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ASYMPTOTICS OF A CLASS
OF ITERATED RANDOM MAPS

CHANHO LEE

1. Introduction

Let (S, p) be a metric space, ' a set of measurable maps on § into
itself, & a o-field on T' such that the map (y,z) — 7(z) is measur-
able on (I' x 5, ® B(S)) into (S,B(S)). lLet P be a probability
measure on (I, S). On some probability space (2, F,Q) define a se-
quence of 1.i.d. random maps a1, as,... with common distribution P.
For a given random variable X, independent of the sequence ap, define
Xi =X, , X =a,X,,_1 = an---a1Xo. Then X, is a Markov
process with transition probability p(z, dy) given by

(1) plz,B) =P({y € I549(z) € B}), z € S, B € B(S).

We often write X, (z) for X, in case Xy = z. Denote by P™ the joint
distribution of ay, -+ ,ay,, ie, P" =P x -.. x P on (I'*,3%7")

A Probability measure 7= on (S,B(S)) is said to be invariant for
pif 7(B) = [p(z,B)x(dz), B € B(S). We shall write p"™(x, dy)for
the n-step transition probability with p(*) = p. Then p™(x, dy) is the
distribution of a,, - - - a;z.

In this article S is a topologically complete subspace of R! i.e., the
relativized topology on S may be metrized so as to make S complete.
B(S) is the Borel o-field of S.

For T' one takes a set of measurable monotore (increasing or dereas-
ing) functions on S into itself.

Make the assumption on P:

There exists T3 and a positive integer ny such that

Q(Xn,(z) <z9 VI)>0, Q(Xno(zr)>1x9 Vz)>0.
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This defines a topology on P(5) that is stronger than the weak-star
topology.
Our main result is

THEOREM 2.1. Suppose there exists a posiiive ny and some xg € S
such that (2) holds. Then there exists a unique invariant probability ©
for p(z,dy) (and p'™(z,dy) converges exponen:ially fast to = in the d—
metric, uniformly in ).

First we state a lemma proved by Bhattacharya(1988) as follows.

LeMMa 2.2, The space P(S) is complete under the distance d de-
fined by {3).

Proof. It is known that P(S) is topologically complete under the
weak-star topology [Parthasarthy (1967),p.26], which is weaker than
its topology under d. Hence if p,, is a sequence i P(S) such that
d{ft, o) = 0 as n,m — oo, then there exists g € P(S) such that
un converges weak-star to g. Fix a continuous monotone nondecreas-
ing v on S into S and write F,, and F for the cumulative distribu-
tion functions of p, 0 v7! and jr o 7!, respeciively. Then Fy(x) con-
verges to F(r) at all points of continuity of F. On the other haud,
sup{|Fn(z) - Fu(2)] : 2 € RY} < d(pp, ptm)- Hence F,, converges uni-
formly to a function that is necessarily right continuous. This implies
that this limit function is F and that F,(z) converges to Fiz) uniform
for all . This being true for every continuous nondecreasing v, p,{A4)
converges to p(A) for every A € A But p,, converges uniformly on A.
Hernce d(pin, 1) — 0.

We notice that the lemma still works for the case of continuous mono-
tone (increasing or decreasing) maps.

Proof of the theorem 2.1. First of all y7' A4 ¢ A Vy € I, outside a
sct of zero P-probability, and thus, by (3),

dipory voy™)y = sup |y A) — vy A)| < d(p, v,
ACA

1e., g — povy 1is a contraction. Define the (adjoint) operator T*
acting on P(S) by

(T*u)(B) = /p(l‘,B)[L((ll‘),
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Therefore, for 4 € A; U Ay,

(5)
T u(A) — T*"u(A)|

S/ 1((Fng - Y0) T A) = (Yng - - 11) TA)P™(dyy - dyn, )
"o

S (Yo - 1) T A) = v((Fng o y1) T AN Py - - diyn,)
r

+/ l((Yno - 71) 7 A)
Fro\T,
- 1/((‘71:,0 T 71)_)A)|Pn0(d’)l e (i’)/no)

=/ (Vg - y1)~hA)
o\,

~ U(Yno - 11) AN P (dyy - - - dyny)
S(1—=P™(Ly)) - d(p,v).

For A € A; U A, similarly,

(6)
IT*"0 1(A) — T*™ou(A)|

< / ((Yno - - 71) T A) = (Ymg - 71 P AN P™ (dyy - - - dryny)
o

< (1= PP(Ty))d(s, ).
Combining (5), (6) one gets
(1) ("™, T"™y) < max{1 - Pr(Ty), 1-- P™(Ty)} - d(p.v).
(4) and (7) together imply
AT u, T*"v) < 80/meld(pu,v), W =12,
where [n/ng] is the integer part of n/ng, and
§ = max{l — P"(T,), 1 — P™(Ty)}.

183



Asymptotics of a class of iterated random maps

References

1. P. Billingsley, Convergence of Probability Measure:, Wiley, New York, (1968).

2. P. Billingsley, Probabilily and Measure, Wiley, New York, (1979).

3. R. N. Bhattacharya, and O. Lee, Asymptotics of a class of Markov processes
which are not in general irreducible. Ann. Prob., 16,(1988) 1333-1347.

4. K. L. Chung, Lectures from Markov processes to Brownian motion, Springer-Ve
rtag, New York, (1982).

5. Chanho Lee, Iterated Random Maps and Nonlinear Autoregressive Time Series
Models, Ph.D). Dissertation, Indiana Univ., (1991).

6. K. R. Parthasarathy, Probabilily Measures on Meiric Spaces, Academic, New
York, (1967).

DEPARTMENT OF MATHEMATICS, HAN NAM UNIVERSITY, TAEJON 300-791, KoREA

185



