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Abstract

In the vibration analysis of Timoshenko beams by the finite element method, it is necessary to
use a large number of elements or higher-order elements in modeling thin beams. This is because
the overestimated stiffness matrix due to the shear locking phenomenon when lower-order
displacement-based elements are used yields poor eigensolutions. As a result, the total number of
degrees of freedom becomes critical in view of computational efficiency. In this paper, the
curvature-based formulation is applied to the vibration problem. It is shown that the curvature-

based beam elements are free of shear locking and very efficient in the vibration analysis.
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Fig. 1 Nodal curvatures and deformation of cross-
section in a straight Timsohenko beam
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Table 1 Material properties and dimensions of the models
Material property Geometry
Model | Young’s | Poisson’s | Density | Length Depth Width Area Shear
modulus ratio (in) (in) (in) moment of | correction
(psi) inertia factor
1 2 1 0.6666
1 1 0.0833
30000000 0.3 0.28 20 5/6
3 0.1 1 8.333x10°°
4 0.01 1 8.333x107®

Table 2 The first and fifth natural frequencies of model 1 as a function of the number of elements (exact
first frequency=145.033 rad/sec, fifth frequency=2768.78 rad/sec)

No. of ADINA " 2 node 3 node 4 node
elements beam element curvature-based curvature-based curvature-based

1 163.03 162.986 145.159 145.110

9 145.78 145.936 145.116 145.033

3 145.22 145.307 ©145.107 145.033
3995.00 4537.31 3196.44 2844.77

A 145.10 145.161 145.106 145.033
3374.80 3656.62 2944 .82 2788.98

5 145.05 145.107 145.095 145.033
3722.20 3722.20 2811.82 2780.04

6 145.04 145.081 145.089 145.033
2737.40 3041.24 2820.23 2773.34

7 145.03 145.067 145.082 145.033
2723.30 2975.97 2803.20 2772.00

8 145.02 145.059 145.076 145.033
2701.60 2927.58 2793.53 2771.26

9 145.02 145.053 145.033 145.033
2684.20 2893.73 2787.54 2770.00

10 145.01 145.049 145.033 145.033
2671.10 2869.51 2787.54 2769.00
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Table 3 The first and fifth natural frequencies of model 2 as a function of the number of elements (exact
first frequency=73.417 rad/sec, fifth frequency=1679.15 rad/sec)

No. of ADINA 2 node 3 node 4 node
elements beam element curvature-based curvature-based curvature-based

1 81.7300 81.7464 73.4640 73.4400

5 73.7310 81.7505 73.4280 73.4180
73.4870 73.4974 73.4240 73.4170

3 2310.80 2498.45 1833.63 1703.93
73.4430 73.4484 73.4200 73.4170

4 1957.00 2003.80 1690.43 1682.00
73.4280 73.4331 73.4200 73.4170

5 1994.50 199451 1690.43 1682.00
73.4240 73.4268 73.4200 73.4170

6 1733.80 1769.25 1693.10 1679.76
73.4210 73.4236 73.4200 73.4170

7 1714.20 1741.91 1688.90 1679.50
73.4200 73.4219 73.4200 73.4170

8 1701.20 1724.64 1686.74 1679.34
73.4190 73.4208 73.4200 73.4170

9 1692.80 1713.53 1685.47 1679.20
73.4180 73.4201 73.4200 73.4170

10 1687.20 1706.04 1684.00 1679.19
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Table 4 The first and fifth natural frequencies of model 3 as a function of the number of elements (exact
first frequency=7.3724 rad/sec, fifth frequency=184.124 rad/sec)

No. of ADINA 2 node 3 node 4 node
elements beam element curvature-based curvature-based curvature-based

) 8.18310 8.18307 7.37655 7.37400

) 7.40160 7.40159 7.37297 7.37200

7.37830 7.37843 7.37249 7.37200

3 244.880 244.989 194.800 185.330

7.37290 7.37437 7.37245 7.37200

4 207.940 2008.028 186.580 184.280

7.37180 7.37324 7.37245 7.37200

> 204.490 204.526 184.230 184.200

7.27270 7.37283 7.37200 7.37200

6 189.040 189.073 184.390 184.130

7.27120 7.37265 7.27200 7.37200

7 186.930 186.987 184.230 184.128

7.37240 7.37252 7.37200 7.37200

8 185.850 185.871 184.180 184.125

0 7.37250 7.37252 7.37200 7.37200

185.230 185.247 184.100 184.120

10 7.37250 7.37250 7.37200 7}.37200

184.870 184.878 184.000 184.120
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Table 5 The first and fifth natural frequencies of model 4 as a function of the number of elements (exact
first frequency=0.73728 rad/sec, fifth frequency=18.431 rad/sec)

No. of ADINA 2 node 3 node 4 node
elements beam element curvature-based curvature-based curvature-based
) .818150 .818320 .737690 737280
5 .740190 .740190 737310 737280

737870 737870 .737280 .737280
3 24.5030 24.5030 19.4900 18.5500
737470 737470 737280 737280
4 20.8110 20.8110 18.6740 18.4400
.737350 737350 737280 .737280
5 20.4580 20.4578 18.4420 18.4400
737310 737310 737280 737280
6 18.9210 18.9210 18.4600 18.4320
737300 737300 737280 737280
7 18.7130 18.7134 18.4400 18.4320
737290 737290 .737280 737280
8 18.6020 18.6026 18.4300 18.4310
737280 737280 737280 737280
’ 18.5410 18.5408 18.4300 18.4310
737280 737280 .737280 737280
10 18.5040 18.5045 18.4300 18.4310
Table 6 Errors in the first natural frequency
Values of % error in finite Exact
No. of element frequencies for the Timoshenko
Model nodes following number of elements theory
per elem.
1 2 3 4 6 8 (rad/sec)
2 12.37 0.62 0.18 0.08 0.03 0.01
1 3 0.11 0.05 0.05 0.05 0.04 0.03 145.03
4 0.05 0.00 0.00 0.00 0.00 0.00
2 11.34 0.45 0.10 0.04 0.01 0.00
2 3 0.06 0.01 0.00 0.00 0.00 0.00 73.42
4 0.03 0.00 0.90 0.00 0.00 0.00
2 10.99 0.39 0.08 0.02 0.00 0.00
3 3 0.06 0.01 0.00 0.00 0.00 0.00 7.37
4 0.02 0.00 0.00 0.00 0.00 0.00
2 10.99 0.39 0.08 0.02 0.00 0.00
4 3 0.05 0.00 0.00 0.00 0.00 0.00 0.74
4 0.02 0.00 0.00 0.00 0.00 0.00
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Table 7 Errors in the fifth natural frequency
Values of % error in finite Exact
No. of element frequencies for the Timoshenko
Model nodes following number of elements theory
per elem.
1 2 3 4 6 8 (rad/sec)

2 - - 63.87 32.06 9.84 5.73

1 3 - 96.14 15.44 6.35 1.85 0.89 2768.78
4 - 20.47 2.74 0.72 0.16 0.08
2 - - 43.43 19.33 5.36 2.70

2 3 - 66.184 9.19 3.10 0.83 0.45 1679.16
4 - 13.25 1.47 0.30 0.03 0.01
2 - - 33.06 12.98 2.68 0.94

3 3 - 52.73 5.79 1.33 0.14 0.03 184.12
4 - 9.03 0.65 0.08 0.00 0.00
2 - - 32.94 12.90 2.65 0.92

4 3 - 52.59 5.74 1.31 0.15 0.02 18.54
4 - 8.98 0.64 0.08 0.00 0.00
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