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BITOPOLOGICAL [a껴-COMP ACTNESS 

G. Balasubramanian 

1. Introduction 

The th∞ry of [a , b]-compactness in topological spaces dates back to 
the work of P. Alexandrov and P. Urysohn in the 1920’s. Since then 
many mathematicians have contributed to the theory and to generaliza
t ions of it . Despite the large amount of work which has been done on 
[a , b]-compactness, it is still an active ar‘않 today. T메he i rr때r 

cept“s 0이f compac야tnE‘essι’ COIωu비삐1n따1“ta때b비le co이m깨pactne않ss and the Lindelof property 
in topological spaces are all special cases of [a , b]-compactness and this is 
one reason for studying the general property. The purpose of this paper 
is to introduce the concept of [a , b]-compactness for bitopological spaces. 

2. Pre limina ries 

Let the letters a, b, m and n denote infinite cardinal numbers with a :::; b 
and [a , b] stand for the set of all card inal m such that a :::; m :::; b. Let IEI 
denote cardinalnumber of a set E and m+ denote the first cardinal strictly 
larger t han m. A space X is called [a , b]-compactr if every open cover U of 
X such that I씨 is a regular cardinal in [a , b] has a subcover U1 C U with 
IU1

1 < IUI. This concept was introduced in [1] and the superscript ‘T ’ IS a 
reminder of the “ rest따tion of regularity" in definition [5]. A space X is 
called [a , b]-compact if every open covcr U of X with IUI :::; b has a subcover 
of cardinality st rictly less than a. Further X is said to be [a , ∞]-compact 
if it is [a , b]-∞mpact for all b 즈 a. This idea was introduced in 1950 by 
YU. Srnirnov [8]. Essentially the samc property was studied independently 
in 1957 by 1.S. Gaal [4]. The work of Gaal mentioned in this paper has 
been reworded to coincide with the tcrminology of P. Alexandrov and P 
Urysohn [1]. 
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In section 3 the concept of [a , bJ-compactness for bitopological spaces 
is introduced and its properties investigated. In section 4 we give some 
characterizations of such spaces 

3. Concept of [a , b]-compactness in bitopological spaces 

Based on the three formulatio따 of [a., bJ-compactness for topological 
spaces found in [5J , we define the corresponding formula tions for bitopo 
logical spaces as follows: 

(A) A bitopo\ogical space (X, T1 , T2 ) is said to be [a , bJ-pairwise com
pact if every pairwise open cover U of X with IUI ~ b has a subcover V 
such that IVI < a. 

(B) A bitopo\ogical space (X , T1, η) is said to be [a , bJ-pairwise compactr 

if every open cover U of X whosc cardinal ity I씨 = m IS a reg비ar cardinal 
number in [a , bJ has a subcover of cardinality < m. 

(C) A bitopological space (X ,T1,T2 ) is said to be (m ,n)-pairwise com
pact if from every pairwise open cover U of X , whose cardinality is at 
most n , one can select a subcover V of X whose cardinality is at most m. 

Rema1‘ks. 1. Observe that [No, ∞J-pair‘，vise compact is the same as pair
wise compact [3J , [No, NoJ-pairwise compact is the same as pairwise count
ably compact [7J and [N , ∞J-pairwise compact is the same as pairwise 
Linde\of [6J property. 

2. Every (m , n)-pairwise ∞mpact space is [m+ , nJ-pairwise compact 
3. It follows easily that [a , bJ-pairwise compactness implies [a , bJ-pairwise 

compactnessr
. The converse is not true. For examp\e \et X be a set whose 

cardina\ity is singular, 1) be the discrete topology on X , T , any topology 
on X such that T c 1). Then (X, 1), T) is pairwise [a , ∞J-compacer but 
not pairwise [a , ∞J-compact. 

4. Let R be the set of all real numbers, n = {0, R, (a , ∞)Ia E R} 
C={0 ， R，(-∞， a)la E R} . Then (R, n ,C) is pairwise [No，∞J-∞mpact. 
However, both (R,C) and (R , π) are not [No, ∞J-compact. This example 
shows that pairwise [a , bJ-compactness of (X, TJ, 자) need not imp\y [a , bJ
compactness of (X , TIl and (X， 자). 

4. Simple properties of [a , b]-pairwise cor째act spaces 
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(a) Finite union of [a, b]-pairwise compact subsets are [a, b]-pairwise 
compact 

(b) If Y is a Tt or T2 closed subset of [a , b]-pairwise compact space 
(X, 자 ， T2 ) ， then Y is an [a , b]-pairwise compact subspace of X . 
Proof Let U a pairwise open covering of Y such that IUI ::; b. Adjoining 
0 0 = X \Y we obtain a pairwise open covering of X with cardinality at 
most b. By hypothesis there is a subcover say V of U U {Oo} such that 
IVI < a. Discarding 0 0 we obtain a subcove’r of U , whose cardinality is 
strictly less than a 

(c) If every Tt and T2 open subset of (X, Tt , T2 ) is [a , b]-pairwise com
pact subspace, then X is hereditariJy [a , b]-pariwise compact. 
Proof Let Y be arbitrary subset of X and U be a pairwise open cover of 
Y such that IUI ::; b. Then U is a pairwise open cover of the set UOEuO. 
Write UOEuO = (UOεU ，OET， 0) U (UOEU ，OEηo = v U W (say). If V = 0(or 
W = 0) then UOEuO is Tropen (T1-open) and so by hypothesis there is a 
subf，빼Jy V of U covering UOEUO sllch that IV I < a. This s배familyalso 
covers the set Y and so Y is [a , b]-pail‘ wise compact. If neither V nor W is 
empty, then V and W are both [a , b]-pairwise ∞mpact by hypothesis and 
so V U W is [a , b]-pairwise compact and now the conclusion follows easily. 

(d) Let (X, Tlo 좌) be a bitopoJogical space and {κhEK be a family of 
Sll bsets of X. If each κ is [a , b]-pairwise compact for some a > 1[(1, then 
UkEKκ is [a , b]-pairwise compact. 

t (e) If X = TI.,Er X ., is [a , b]-pairwise compact, then every SI뼈pro여duc야 

X([() = TIk야EKX.，아.암s [μa ’ b이]-pa히l l'\i、w씨"1잉se c∞ompac야t. S히1mπm찌l 
Iμa’씨b이]-p야alfW베Ise corr매a야c야t ，’ t마he야n eve밍r‘y s뼈product X([() is hereditarily [a , b]
pa1rw1se ∞mpact. 

(f) The product of [~O ， ∞] -pairwise compact space X and an [a , ∞]
pairwise compact space Y is [a , ∞]- pail 、vise compact. 

5. Characterization of [a , ú]-pairwise compactness 

The following Theorem gives some characterizations [a, b]-pairwise com
pact spaces: 

Theorem. For a bitopological space (X , T 1, T2 ) , the following are equiva
lent. 

(a) (X , T. , T2 ) is [a , b]-pairwise compact. 
(b) For each non-empty subset V ;71 T 1, the topology T2(V) is [a ,b]

compact and for each non-empty set \1 i71 T2, the topology T 1(V) is [a ,b]
compact. 
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(c) Each T1-closed proper subset of X is [a , b]-compact ψ.r. t. T2 and 
each T2 -closed proper subset of X is [a , b]-compact ψ.r.t. T1. 

Proof (a) =} (b). Let V be any non-empty T1 open 5et and let U be a 
T2(V)-open cover of X 5uch that I씨 ~ b. 80 U = {V U U"la E r} where 
U" E 강 for each a E r. Then U1 = {V} U {U"la E r} i5 a pairwise open 
cover of X such that IU11 ~ b and so by hypothesis it has a subcover say 
V = {V} U {U"la E r ’}, r' c r and IVI < a we add {V} to the subcover 
if necessary. Then V1 = {V U U"la E r 1} is the desired subcover of U 
for X , 50 that 강(V) is [a , b]-compact similarly T1(V) is [a , b]-compact for 
each non-empty set V in T2 

(b) =} (c). Let J( be any proper 진-closed subset of X , so that V = 
X - J( is a non-empty T1-open set . Let {U" la E r} = U be a T2-open 
cover of J( such that IUI ~ b. Then U1 = {V U U"la E r} is a T2(V)-open 
cover of X with IU11 ~ b and so we have, X = V U {U"Er’U,,}. r' c r and 
Ir'l < a. Then J( c U"Er' U". 80 that J( is T2-[a, b]-compact. 8imilary, 
each T2-closed proper subset of X is [a , b]-compact W.r. t. T1. 

(c) =} (a) Let U be a pair씨se open cover of X with IUI ~ b. Let 
the T1-open sets in U be {UpIß E r} and let the T2 open sets in U be 
{V"la E ^}. Two cases arise 

Case (i) X = U"E^ V". Choose a ßo E r such that Ußo 츄 0. Then 
{V"la E ^} is a T2-open cover of the T1-closed proper subset X - Ußo. 
80 there is a subcover V = {V" la E ^' C 시 such that I ̂ ' I < a, and 
X - Ußo C U"E^, V". Then {Ußo , V,,} = U' is a subcover of U for X with 
IU’1< a. 

Case (ii) U"Er V" f. X. Then J( = X - U"E^ V" is a proper T1-closed 
subset of X and J( C UpErU，β Hence there is a subcover {Up}PErτr such 
that lf'l < a and J( C UβEr' Up ， If UPE r' Up = X , there is nothing more to 
prove. If UpEr'Up ￥ X , then X - UpEr’Up is a proper T1-closed subset of 
X contained in U"E^ V". By hypothesis there is a subcover V = {V"}"E^" 
I^’ I < a with X - (UpEr'Up) C UaEλ， V" ‘ Then {lf，β} PEr' U {V,,} "E^, is the 
required subcover of U (since a is infinite) 

Note. The above theorem is a generalization of a result proved in [2]. 

References 

[1] Alexandrov, P and Urysohn , P. , Memoire sur les espaces topologiques compacts, 
Verh . Kon. Akad . Van Weten. Te Amsterd.m 14(1929), pp 1-96 



Bitopological [a , 이-compactness 261 

[2] Cooke and Reily, I .L., On Bitopological Compactness, J . 1ρndon . Matb. 50c. (2) 
9 (1975) pp 518-522. 

[3] Fletcber, Hoyle and Patty, C.W, The comparison oftopologies, Duke, Matb. Jour
nal 36(1969) pp 325-331 

[4] Gaal, 1.5 , On a generolized notion of compactness J-II, Proc. Nederl. Akad. Weten 
S야160(1957) pp 421-435 

[5] Hodel, R.L. and Vaughan , J .E. , A note on [a , b]Jcompactness, General topology 
and appl. 4(1974) , pp 179- 189 

[6] Reily, 1.L. , Pairwise Lindelof bitopological spaces, Kyungpook. Math. J. 13(1973) 
pp 1-4 

[7] 5ingal, M‘K. and 5ingal, A.R., Some moπ separation axioms on bitopological 
spaces, Anna de. la 80C. 80C. 5cde. Brux 81( 1970) pp 207-230. 

[8] Smirnov, Yu. M , On topological spaces, compact in a 9iven interval 01 powers, 
Akad. Nauk 555R 1zvest. 5er. Mat. 14(1950) pp 155-178 

DEPARTMENT OF MATHEMATICS , MADRAS UNIVERSITY P.G. EXTENSION CENTRE , 
G.C. E. CAMPUS , 5ALEM-636 01 1. TAMIL NADU , INDIA 


