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ON UNIFORMLY ULTRASEPARATING
FAMILY OF FUNCTION ALGEBRAS

SuNwooK HWANG

1. Introduction

Let X be a compact Hausdorff space, and let C(X) (resp. Cr(X))
be the complex (resp. real) Banach algebra of all continuous complex-
valued (resp. real-valued) functions on X with the pointwise operations
and the supremum norm || ||x. A Banach function algebra on X is a
Banach algebra lying in C(X) which separates the points of X and
contains the constants. A Banach function algebra on X equipped
with the supremum norm is called a uniform algebra on X, that is, a
uniformly closed subalgebra of C(X) which separates the points of X
and contains the constants.

Let E be a (real or complex) normed linear space with norm || ||&.
Denote by E = £2°(N, E) the space of all bourded functions from the
set N = {1,2,3,...} to E normed as follows:

Ifllz = sup{llfallz : 7 € N} < 00

for a sequence f = {fn}2, in E.

Denote by X = A(N x X) the Stone-Cech compactification of the
product space N x X. Since every sequence {f,}52, in £°(N,C(X)) can
be considered as a function from N x X to C, it has a unique continuous
extension to a function in C(X). So, we have £°(N, C(X)) = C(X).

DEFINITION 1.1 ([2]). Let E be a (real or complex) normed linear
space continuously injected in C(X ) We say that E is ultraseparating
on X if E separates the points of X.

Let A be a Banach function algebra on X. Denote by ballA the set
of all functions in A with ||f||4 < 1.
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PRroPOSITION 1.2 ([1}]). Let A be a Banach function algebra on X.
Then the following are equivalent:

(1) A is ultraseparating on X.

(2) There exist a § > 0 and an n € N such that for any pair of
non-empty disjoint closed subsets E and F of X, there exist
Ul,...,Un;V1,...,Us € ballA such that

}:(Iu-‘l—lvil)25 on E,

Z(luil —|vi}) < -6 on F.
=1

Notice that if A is ultraseparating for some § > 0 and n € N,
then A is ultraseparating for any positive integer m > n with same
6 > 0. So, we may assume that § > 1/n, and hence we can redefine
ultraseparability of a Banach function algebra as follows:

DEFINITION 1.3. A Banach function algebra A on X is said to be
n-ultraseparating on X for some n € N if for any pair of non-empty
disjoint closed subsets E and F of X, there exist u;,. .., un;v1,...,0, €

ballA such that

Y (lwil = jvi) > 1/n on E,
=1
Z(|Ux‘| —|v]) £ -1/n on F.

DEFINITION 1.4. Let ' be an index set, and let A, be an n,-
ultraseparating Banach function algebras on X, for ¥ € I'. The family
{Ay : v € T} is said to be uniformly ultraseparating if sup{n, : v €
I'} < 0.

Now, let Ay be a Banach function algebra on X, for each v € T,
and let X = | ) p({7} x Xy). Define an indexed family f = {f,}er
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of functions f, € A, by

f(r,z4) = folzy) for (1,24) € {7} x X,.

Let A be the set of all f = { fy}yer such that sup{|| fy]la, : v € [} < oo.
Then A is a Banach algebra (with the norm || f]|; = sup{||f+ll4, : 7 €
I'}) lying in C(BX) which contains the constants. Indeed, ||f|l; >
Ifllsx because ||fllsx = sup{||f+llx, : v € T}.

In this paper, we will study point separability and ultraseparability of
the algebra A vie uniform ultraseparability of the family {A., : v € T'}.

2. Main Results

LEMMA 2.1 ([3]). Let A be a real Banach function algebra on X.
Then the space of all linear combinations of |f| for f € ballA is uni-
formly dense in Cr(X).

THEOREM 2.2. Let A, be a Banach function algebra on X, for each
v € I'. Then the following are equivalent:

(1) A separates the points of BX.
(2) There exists a finite subset 'y of " such that the family {A, :
v € ' =Ty} is uniformly ultraseparating.

Proof. (2) = (1): Let I'; be a finite subset of I" such that the
family {A, : v € I' = T, } is uniformly ultraseparating. Let p and ¢ be
distinct two points of 8X. Put

= J({} xX,) and ¥ =X -V

Y€l

Then X = (Y1 UY2) = BY1 U fY2 = Y1 U BY; since 'y is a finite set.

Case 1. pand g € Y7
If p,q € {70} x X, for some 7o € [, then p = (70,2), ¢ = (70,¥) for
some distinct z,y € X,,. Since A., separates the points of X, there
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exists g € A, such that 9(z) # g(y). Choose any f={fr}rered
such that f,, =g. Then f|(,}xx,, = fy,, and

F(p) = frol®) # fro(y) = f(g)-

Next, suppose that p = (70,%+,) € {70} X X1, ¢ = (71,2Z+,) € {1} ¥
X, for some distinct v,v1 € I'g. Define for v € T,

0 if T = 7o,
f~/= .
1 i v+# 7.

Then f = {f,}yer € 4, and
f(p) = f‘YD(‘T'YD) =0 ?é 1= f‘n("z‘n) = f(Q)
Case 2. p € Y1,9 € fY; (or p € BY2,q € Y1):

Assume that p € Y1,¢ € BY;. Then p = (v, zo) for some 7o € I'y and
zo € X4,. Define

0 if vy €T —Ty,
f.’__{l if ye€T,

and let f = {fy}yer. Then f € 4, f|sy, = 0, and
f(P) = fro(z0) =14 0 = f(g).

Case 3. p,q € fY3: )
It suffices to show that A|gy, separates the points of 8Y;. Indeed, if
then, we can choose § = {gy}yer-r, € Algy, such that §(p) # §(q).

Define _
g~ if 'YEF"'PU’
f'y: :
0 if ~ely,

and let f = {fy}~er. Then f € 4 and flav, = §. Hence, we have

flp) = d(p) # 4(q) = f(q)-
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Now, to prove that /ilgy, separates the points of fY3, let p and q be
distinct two points of 8Yz2, and let U and V' be neighborhoods of p and
q, respectively in 8Y2 having disjoint closures. Put

U =((1] x X)n0, V'={1IxX)NV

fory € I'~Ty. (Here, S is the closure of S in 8Y¥3.) Then U” and V7 are
disjoint closed sets in {7} x X, which is homeomorphic to X, for each
vy € I' = Ty. Since {Ay : vy € T —T'¢} is uniformly ultraseparating,

we can choose n € N such that for each v € T' — Iy, there exist

uf,...,ul;v],...,v] € ballA, such that

n

> (]l =l]) > 1/n on U7,

1=1

D (W] -I)<-1/n on V7.
1=1

Put 4; = {u]}yer-r,,vi = {v] }yer-r, fori = 1,...,n. Then 4;,v; €
ball(A|gy,) for : =1,...,n, and

S (&l - [5h) 2 1/n on T,
(%) =1
Z(W-‘l—lﬁil)s—l/n cn V

=1

because X NU and X NV are dense in U and V, respectively.
Now, if f(p) = f(g¢) for all f € Algy,, then (%) is impossible. There-
fore, A|gy, separates the points of 5Y;.

(1) = (2): Suppose that A separates the points of X, and
suppose that there is no finite subset of Ty of I''such that {4, : v €
I' — T'¢} is uniformly ultraseparating. For each n € N, put

I'hn ={y€TI: A, is not n-ultrasecparating}.
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Then I', must be an infinite set foreach n € N,and T'; D T2 O ....
Take v1,72,+- € T distinct so that 4, € I'y. Then for each n € N,
we can choose disjoint closed sets E, and F, in X, such that for any
fiy.-oy fnig1,-..,9n € ball4,, either

Z(If-‘l—ly-'l)<1/n on E,

Z(Ifil —|gi]) > =1/n on F,.

=1

Let E=p.;({7n} x En) and F = |Jo2,({n} x Fy). (Here, S is the
closure of § in fX.) Then E and F are disjoint closed sets in 3X.
Let % be a real-valued continuous function from BX onto [-1,1] such
that 7z| e = 1,h|F = —1. Since A separates the point of SX, so does
ReA. Hence by the above Lemma 2.1, there are a positive integer N
and 4; = {u]}er, ¥ = {v]}yer € A such that

N
[ > (il = [6il) - E] <1/2 on BX.
=1
So, for any n € N, we have

N
S (| - o) - 1' <1/2 on En
=1

N
IZ(Iu?"I — o)+ 1' <1/2 on F,.

i=1
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Take ¢ = maxi<icn{||4il], ||5i||}. Then for n € N with 1/2¢ > 1/n, we
have

N
Y U= lg7"l) 2 1/n on E.

=1

and

N
Y U™ =g € =1/n o F,

i=1

where f = (1/c)u] and ¢] = (1/c)v] for v € T. But this is impossi-
ble. O

THEOREM 2.3. Let A, be a Banach function algebra on X, for each
v € I'. Then the following are equivalent:

(1) The family {A, : v € T'} is uniformly ultraseparating.
(2) A is an ultraseparating Banach function algebra on 8 X.
Proof. (1) == (2): Suppose that {4, : v € I'} is uniformly
ultraseparating. Then there exists n € N such that each A, is n-

ultraseparating on X,. Let E and F be disjoint closed subsets of 8X
with non-empty interior, and put

E'=({y} xX,)NE, F'=({7}xX,)NF

for each v € I'. Then E” and F7” are non-empty disjoint closed sets
in {7} x Xy for each v € T. So, for each ¥ € I", we can choose
uly.. . ul;vf, .. 0] € ballA., such that

> (W=l =1/n on E,
=1

Z(W?I -/ <-1/n on F.
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Take t; = {u]}yer, % = {v]}yer for i = 1,...,n. Then u;,9; € balld
fori=1,...,n, and

> (il —|5l) = 1/n on E,
=1

D (il ) S =1/n on F.

Therefore, A is n-ultraseparating on SX.

(2) == (1): Suppose 4 is n-ultraseparating on X, and fix v, € I'y.
We will show that 4, = fil{-yo}x X,, is n-ultraseparating on X.,.

Let E and F be disjoint closed subsets of X.,. Then {7y} x E and
{~0} x F are disjoint closed setsin BX. So,there exist u7,...,un;01,...,Up €
ballA such that

Z(I'Jﬂl —5il)21/n on {yw}xE,

Y (il = l5l) < ~1/n on {0} x F.

=]

Denote 4; = {u]}yer, Ui = {v]}qer for u],v] € A,, vy € T, i =
1,...,n. Then u]° and v]° € ball4,, fort =1,...,n, and

> (u|-v*))21/n on E,

=1
Y (|- )< -1/n on F.
=1

Thus, A-, is n-ultraseparating on X.,, and therefore {4, : v € I'} is
uniformly ultraseparating. O

Let B be a Banach function algebra on a compact Hausdorff space
Y. In the notations of the above theorem, take I' = N, Ay = B, and
Xy =Y for every v € . Then X = |, n({n} x Xa) = NxY, s0
BX =B(N xY)=Y and 4 = £°(N, B) = B. Thus, we have
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COROLLARY 2.4 ([1]). Let B be a Banach function algebra on a
compact Hausdorff space Y. Then the following are equivalent:

(1) B is ultraseparating on Y.
(2) B is ultraseparating on Y.

EXAMPLE 2.5. Let X = [0, 1]. For each n € N, define

[£lln = I fllx +nlf(0)] for fe C(X),

where || || x is the supremum norm. Then C(X) equipped with the norm
|| l» is a Banach function algebra on X, which we denote by A, for
n € N. Since |[fl[x < ||flla < (n+1)||f|lx for f € C(X) and since the
uniform algebra C(X) is 1-ultraseparating, A, :s (n+1)-ultraseparating
for each n € N.

Let A be the Banach algebra so defined as in Definition 1.4, and
let C(X) = £2°(N,C(X)) with the uniform norm on X = (N x X).

Then, we have

f= {fa}2,€A if fe C’(f() and su§n|f,,(0)| < 0.
ne

Hence A is a proper subalgebra of C(X), and therefore by Theorem 2.3
the family {4, : n € N} is not uniformly ultraseparating. Actually, we
can show this fact directly as follows:

Let k be any positive integer less than v/n + 1. Then [fO)} <1/(n+
1) for f € ballA,,. Take E = {0}, F = {1}. If fiyoo o ey 91,..., 95 €
ballA,,, then we have

: : ko VvRFl 1 1
2 (AOI~ls) < P ULOI < 25 < = o= <

=1 i=1

Thus, A, is not k-ultraseparating, and therefore A4, is kn-ultraseparating
for a positive integer k, > +/n + 1 for each n € N. This implies that the

family {An : n € N} is not uniformly ultraseparating because k, — oo

as n — Q.
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REMARK. Let Ay = C(X,) with the uniform norm on X, for each
4 €T. Then Aisan ultraseparating uniform algebra on SX by Theorem
2.3 and by the fact that ”f||A = ||f||,gx for f € A. Since each A, is
self-adjoint, so is A, and therefore A = C(BX) by the Stone-Weierstrass
Theorem.

But this is not true if A, = C(X,) is equipped with any other norm
than the supremum norm as in the above example.
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