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Diffusion Equation Model for Geomorphic Dating

Min-Boo Lee’

For the application of the diffusion equation, slope height and maximum
slope angle are calculated from the plotted slope profile. Using denudation
rate as a solution for the diffusion equation, an apparent age index can be
calculated, which is the total amount of denudation through total time. Plots
of slope angle versus slope height and apparent age index versus slope height
are useful for determining relative or absolute ages and denudation rates.
Mathematical simulation plots of slope angle versus slope height can gener-
ate equal denudation-rate lines for a given age. Mathematical simulations of
slope angle versus age for a given slope height, for equal denudatiog_rate at
a particular profile site, and for comparing to other sites having controlled

ages.

Key Words: geomorphic age dating, diffusion equation, denudation rate,
geomorphometry, apparent age.

1. Introduction

Slope changes as a function of time are
measured by geomorphometric parameters
that such as slope length, slope gradient,
slope height, and convex and concave cur-
vatures, as well as nonmorphometric param-
eters such as surface material, soil, and stra-
tigraphy. Empirically changing landforms
can be viewed as relative, and perhaps
absolute, dating possibilities, as in field ob-
servations of degrading slopes, extending
crest rounding, drainage network develop-
ment, drainage dissection, and alluvial ag-
gradation.

The diffusion equation has been success-
fully applied to many physical phenomena
such as heat flow, viscous flow, and chemi-
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cal dispersion. It has also been used to
model tectonic modifications such as dating
scarp-forming earthquakes. Initial mor-
phology of new fault scarps is modified
through erosional degradation of crest
slopes and depositional aggradation on foot
—slopes. These changing forms can be suc-
cessfully modelled by the diffusion equa-
tion. Currently, applications of this method
are extending to geomorphic modifications
of coastal slopes, glacial tills or moraines,
and fluvial terraces.

The diffusion equation has been tradi-
tionally confined to the following basic as-
sumptions : (1) unconsolidated and homo-
geneous material (sand, gravel, or sandy
gravel), (2) closed system over the whole
slope length(similar volumes of deposited
and eroded marterials), and (3) noncatas-
trophic or regular processes(creep, wash, or
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micro-rolling). However, applications are
now beginning to include landforms and
processes beyond the limits of these basic
assumptions. For example, consolidated ma-
terials, fluvial processes su~n as gulling, and
onen slope systems have been modelled.

2. Previous Studies

Slope modifications analogous to the dif-
fusion equarion was identified by G.K. Gil-
bert, who compared erosional rounding of
the badland crest to heat conduction in
wedge—shaped bodies (Gilbert’s field notes
in Hanks et @l., 1984). He was also aware of
fault scarp erosion as a function of time
(Gilbert, 1928).

Culling (1960 ; 1963 ; 1965) first proposed
a linear diffusion model, as a model of soil
creep processes. His model is process-
response, based on assumptions of (1) ran-
dom downslope movement of individual
grains, (2) soil creep as the dominant proc-
ess, and (3) movement rate as a function of
slope angle (1963 and 1965).

Hirano (1975) presented a mathematical
diffusion model of slope development
based on the boundary conditions of vari-
ous equilibrium states : establishing, steady,
and destroyed. Trofimov and Moskovkin
(1984) presented diffusion models of slope
development having a (1) linear coefficient,
(2) quadratic coefficient, (3) vertical low-
ering of base level (downcutting), (4) stable
base level with horizontal undercurtting, (5)
steady-state regime of undercut slopes, and
(6) pediment and scree slopes. Both Hirano
and Trofimov and Moskovkin extended
diffusion model applications to more varia-
ble slope phases, but not to real data.

Wallace noted that the relative ages of
fault scarps were indicated by their
geomorphometry (1977). He formulated re-
lationships between dominant erosional
processes and scarp ages, with initial gravity
_conrrolled slopes changing to debris — and
wash — controlled slopes, and then to wash
— and splash — controlled slopes.

Bucknam and Anderson (1979) empirical-
ly quantified the relation between slope
angle and height for fault scarps of differ-
ent ages using graphic plots, and showed
that younger slopes have steeper maximum
angles. Later, this simple plotting method
was used for geomorphic dating of various
initial conditions, climates, and materi-
als:fault scarps (Colman and Watson,
1983 ; Mayer, 1984 ;Hanks e al, 1984;
Machette, 1986 and 1988 ;Zhang e al,
1986 ; Pearthree and Calvo, 1987), river ter-
races (Colman, 1983), marine terraces
(Crittenden and Muhs, 1986), and glacial
terraces (Pierce and Colman, 1986).

Nash (1980a, 1980b, 1981 and 1984) ap-
plied simple linear models to lake coastal
slopes, fault scarps, and fluvial rterraces
under different lithologic and climatic con-
ditions. His diffusivity, ¢, is related to the
lithology, climated and aspect (directional
orientation) of a slope. Sterr (1985) tried to
present quantitative analysis of scarp pro-
files using morphometric parameters: maxi-
mum slope angle, scarp height, crest posi-
tion, and crest curvature.

Nonlinear diffusivities have been suggest-
ed (Andrews and Hanks, 1985 ;Pierce and
Colman, 1986) and a nonlinear model was
introduced by Andrews and Bucknam
(1987). There are important considerations
which must be made concerning the effects
of scarp height and slope aspect (Pierce and
Colman, 1986), and the effect of far-field
slope (Hanks and Andrews, 1989) on
diffusivity. Comprehensive explanations of
the diffusion equation and geomorphic dat-
ing have been undertaken by Mayer (1987),
Colman (1987), and Machette (1989).

3. Diffusion Equation Modelling

The diffusion equation applied to slope
implies that the change in elevation of a
point is proportional to the profile curva-
ture at that point; with time the crest and
the foot-slopes become rounded and the
maximum slope angle decreases on the
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Figure 1.

Slope geometry for diffusion equation, where d is surface offset, H is slope height,  is present

maximum slope angle, & is starting angle (generally angle of repose), &+ is far-field slope, ¢ is

diffusivity of denudation rate,  is age of slope after start of diffusion process, and u and f(u)

are arbitrary x and y coordinates.

straight mid-slope (Colman and Watson,
1983). Figure 1 shows the geometry of a
fault scarp of shoreline slope. Variables
symbolized in this figure are offset, height,
time, far—field slope, relative elevation, tan-
gent of the angle of repose, mass diffu-
sivity, far-field slope angle, and maximum
slope angle.

Application of the diffusion equation
model assumes the following: (1) effects of
the lenght along the slope are neglected,
(2) there is no overall lowering of the con-
stant base level of the slope, and (3) the
initial formation of the slope is by a single
event and subsequent degradation of the
slope is under constant conditions (Colman
and Watson, 1983). The denudation rate co-
efficient, ¢, does not vary with position or
time (Pierce and Colman, 1986). In this
study, far—field effects are neglected. If
eolian or fluvial processes strongly affect
the slope profile, the model is not valid.

If deudation rate ¢ is independent of x,
a lenear equation is the general case.

dy_ &
a;“?ﬁ

Solutions to the equation are derived for
both a vertical slope and a slanting slope
with a planar initial profile (Colman and
Watson, 1983). The latter case is fitted to
the angle at which diffusion processes start.
The denudation rate is derived from the so-
lution to the diffusion equation in case of
angle of repose (Lee, 1993). This equation
for the denudation rate was first used in the
analysis of actual field data by Pierce and
Colman (1986).

2
_( H
[ T
42" tan cerf '(ranf /tanf )

Using the above equation, denudation
rate, ¢, or the producft of the denudation
rate and slope age, ¢f, can be calculated
from the present maximum slope angle at a
given height with an assumed constant

—3—



288

Diffusion Equation Model for Geomorphic Dating

MAXIMUM ANGLE—-DENUDATION RATE SIMULATION PLOT
Given Age 14.5 ka and Starting Angle 33.5 degree
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Figure 2. Sensitivity of denudation rate to maximum angle and slope height.

starting angle.

Figure 2 shows the sensitivity of denuda-
tion rate to the present maximum slope
angle and slope height. At a given age and
starting angle, the greater the maximum
angle of slope is, the more resistant the
slope material is. This means that slope is

relatively insensitive to height. A large slope
angle means a small change of slope from
the starting angle during a given time.
Slopes of low maximum angle generally
have less resistant materials and are very
sensitive to slope height.

Initial slopes of free faces retteat rapidly

STARTING ANGLE—=DENUDATION RATE SIMULATION PLOT
Given Age 14.5 ka and Maximum Angle 21 degree
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Figure 3. Sensitivity of denudation rate to starting angle and slope height.
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to reach the angle of repose, which is typi-
cally 33°-35°, for unconsolidated alluvium
(Machette, 1988). Along the Wasatch fault
zone, most of the 500-to 1,000-yr old
scarps have lost their free face and have re-
treated to an angle of repose of less of 38’
(Machette, 1988). The angles of repose in
well-sorted sand is about 30°. In gravelly
sand, the angle increases to 35'-36" (Rahn,
1969). Generally, the angle of repose is the
starting angle for the diffusion equation
modelling, and is independent of aspect and
slope height (Pierce and Colman, 1986).

The denudation rate is more sensitive to
the starting angle with greater slope heights
for a given age and present maximum slope
angle (Figure 3). Denudation rate is propor-
tional to the square of slope height in the
diffusion equation model. In the case of
high slopes, one should be careful to deter-
mime the starting angle with material char-
acteristics in mind.

Determining accurate value of denuda-
tion rate (also known as mass diffusivity,
degradation rate coefficient, and coeffi-
cient of diffusion), is important for age de-
terminations. The degradation rate is relat-
ed to material properties, paleo-and mod-

ern climates, and vegetation (Machette,
1989).

From the solution of the diffusion equa-
tion, the values of the product of ¢ and ¢
can be calculate. For example, if the age of
the slope is known, a certain denudation
rate is ct/ts (Nash, 1980a), where f, is the
known age. The diffusion equation can also
provide cfvalues.

There are other similar ways to estimate ¢
values for slopes of known ages (Mayer,
1984). Using the diffusion equation, a range
of ¢ wvalues can generate a series of
synthetic slope profiles, one of which pro-
vides a best match to a profile of known
age. This results in a sample of ¢ value can
generate a series of synthetic maximum
slope angles for a range of slope heights,
with one member of the series providing a
best fit between the synthetic and actual
data (Nash, 1980a). ¢ is based on field data
and is affected by many factors that con-
tribute to slope morphology ; therefore, the
variability of ¢ can be reflected in scatter
about the regression line of maximum slope
angle and slope height (Mayer, 1984).

The value of ¢ may vary according to
material and climatic conditions and gener-
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Figure 4. Relation between maximum slope angle and slope height at a given age (120 ka). Height: (1)
15.85m, (2) 10m, and (3) 6.31m. Profile Site : highest shoreline of Lake Diamond, 6061 ft. Ne-
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ally will be determined as an average over
the range of microclimate conditions in an
area of slope sites (Hanks et al, 1984).
However, according to Machetre (1986) in
his study of central New Mexico, rates of
slope degradation during the latest Pleisto-
cene (15 to 10ka) must have been about
one-third to one-forth of those during the

Diffusion Equation Model for Geomorphic Dating

Holocene can be explained by the shifting
to more frequent high-intensity summer
storms. Pierce and Colman (1986) presented
valuable studies of degradation rate as af-
fected by height and aspect-related micro
climate:the rate increased 10-fold wich
scarp height, and the rate on south-facing
scarps was two times that on north-facing
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Figure 5. Relation between maximum slope angle and slope age at a given height (25.12m). Ages change
from Ska, 10ka, and 15ka (present value), 1o 20 ka, with constant denudation rate c=125(107*
m®/yr). Site : south_facing slope of the Stockton Bar, Utah.

Figure 6. Effect of the slope facing direction at a given height (25.12m) and age (145.5ka).

Sites : Stockton Bar and Spit, Utah.
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scarps for 2-m height.

Figures 4, 5, and 6 show various effects
on the slope morphology, especially present
maximum angle, using calculated values of
the denudation rate ¢ from simulations of
real profiling data (Lee, 1993). Each profile
is conceptual in shape, based on a diffusion
equation solution of the ¢ rate. A particular
equation fit to one of the profiles can be
solved easily by numerical analysis with
computer programmings or mathemartical
solution tables for calculating numerical
values of x and y at a certain point.

4. Denudation Rate and Apparent
Age Index

Denudation rate ¢ can be calculated from
the analytical solution of the diffusion
equation. The following characteristics of
the denudation rate are widely observed in
actual data. (1) The rate ¢ decreases with
time.

Denudation raté may act linearly ar earli-
er times of angle of repose and then gradu-
ally change to nonlinear types, such as the
linear—and-cubic model of Andrews and
Bucknam (1987) and finally again become
linear when gradients become very low. (2)
The rate ¢ changes according to climatic
conditions, material properties, and aspect.
For example, the grain size of unconsloi-
dated materials strongly control degrada-
tion rates (Dodge and Grose, 1980). (3)
The calculated ¢ rate is an apparent value
as related to the present maximum slope
angle : it is actually the average throughout
the total time interval following the start of
diffusive slope profile processes. (4) For a
given profile, the ¢ rate is more affected by
creep on the upper portion of the slope
profile. Below the inflection point, in the
mid-slope, transported materials temporari-
ly mantle the surface and wash processes re-
place the creep action. Wash processes cause
the lower portion of the profile to become
less concave and increase denudation rate.

One of principal assumptions is that a

slope profile is a closed system for the ap-
plication of the diffusion equation. In na-
ture, completely closed systems such as
inner foar-slopes of lagoons and craters
are very rare cases. Most of these cases are
not exactly closed systems, because denuded
(weathered and eroded) and transported
materials leave the system slowly. If, howev-
er, the amount of removed material is very
small compared to the time duration, the
system may. act as a pseudo-—closed system,
which can be modelled by the diffusion
equation.

The value ¢ can be derived easily from
the solution of the equation for the ¢ rare.
When the value of tanfly is given as the
starting diffusive slope angle or angle of re-
pose, and tanf and H values are acquired
from field data, the value of ¢t can easily
be induced. Since ¢t is the total degradation
amount after starting diffusive slope pro-
file processes, ¢ is ths average rate through-
out the toral ago of the slope.

Since ¢t is not constant, the ¢ value is not
constant. Therefore, ¢ can be considered as
an apparent rate at a given time, £, and cf as
an apparent age. ¢f values are total degrada
tion amounts deived from measured vlaues
of slope angle (@) and slope height (H) of
present day and present apparent C rate.

The regression slope is steeper with
higher denudation rates of older ages. The
reason for this is that the value of ¢t is in-
directly proportional to the squared value
of the height, and is inversely proportiona!
to the squared value of the inverse error
function relatintg to maximum slope angle.
¢t can be calculated from the equation : {#{/
4t "*tan@ oerf '(rand /tanf )} (for deraiied
mathematics, Lee, 1993, Appendix BJ. Com-
parison of slope degradation in terms of ct
accounts for (1) the rdeuced absolute rates
of transport as the surface gradients de-
crease, and (2) volume differences based on
the correct relation between height and vol-
ume (Pierce and Colman, 1986).

When comparing two different ct values
for different slopes with—the same tan@,
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the following equation can be derived, as
proposed by Nash(1980a).

(cit)/(cotz) =(Hy/Ho)*
rearranging,

(/)= (co/c ) (HyY/ He)?
or

(c/c2)=(t/t:)(Hi/H)}

If the ages and heights of two slopes are
known, and their ages are different, a denu-
dation rate can be calculated which is indic-
ative of the climatic conditions during the
time interval after the older slope and be-
fore the younger one.

Denudation rates for discrete intervals in
the late Pleistocene can be calculated using
a step-function equation (Machette, 1988)
under conditions of similar height, material,
and aspect.

Diffusion Equation Model for Geomorphic Dating

ct=cittcats+ o+ Catp,
where t=t,+ 4+ +1,

The differences of ¢ values for different
time intervals suggests that lower rates are
due to increased vegetation cover and sur-
face stability in the late Pleistocene
(Machette, 1988). If factors such as materi-
al, aspect, and time interval or age are well
controlled, this equation may provide a
basis for the study of climates during par-
ticular late Pleistocene intervals.

5. Simulation of Diffusion Models

If we evaluate the equation for denuda-
tion rate, the relationship between slope an-
gles and slope height can be identified for a
given age and denudation rate. Figure 7 pre-
sents sxamples of this relationship (Lee,
1993). Each line is an equal denudation-
rate line, which depicts the relationship be-
tween the maximum slope angle and the
slope height as predicted by the diffusion

HEIGHT—ANGLE PLOT
At 14.5ka

Maximum Angle(deq.)

i i 1

; . | H L

00 1.05 1.10 1.15 1.20 1.25 1.30 1.35 1.40 1.45 1.50 1.55 1.60 1.85 1.70
. X
Slope Height (10 meter)

Figure 7. Simulation plots of the slope angle versus slope height with various denudation rates at age 14.5 ka.
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equation model for a given degradation rate
(from ¢=30 to 170 10 *‘m%*/yr) at a given
age (14.5 ka) and starting angle (33.5"). This
simulation plot follows the method of
Pierce and Colman (1986, Figure 8, p.877).
For example, near the left edge of line ¢=
70, a slope of height 12.59m (log H=1.1)
has a maximum angle of 18 and a 20-m
slope has an angle of approximately 23.5".

Each line of a particular denudation rate
is derived by calculating values of the maxi-
mum angle at a given slope height. Regres-
sion lines of regional slope profile sites
show constant-value lines of ¢ modeled by
the diffusion equation. Slopes of greater
height have higher denudation rates.

This indicates the dependence of the den-
udation rate on slope height, because wash
processes sometimes involve rilling or gull-
ing (Pierce and Colman, 1986). The depen-
dence of ¢ on H is inversely related to the
gradient of the regression slope (x-axis co-
efficient) of a regression line for a particu-
lar profile site. As the x—axis coefficient at
a certain site is greater, the regression line

293

transects less number of the ¢ value lines
and tends to run parallel with a particualr ¢
value line. This means lower sensitivity of
maximum angle to slope height and rela-
tively lower ¢ values at greater height of a
certain profile site,

Sites having lower are
more sensitive to the dependence of ¢ on H.
This means that their profiles have been af-
fected by wash-related slope processes after
the start of diffusive profiles processes. The
slope site RED-EW has a high x-coeffi-
cient. Sites with abnormally high x-coeffi-
cients are not good examples for compari-
son with others using the relation between
slope angle and slope height for age dating.

From the diffusion equation model, we
can estimate the age or denudation rate at a
given height, when a cerrain site has a well
controlled age for comparison. The numeri-
cal simulation model for calculating age or
denudation rate can be derved by solving
the diffusion equation for c.

Figure 8 show an example of simulation
models derved from the diffusion equation.

x-—coefficients

AGE - ANGLE SIMULATION PLOT
Given Denudation Rates (C=5.30)
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Figure 8. Angle_age simulation plot at height 7.94m with given denudation rates (from ¢=5 to ¢ =30).
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The equal-denudation—rate lines are plot-
ted for a given height 7.94m (log H—0.9).
Along all ¢—rate lines, maximum slope an-
gles decrease rapidly at first and later de-
crease very slowly. This is because the denu-
dation rate is proportional to the slope gra-
dient, as predicted by the diffusion model.
The denudation rate at each site depends on
factors such as material, location, climate,
direction and vegetation. This ¢ rate is an
apparent value, indicating an average rate
through the total age. The apparent age of
a certain site, estimated at a given height (7.
94m), can be directly plotted if one parame-
ter of the age and ¢ rate is controlled. If the
ages or ¢ rates of some sites are compared
using this model, and the differences be-
tween the compared ages is great, e.g. be-
tween 14.5 ka (Bonneville shoreline) and
120 ka (Eureka, north-facing of Lake Dia-
mond), it is difficult to explain the meaning
of comparative ¢ rates because averaged c
rates are used. However, the ¢ rates at the
120 ka site can be estimated discrete inter-
vals of age if younger reference sites of
controlled ages exist and their material con-
ditions are similar to the site of 120 ka.

The ages of some sites, which are already
approximately controlled, are used for den-
udation rates of the sites themselves and for
denudation rates of the sites themselves and
for ages or ¢ rates of other sites that are
compared in this model. As a constant slope
height in this model, 7.94m (log H=0.9) is
chosen because it is the most common
height for comparison. Since at a given
height of 7.94m, the slope angle is kinwn
from the regression equation of the maxi-
mum slope angle versus slope height, it is
easy to calculate the age, depending on the
material characteristics, or calculate the
denudation rate at the controlled age. It is
assumed that (1) the starting slope angle is
33.5°, which is generally accepted as the
angle of repose, and (2) each denudation
rate respects al factors affecting the rate,
such as slope materials, ancient and present
climates, location (latitude and altitude), as-

pect, and far—field slope.

6. Conclusion

The diffusion equation model is applica-
ble for describing the geomorphic evolution
of most kinds of slope profiles under con-
ditions imposed by three basic assump-
tions : (1) homegeneous materials, (2) clo-
sed geomorphic systems, and (3) nonca-
tastrophic, or regular (diffusive), slope pro-
cesses.

Slopes that have well-controlled ages can
be good references to the solution of
absolute age or material characteristics.
Well-known ages can be derived from epi-
sodes of drastic climatic changes or cata-
strophic floods.

Many slopes, with different aspect, mate-
rial conditions, vegetation cover, slope
heights and other factors have similar ages.
It is possible to identify the effects of a
certain factor such as vegetation, aspect, or
far—field slope, if all other factors and pa-
rameters are assumed or given under norma-
lized conditions.

The angle of repose, which is generally
accepted as the starting angle, can be esti-
mated if denudation rate and age are
known. Denudation rate is particularly sen-
sitive to starting angle on high slopes. If
two slope profiles have similar slope factors
and different slope gradients, the lower
slope has the possibility of a younger-aged
land slide or faulting origin.

In the field, slope profiling is easy,
nondestructive, and inexpensive. Solutions
for the diffusion equation model can be
easily obtained through numerical analysis
or from mathematical solution tables. The
ages of some slopes can be accurately deter-
mined by isotopic dating methods and strat-
igraphic investigations. Therefore, the accu-
racy of the diffusion equation model as an
additional geochronology tool can be tested
by comparing its results with other geo-
chronology methods.

Conclusively, the diffusion equation mo-
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del is applicable for describing slope modi-
fications after a particular geomorphic
event.

(Received October 25, 1993)
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