sl A subgradient7h AlARE e ool whzk stol  w¥E Fedolrh x(k)EOS(LR(v
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TR A

[ = 5E w

(k=D)ek g()E 22 (k)2 g(-)e] A

x(k+1)=g(x(k)x(k), - x«(k)),
€1, k=1.2,--- K (2)

okl 2eldd glewd oA I
babiA So] datolan N& 1]
oleh LAPS] Walshiz 7k g(-)e] el4he 2w

Lagrangean ¢

Aol dagtens rhssieh AlsbdA k
ol A A e A PR el LA
E7kel SRS EEte] x(k) Viel 24
A7) v(k)E GAEE opA]l gl 2]
3to] x(k+t1)€O0S(LR.(v(k)))= AAksla 1
ARE obg Alkgblel S v(kHDE AL
at7] lste] Ffellmelel 7] Zgkch

ofeizto] wf Al AbedAIUI ] F Al 4beke] i
o] mRA A FuljEied W ste) &8l

A B Fagh 2 AR mgal Sl A

dhekol Gtg-abAl i elizvh shimvlelal
Az 2t mRA M HRlalew Aeld 3
iz AR e dte] adrht Hivh slzrlel

ohool Ak Al A4 sletel whel ma s
of ®gAer Fash ol mA AviAw
TFaEed 2 AT A sl AR
1 2 ThoRaiaye] gle]ire]is
slelar elmle o1 Sel 7] shed ll*?loﬂ #
3he}¥l Lagrangean 3PS} dlis 3 shall-
ol A= o AR dejxl HAsw
subgradient 2} A Ab& $igte] “Ffel wefo] 7]
Fahz dejuh. v AabgbAlel viA b A4 e

Aoz ERA AT e e AH

ol 53 FFFelal o] L& -F] Lagrangean 4ol
gh-2] subgradient?ﬁ;‘ H Abslar oo wel 4

5 Ak dle]l PLAPYelA #alis Ao

R L STV REREE R
#

Aoz A ANEEF RS st
e e kel R Se) HAsted 9 A

]
A5 (worst case problem instance)& ZH= %
Aek BEae] HHz AL Aot LA
gkl AAREFe] tEsl Sl S ol akshe
BV R S T e ki S I R B B B
T7b obyl A gl wbAEr A4 glan ol EEA
Aol g ATkl abmelE BAIE] oFke]
#¢1-% Z¥U% = och Lagrangean 4 3gh
7] subgradient& A4bERT A A el
A A gkegel nlatsf i o) 2RSgloy
gl e A Aboll A jlRY wbEE Al AR RE 2l
wf el e shefl ogh Al4ke] Rl miA|

das A A gtk vl Akl EA3)

‘1“‘

i

AFH oz FREe] elW Azl A4l S|
Al st selsl ARy SRl el Eslar
vh Al R LA L] Ak o T
ApebA 2 )
Moz Algshzrle] Eobesich oelgt B4

BAle] RLEM 7] el by

3} #led (synchronization delay)-& # Aslall
TslA)iz sz A ieel zhalesl Follel yhalk
ERAQ Age] Aarole.
(Deffd Faimupel grol efzl vik)ell cfah
o x(k+1) x(k)ol F<2lo]
HAE7E W Gauss ~Seidel A1) elsgo)
E7155leh Gauss -Seidel Wulslgl we]
(kt1)e] 7k goinfe] 7ha Haroll Aal€l A
Beol ol f-i Ao o] fato] A sbx]is b
A kel sle® xdktDe=glx(kbl),
(k+1),x dk+1), x(k
oh ol & el N=3 <l
Aohiee]l ddedh JHEY EAshT LA

e (k) BLEl ]

(2yel mhiaA i
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Lagrangean A4 #HA 4 25

3719 % (dependency graph)y= [Z23 113}
Zrorm of7|A wiole HE x 84E

olze T wheizhel HRmHE vhebarh

|22 1] N=3 Ul LAPS} QAR

BEEAAE (2)7) k=1, K o djal] s s sl
w PLAPS] F&i= glol Agkazrt A7kat
ANE = 2ok 2k DAGE x3¥ich (23]
2 % x(k+1)e BE 845l
Step2 : ¥4l HA 3} 9 shgke] A AIThA o A
EAlell 7BAlE] = FA] Jacobir] PLAPE K=
Ao DAGE Z&8g 7io|rh

% (1) [ x(

— e

{32 2] K=3 il SA| Jacobi®! PLAPE H

15
e}

@)

AG

r

Z A Jacobi?] PLAPdA ZF TEAME x
(k+1)€0S(LR(v(k)) & ah=d wl A==
olERRE dojrl F-wAEL] & x(kt+1) Vi
& subgradient n(v(k))E A 4tslr] $134e] %
Avpe Bato] FAlel AEslA v F-fel e
of 7|1Z¥ch a5l YEAES g Ne] 2
2A ) ARG pRet 2 Afele 4N L2
A A5 g olAkel FEAIES FAEW ub
A2 N<p old (p—-N)No| ZzAlAs ¥
A 2 E 3 Al A el el EAEL
2 st
AstAIRIc) o]de] FrhA] ol o—ralrE
T 23 GAlel A FAlel #siA= dakE
o = ZRAMo e HelE rivke]e v
e Ly ALF 1 HAaAeh dAgch
olehzlo] A)zkol FFof ubehbr] wie] F-EA)
o] B9l -4 2} B (problem instance)”} ®l3}
| ool walabqle] Fahm wh AlAbdA vt}
1

Ak wlHel F-EAle] Aarh vhest

E4e Wolmult Ane 2

O

A e AgEch e wEE f
FAE Aase] sl o) A
o weldese el 18 solel 7
fstehis waAARe] ¥

4wl slo] daulejol ghe wFolh 1
]

(makespan) -

1) 32 E2] Jacobidl PLAPS] FZE Ho

A #HH5)

Izl 30 ZA| Jaobidl PLAPS] =
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HEEE ML

o) AxtdA ebe} shbe] FAjE A|Ao] E 3]
Ed o]y XE ¥#AE LR(v) Vit #A43
Ho] 259 HAHsHE] FgrLw7bA] Step 4
SHBADA ] AzkE AAgcl dgA L
(scheduler)= W3yl F-7A -3} A 2
17 Hastes prle] ZaA MG Fi
A5E dddlEdl o]o whel PLAPS] & 8o
2A Qe WA=t e o] &wA Az}
of olate] A HAe 2AFHLS R
NP—hard##l 2 4234[19] 713F #4315 9
g vk W™l 358 -FA (nonpreemptive
parallel scheduling problem with minimizing
makespan)e|ct. & Aol A= FrhAe] e
28 A g A seet o skt AR
417t 4t 2 (longest processing time rule :
LPT rule)olch. LPT 22 vl A ibedAnic}
EE FEAES Mt dydxeeg

4 & m3lte] A
I e Abde FEAle] HejAteES BE
o - AR EAISe] EFel#r] A7k
15 AAZHE B2 A5 el
— Abde] Je)E AHaFE FAF5E(list)el
w2t vAe®l FAlES dSHer Z R
A& #akste] FRAdEHel e ZRAAMC &
AR oz e SAMEE 2AEE 9
(list scheduling rule : LS rule)elc}. wad =]
o] Hi FFAlEe] wUg 39 s}
FAEEN Her7ke] nle@zion oAE=
Al T HegedE Hedx ¥
bl oelrbA MR oE f8e] FEAF
B2 FEEe] 152 Helr)zgle] A& Alels}
= dHu = T TFEF] HEEMe ¥
A2 ds a5 AHeleie LPT #3S

1]
53

w2i= Aol dwstet. o] Frix| FejiE &
A Aol g Fete] Ao glojre]
&l = H7}(worst —case performance)t Grah-
am[12,13]12] A FATE o] &a}ed )3} 7o)
Folzlvh

(A2} 1] Z2A A7} prida LPT 733 LS
FE el 238k #2]7]7Hmakespan) T,(LPT)$}k
T,(LS)e]l <ot} 3| (worst —case bound)i=

747y

T,.(LPT) / T} <
T,(LS) / T* <

4/3-1/3p
2-1/p

2 Folxu] o714l T pHe) ZaAMe
Helgh A sl Ao o) Eel A

2] 7] 7}elt},

to B AlAebA kel A Al LRi(v)e] A
A zreiet stz TMHLS)E LS 13 & #8438
ol AEEA kel 4] Al 2 A5} wbA o] 2
717 makespan)o]2tal &b LSTF3e)]  2]3
PLAPY] # &4 EJ(LS)E Amdahle] W H o
e ey o] AHAkEch

o tat (K—1)d
(LS)= So by _
E,(LS) p[EF  TE(LS)+H(K—1) 5]
A7) A s ALl Al el Al 7o B A

RS S ST R S P =8 R ARSE
B ghe ook el Bagke Yo e
% 7 meAde §HAe] ghstmw
PLAP®] &840 olxic)

.
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5. Alliant FX /4% o] &3t
Lagrangean <AH#4 el H
dxe] 9 AL

Alliant FX/4 += <14k 4(computational
element : CE) 2}ir Eejojzw Fi2 5159
Asrs dushis el e A qlEe

dedel SEAAE S 019 daks

o

LR AjAY (interactive processor @ IP) 5% 14
sleizl W sreiolry. CEE™ IP:C;—’W 64M
nlolEe] FfulRelis FfdlRe] WAaE E

slo] Azule] glo
128K whel=el Al4lulmel s Eate] w2
g, wmak CEE7es

gul

A Ao
(concurrency control bus)E E3she] A o
Axle] glen] 2z} CEx MCE3000 T3 3
g2 ztom 4 alAl, nulqog/\} o 2ea]
A a7 el B7FE ME8020 A AHA-E Aslals
4%l (custom chip)& 4%6},}13,{&}. ] £ A
i zel 4 zb CEY= w4 =(single precision)
o) A A4S FHal 110 8 Mflops®) Zi14
oz sl weld E Adlel LA el
gy wWHExe]LEis 47 Mflopsol7hA o) &th
vhael  CEEe]l 543 ;%_Eilg,lﬂ al e} o)
loopel] £ WHEAAES tlreld Al
Areh = gleed] Al 6’%52’11047} HbA] A
Bg 7 ZRAM AbEA o Fals) o
7wl Ee|  o]&  self —scheduled do—across
loopetal F-2w olefgt loopo AHa|7p5Ad>
#H3 CEe Al ziel olel tiEo] 2zt CE
2] EI(pipelining) 5382 A1HAAEE HA
AsiA|Z o gd Fol HaxtEgsd g B
AzEA R Qg AefAel e

glolvd ®r} smxpzlel 7p&8 9lal i Al

o AFE-7}e

Alliant FX /4% ul= Pennsylvaniat)st -4
W (HUPYW 3244 2] (image processing) 1
FAlel giAlska glom Fujo A= telnet 3
REFE o)&ste] wAgE TAE skt
ol internetAtel 4  mipgsun.mipg.upenn.edu
(128.91.14.150) 2.2 ¢l 7% - (remote access) ¥
ogxn 1 Aol ThsEich A& A
Alliant  ZRzzefwslofe]  #lstede] A4z

o] &-ke] Ui7hAl A3

o 2z} (scalar : S), WME(vector 1 V),

{compiler directive)+

E Al (concurrent : C), ®E] —%FA] (vector —con-
current : V—C) — 5& wasle] dirtolx =
¢ (source) EEI1HNo HA s 4kgl, FAs}
of o] Walal ks Al

Alliant FX/4%ell A wddsge] o2 & o}
ohA] zZelEd ol o] F-Alo]R H-A](lot —sizin-
g problem in multistage assembly systems)

el e LAPS) Tay thewp o] olzl
c}.

Step 1 (%713}

LB ¢} UB 2 &7 44
Step 2 (1&Al2] kst 2 4ta))
LR4(v))7} 7b 3535 ol A o)
Fato] A H-al] (LR4(v)E= %
Step 3 (-4 9]
DO Vi € 1
Wagner — Whitine] alz]Zel 2]
sle] (LR4(v)) & Fot
ENDDO
LB «— max |LB, & OV(LR4/(v))j

Fo)2} sk 2] A4

Step 4 (Lagrangean #a|zzelol] 9|3 AMghA



28 o] 3% GBI RS R
GE 1y MEZ20ol @obFl T m (MEAHMSIT 1301H JIF)
-2k AlsgalgkAdnl (%) | FEx HER) e A7k (2) SRR
Stepls} 2 0.3 (.29 0.29 1
Step3 72.9 7:.00 74.71 15050
Step4 19.6 9:.10 20.10 1
Stepd 7.2 10048 7.38 1
o] 73Al) ®1= DO looprt AMBFxle] 9%, &A%
UB « min {UB, UBB(y)! Q) xzoale] AbE paS okl mas)
UBB(v) : 5]zl  vell4] Lagrangean ol =2~ (profile list)7} 2 23}}, ol 5o
Frel gl ojgh AghA] S0/0e) i RS b CF ohetAl 3F
Step 5 (AERAA 2 F7840) T Sateld iAlE flRh Hdmeagel
whel H(k,ZLB,UB)<¢ o'l A3)E5 feopxl xgukele (G Ly 4ok
v+ max v +i-r(v), 0 A 2] 7k (1.3%% 2b =] &ke= Stepl¥ 29]
Step 3 A3 A ZE S w7 el Akl =i
o ol flAue AlztaiA s
A4 Fge] wawE flste] FA Wl whel bl 3Ee] Ay Abuparo . ela) <tz A Abal
(number of levels)ell wa} A, B, C A|7}A] o ojEael Ao R T WK
Al 22 FEaladen zhzh Ae )7l (V—C) Aslyciz ke walslalls 2o W
12, S0l 170 sfelel S inumber - Ssegiey ofe] whafo] StepRz AlA AAIL)
of modes) & zhe G072l bl BEAEANS o gprn20%) % Aiste] Welstel wn
<A PLAPO) &&-% 3l&slelch i adel ¥)4=e} Wagner — Whitin{W - W) ¢b5t
®e) Alliant FORTRAN®| #% #sbele plmo e SpMEl b A MEEIO (UGE
2213} 7]%(automatic compiler optimizati- ol Alalg] 5w whEA Ak glA| vbo) e ared 4
oM B AL SER Aol AEHEE e e Soa el e e Sepie]
fERIRE AEHAR WSS b e abgE Ral EA(O)mnn sl
SAF vl ode)sb elwbyor 8] oy W-W xﬂd;’"%%l%;-% kel Al g 2
o} B Fxo ullE ¥Pa Wiy s§ LSTFRe] we} 7 A el shulEle] wed
SHAL il RSl RSl peadel eidl A wlolduh wa kel A4EE )
# A 3} (customized manual optimization) 2} sho] 7 W—Wis wlel (V)R e A3 et
alaef g 2 fgel el meidlch 4l o ¥tk Stepdi- Lagrangean o] ~Elo g4 =
2a8E e #HA gekadstrl gl AR o elmalal A1k (top —down) MFAlo] T
= Al ZEagW 7h e el BOV—C maze] Aalo] wrbmalaul el
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Lagrangean -AFetAde] w=d A At 29

A A3} Stephs V-CR=R 3 sz} 7}
b}, Aa Asix)7rel 80.1%(Step3st
Step5)7} w3l 7582 Amdahle] ¥
ol 2lgk 7pEAdel Wi AAE 7 A4 L
67(p=2), 2. 14(p=3), 2. 50(p=3) o]t}

(R 2>} (& 3 2t 7 drpAl AddRe
= g, #E#atele] 2 A3HAUTO), C, V-Cs}
A7bAl A el st Rz aale) A
gAl7b AR e Aelsl L zielvh
AUTOA S R ol M= Eghutel o] #ztal
2l AAARE A Zmeagle] HAdgh §iFel o
AF1sled A8-7Le] 2] %o Z(customized) W E
stalx @i Aupeleirl AEer eyl
F25 <Asle qlel2 WEAAE Fof] =)
ol Fapgiel ojdt wWHslels WY W-W
obnre] & el A HE dpolabe] Ald st
AW adsE o2 Allant FXe} 2§
vl 2e] A AEl el s ERA M7k gt
FAhs ofr|ste] AzpAow AAbe] shE
4e Asialzich ofof] ubs] Gy WE B
Sake] whatel] ols) ofeiriAl FHupde #A

438 91Hol ApEate] Eadoz Wl

Bodqe s HEg pas] wEEE 12
*ﬂﬂ YA7kal Abg-ste] Cef V-Ce] 77
Rriz Aested 7 AaE AUTO % SEE=9
oA wmgre g wHste] spESAE i)

2 ook GE 2ellA A FEe oE
A zke] abol= FglelA] @dal vt A W
A frEdell A A Aol A FA g ofed
ok (R HeE g

>

Hrom FgE 45

T o -

2o Wadstel osle] GAR & MHEAE T
A)she} wlejsle] golWw iete] He{FEr)
Z o (S)/(AUTO)= #HE #Hode] A3t
of elg sHEAE el (8)/(C), (C)/
(V=0)8k (8)/(V-0)& 2t 7t 5413}, 9
sto} e -FA8bel oqk 7S et
Aol Z2AME s 39 AUTOR o
o8 RS HA 1. 549wk geake] wE
shof] ©J7 7} V-CEER FHi b 977F
2] 7l2atoicth. 53 ardel ERAA el

g A TS F A w7 2000 S

7hghel whe} 71EAde] Zvhghe 9bgalizd] o)
vozh zaaAge] @y g EHe YA
o] MF7E agalu) QA Rule] 2ol

aoles FEHEch A&YE AHEHE LR
A el Mrh Sl wpepd "ol g
& walh A o3 AEAE WAe =
2 A A5 Hd 20 507kA) F7)et
v wElslo] o8t &AL Ao o)

w=asla FHo 2. 457hx] 7)1 Eske] AAl 7hE



o5 % R

(E 2) "o JdPAIZH=E)
Z2A A9 A5 (p)!
3 | =27 (8 | (AUTO)" 2 3 4

€cyjyon-0) (Ccy | (v=0) (C) | (V=0C)

5 151 1.02 112 0.54 0.88 0.42 0.86 0.42
10 11.91 7.93 7.74 3.40 6.54 2.92 5.49 2.50
20 26.83 17.58 17.19 7.23 13.39 5.68 10.93 4.76
30 53.67 35.04 34.11 413 25.90 10.80 22.32 9.44
40 67.50 43.96 4287 7.58 33.18 13.70 27.00 11.30
50 101.40 65.82 64.41 26.25 48.90 20.08 41.24 17.13
5 7.04 4.82 5.25 2.45 4.05 1.90 3.98 1.87
10 7.90 5.24 5.17 2.27 4.49 1.95 369 1.67
20 33.36 21.79 21.46 9.03 16.79 7.13 13.72 5.97
30 53.30 35.32 34.80 14.43 26.46 11.06 22.89 9.67
40 74.74 48.53 7.76 19.60 37.11 15.34 30.31 12.71
50 101.79 65.77 64.96 %.58 49.61 20.42 41.96 17.46
5 0.59 0.40 0.45 0.21 0.35 0.16 0.34 0.16
10 9.70 6.46 6.30 2.79 5.34 2.39 450 2.04
20 35.96 2355 23.09 9.75 18.05 768 14.79 6.43
30 17.13 30.79 30.16 12,51 22.91 9.58 19.84 8.38
40 71.75 46.65 45.80 13.85 35.52 14.70 29.05 12.16
50 85.74 55.69 54.63 22.38 41.77 17.19 35.25 14.67
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3 | =7 | (8) /(AUTO) (8)/(C) (S)/(V-C) (8)y/(v—-2C)
2 3 4 2 3 4 2 3 4
5 1.48 1.34 1.71 15 207 2.09 2.04 2.80 3.60 3.60
10 1.50 1.53 1.82 2.6 2.27 2.24 2.20 3.50 4.07 4.76
A 20 1.52 1.56 2.00 2.5 2.35 2.35 229 | 371 472 5.64
30 1.53 1.57 2.07 | 2.:0 240 | 240 | 236 | 380 | 497 | 5.69
40 1.53 1.57 2.03 200 2.42 242 2.39 3.84 4.93 5.97
50 1.54 157 | 207 | 2,45 | 244 2.44 2.41 3.86 | 5.05 | 592
5 1.46 1.34 1.73 1.77 2.14 2.13 2.13 2.87 371 3.76
10 1.50 1.52 1.79 2.14 2.27 2.25 2.21 3.48 4.05 4.73
B 20 1.53 1.55 1.98 | 243 | 238 | 235 230 | 3.69 | 468 | 559
30 1.53 1.56 205 | 2.37 2.41 2.39 | 2.38 3.76 4.91 5.61
40 1.54 1.56 2.01 2,47 1 244 2.42 238 3.81 487 | 5.88
50 1.54 1.56 2.05 2.13 244 2.43 2.40 3.83 498 5.83
5 1.47 1.31 1.68 1.74 215 | 218 | 213 | 281 3.69 3.69
10 1.50 1.53 1.81 2.16 | 2.26 | 223 | 221 3.47 406 | 4.75
C 20 1.52 1.55 1.99 | 243 | 2.37 2.35 230 | 3.69 | 468 | 559
30 1.53 1.56 | 2.06 2.38 2.41 239 | 237 | 397 492 | 5.62
40 1.53 1.56 2.02 247 2.43 2.42 2.39 3.81 4.88 5.90
50 1.54 1.57 | 2.05 243 | 2.44 2.43 2.40 | 3.83 | 4.99 5.84
F) %o F£AE SEAe] e Adgpasl
L. 2bg #abede] 2 A5} 27k 7454
2. FA1Ekel & 7FEA
3. Heigted] o3l M54
4. M —F A5l 2)gF THEA



w
2
[+
=
M‘

)
O

32 7oA Lagrangean <ZA}atale] Wi
Slel] g o] 2A Aol Awsl ol
ozt A 2E oA FAbeld Al gk
Alliant FX/4 WEAHAFHE ©]84F 4
Jacobi PLAP® A4 7HEAE FEsbelch
Hop A" 7Sz vleAl PLAPE
Al e vl Fdalel el w4 &
Hrlojol & Aeolrh At HIE= 7ty 4
Hslo] sldAde] AUTO REeo| 1AMt g4
L5 978 7]iﬂﬁdifﬁ o] & 7iEH4dE F
Al ghet WE]ste] sjQlgtzle® 7t zhe] Al
o 2. 503} 2. 398 EAbE 9ok ol 7H41F
2 2 Lagrangean <tAFYH o] WE] —F A5}
o|g WA ke w9 A3gE A]Apgch of
ool dFA R EAab wRe] e R
st PLAPe] aichkyt defo] Hestviet Ats
=it

[1° Afentakis, P., B. Gavish and U. S.

Karmarkar, “Computationally Efficient
Optimal Solution to the Lot —sizing
Assembly

Problem in Multistage

Systems,” Management Science. Vol.

30(1984), pp. 222—239.
(2] Amdahl, G., “The Validity of Singlr Pro-
cess Approach to Achieving large Scale
AFIPS
Proceedings, Vol. 30(1967), pp. 783 —785.

Computing Capabilities,”

[37 Bertsekas, D. and J. Tsitsiklis, Paral-
lel and Distributed Computation —
Numerical Method., Prentice Hall, New
Jersey, 1989,

[4] Brown, R., J.F. Shapiro and P.J. Water-
man, “Parallel Computing for Producti-
on Scheduling,” Manufacturing System,
October (1983), pp. H9—063.

‘5] De Bruin, A, A. H. G. Rinnooy Kan
and H. W. J. M. Trienckens, “A Simu-
lation Tool for the Performance Evalu-
ation of Parallel Branch and Bound Al-
gorithm,” Erasmus University, 1937,

Rotterdam, The Netherlands.

|6] Dobson, G. and U. S. Karmarkar, “Sim-

ultaneous Resource  Scheduling  to

Minimize  Weighted  Flow  Times,”
Operations Research. Vol. 37(1989), pp.
592 —600.

|71 Erlenkotter, D., “A Dual Based Pro-

cedure for Uncapacitated Facility lLo-
cation,” Operations Research, Vol. 26
(1978), pp. 992-1009.

[8 Fayard, D. and G. Plateau, “"An Algor-
ithm for the Solution of the 0-1
Knapsack Problem,” Computing. Vol
28(1982), pp. 2649257

[4] Fisher, M. L. and R. Jaikumar, “A
Generalized Assignment Heuristic  for
Vehicle Routing,” Networks. Vol. 11
(1981), pp. 109—124,

110] Flynn, M. J., “Verv High—Specd Com-
puting Systems,” Proc. IEEE. Vol. 54
(1966), pp. 1901 —190



AL SRR

Lagrangean <FAF2Ad e s aiAl 4k 33

[11]

(13

| 14]

[ 16]

| 18]

Geoffrion, A. M., “Lagrangean Relax-
ation for Integer Programming,” Math.
Prog. Study. Vol. 2(1974), pp. 82—113.
R. L., “Bound for Certain

The Bell
Vol. 45

Graham,
Multiprocessing Anomalies,”
System Technical Journal.
(1966), pp. 1563 —1551.

Graham, R. L, “Bounds on
Time  Anomalies,”
SIAM J. Appl. Math.. Vol. 17(1969),
pp. 416—429.

S, C.,

Multiprocessing

Graves, “Using Lagrangean

Techniques to Solve Hierarchical Pro-

duction Planning Problems,” Manage-

ment  Science. Vol. 28(1982), pp.
260 —275.
Held, M., P. Wolfe and H. D.

Crowder, “Validation of Subgradient
Math. Prog.. Vol. 6
(1974), pp. 62—88.

Kempa, D. N, J. L. Kenington and H.

A. Zaki,

Optimization,”

“Performance Characteristics

of the Jacobi and Gauss—Seidel

Versions of the Auction Algorithm on

the Alhant Operations

Reserach  Laboratory, University of
Illinios at Urbana—Champaign, 1959.

Kindervator, G. A. . and J. K.
“Parallel Computing in Com-
Annals of
Operations Research. Vol. 14(1988), pp.

245—1289.

Lenstra,

binatorial Optimization,”

Klincewicz, J. G., H. Luss and E.
Rosenberg,  “Optimal and Heuristic
Algorithms for Multiproduct

[19]

[20]

121

23]

(21

| 27]

Uncapacitated Facility Location,” E. J.
0. R.. Vol. 26(1986), pp. 251 —238.
Lenstra, J. K., A. H. G. Rinncoy Kan
and P. Brucker, “Complexity of
Machine Scheduling Problems,” A#nnals
of Discrete Mathematics, Vol. 1(1977),
pp- 343 - 362

Meyer R. R. and S. A. Zenios(eds.),
Parallel Optimization on Novel Com-
puter Annals  of
Operations Research, Vol. 14(1983).

Mulvey, J. M. and M. P. Beck, “Solv-

Architectures.

ing Capacitated Clustering Problems,”
Princeton University, 1982

Pirkul H., “Efficient Algorithms for
the Capacitated Concentrator Location
Problem,” Comput. Res., Vol.
14(1987), pp. 197 =208.

Ribeiro, C. C., “Parallel

Opns.

Computer
Models and Combinatorial Algorithms,”
Annals of Discrete Mathematics. Vol.
5(1987), pp. 113138

Trienekens, H. W. J. M., “Parallel
Branch and Bound on MIMD System,”
Erasmus University, 1986, Rotterdam,
The Netherlands.

Van Roy, T. J., “"Cross Decomposition

for  Mixed Integer Programming,”

Math. Prog.. Vol. 25(1983), pp. 16—63.

Zenios, S. A., “Parallel Numerical
Optimization : Current Status and an
Annotated Bibliography,” ORSA
Journal on Computing. Vol. 1(1939),

pp. 20—43.

Zenios, S. A. and J. M. Mulvey,



34

o]j‘;‘g

[

i

FHR gL

[28]

(29]

“Nonlinear Network Programming on
Vector Super Computers : A Study on
the CRAY X—MP,” Operations Re-
search, Vol. 34(1986), pp. 667 —682.
Zenios, S. A, and J. M. Mulvey,
“Vectorization and Mulfitasking of
Nonlinear Network Programming
Algorithms,” Mathematical Program-
ming, Vol. 42(1988), pp. 449-470.
Zenios, S. A. and J. M. Mulvey, “A
Distributed Algorithm for Convex
Network  Optimization  Problems,”
Parallel Computing, Vol. 6(1988), pp.
45—56.



