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80ME COMMUTATIVITY THEOREM8 ON 
CERTAIN RING8 

R. D. Giri and R. R. Rakhunde 

We prove (1) a sem매nr야 ring R salisfying the condition [xy z , [때 ， yxJJ = 
0, is commutative provided CharR ￥ 2 and also (2) a non-associative 2-
torsion free ring with unity 1 satisfying the condition [X 2y2 - Xν ， xJ = 0 or 
[X2y2 - Xν ， yJ = 0, is commutative 

Introduction 

lnitially Gupta [3J proved that divi sion ring D which sat isnes the poly­
nomial identity xy2x = yx2y for all x , y E D must be commutative. This 
was generalized by Awtar [2] as “A semi-prime ring R sat isfyi ng the con­
dition xy2x - yx2y E Z( R ) is commutative." AI -Moj il generalized this 
t heorem by showing that a 2-torsion free scmi-prime ring in which xy 
commutcs with xy2x - yx2y for all x , y E R , is commutat ive. 

We generali ze th is result as “ In a 2-tors ion free semi-prime ring, if xyz 
commutes with xy2x - yx2y for a ll x , y , z ε R , then R is commutative 

A result proved by Ashraf and Quadri [5J is that a semi-prime ring 
sat isfying the condition (xy)2 -xy E Z(R) is commutative. We generalize 
this result by showing that a non-associative ring satisfying e ithe r of the 
conditions [X 2y2 - Xν ， xJ 0 and [X 2y2 - xy , y] = 0, is commutative 
provided C har R ￥ 2. 

Lemma 1.1. Posner [6, Theorem 1] : Let R be a 2-torsion fre e (namelν 
C har R # 2) prime-ring and d" d2 derivations of R such lhal the ilerate 
d1, d2 is also a derivation. Then one al least of d1, d2 is zero ‘ 

Lemma 1.2 . Herst ein μ， TheoremJ: Let R be a ring having no non-zero 
nil ideals in which for every x , y E R there exisls inleger m = m(x , y) 즈 1 , 
n = n(x ,y) 즈 1 such that [x"‘ ,y’• = O. Then R is commulative 
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Theorem 1.3. Let R be a 2-tol'sion f1't~e semi-prime ring such that 
[xyz , μy ， yx lJ = 0 for all x , y in R. Then R is commutative. 

Proof By hypothesis, 

(xlx - yx2y)xyz = xyz(xy2x - yx2y) (1) 

Replacing x by x + y in (1), we obtain 

(xy2x _ yx2y)(xyz + y2Z) + [y2(yx - xy) + (xy - YX)y2](Xνz + y2Z) 

= (xyz + y2Z)(xy2x - yx2y) + (xyz + y2Z) (2) 

[y2(yx - xy) + (xy - YX)y2J 

Again replace x by x + y in (2) to yield 

[xy 2x _ yx2y + y2(yx - xy) + (xy - YX)y2][xyz + y2z + y2ZJ 

+[y2(yx - xy) + (xy - YX)y2][xyz + y2z + y2zJ (3) 
= (xyz + y2z + y2Z)[xy2x _ yx2y + y2(yx - Xν) + (xy - YX)y2J 

+(xyz + y2z + y2z)[y2(yx - xy) + (xν - yx)에 

Using (2) in (3) , we obtain 

[xy 2x - νx2y + y2(νx - xy) + (xy - yx)y2Jy2z 

+[y2(yx - xy) + (젝/- YX)y2][xyz + y2z + y2ZJ (4) 
= y2z[xy2x _ yx2y + y2(yx - Xν) + (xy - YX)y2J 

+[xyz + y2z + y2Z][y2(yx - xy) + (xy - YX)y2J 

Again replacement of x by x + y in (4) yields 

[xy2x - yx2y + y2(yx - xy) + (xy - yx)에y2z 

+[피(yx - xy) + (xy - yx)y2Jy2z 

+[y2(yx - Xν) + (xy - YX)y2][xyz + y2z + y2z + y2zJ 

= y2Z[xy2x - yx2y + y2(yx - xy) + (xy - YX)y2J 

+[xyz + ν2Z + y2z + y2Z][y2(yx - xy) + (xy - YX)y2J 

Simplifying and using (4) , we obtain 

2[y2(yx - xy) + (xy - yx)y2Jν2Z = 2y2z[y2(yx - xy) + (xy - YX)y2J 

But since R is 2-torsion free, so we obtain 

[y2(yx - xy) + (xy - YX)y2Jy2z = y2Z[y2(yx - xy) + (xy - yx)y2J. 
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l.e. 

[(xy - yx)y2 - y2(xy - YX)]y2z = y2Z[(XY - yx)y2 - y2(xy - yx)] (5) 

Replacing z by z + y in (5) and using (5) we obtain 

[(xy - YX)y2 - y2(xy - YX)]y3 z = 헤(xν - yx)y2 - y2(xy - yx)] 

l.e. 
[[[x , y ], y2 ], y3] = 0 (6) 

Let Ir denote the inner derivation with respect to r i.e. Ir : X • [r , x] , 
then (6) becomes Iy3I.dy(x) = O. Using lemma 1.1 which is applicable 
in prime rings we have either Iy3Iy' = 0 or Iy O. If Iy3ι， = 0 then 
I꾀，( x) = 0 for x , y E R. Then again by lemma 1.1. Either 1에 = 0 
or 1., = 0 i.e. y3 E Z(R) or y2 E Z(R) . Then in both the cases we 
have either [y3 , x] = 0 or [y2 , x ] = 0 which by lemma 2.2 yields that R is 
commutative. Now consider the case ι = 0 which implies Iy(x) = 0 or 
xy - yx = 0 i.e. xy = yε 

Thus in al1 the cases R is commutative. Since R is isomorphic to 
subdirect sum of prime ring Ra each of which as homomorphic image of 
R satisfies the hypothesis imposed on R so theorem holds for semi-prime 
rings also. 

Theorem 1.4. A non-associalive ,.ing wilh unily 1 salisfying eilher of 
lhe condilions: 

(a) [x상2- xy ， X]=O (b) [X2y2 - xy ,y] = 0 

is commulalive provided it is 2-t07.si01l f7‘ee. 

Proof By hypothesis (a) we have 

(X2y2 _ xy)x = X(X 2y2 - xy) 

Replacing y by y + 1 in (7) and using it , we obtain 

2x( x2y) = 2( x 2y)x 

Since R is 2-torsion free hence 

X(X2y) = (x2y)ε 

(7) 

(8) 
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Now rep!acing x by x + 1 in (8) and using it we yie!d 

2x(xy) + x y = 2(xy)x + yx (9) 

Again rep!acing x by x + 1 and using (9) we obtain 

2xy = 2yx 

i.e. 2(xy - yx) = O. But R is 2-tors ion free. 
$0 we have xν = yx. Thus R is commutative. Hypothesis (b) gives us 

(X2y2 _ xy)ν = Y(X2y2 _ xy) (10) 

Rep!acing x by x + 1 in (10) and using (10) we obtain 

2(xy2)y = 2y(xy2) 

But R is 2-torsion free, hence 

(xy2)y = y(xy2) 

Now rep!ace y by y + 1 in (11) and use (11 ) to obtain 

2(xy)ν + xy = 2y(xy) + yx 씨
 

( 

Again rep!acing y by y+1 in (! 2) and us ing (12) weobtain 2(xy-yx) = 0, 
since R is 2-torsion free, this yie!ds xy = yx. Thus R is commutat ive. 

Example. The rir때r 

I I 0 0 I I , _ ~._， 1 
2= ‘ I ~ b Ila, b E GF(2) ~ respective!y exhibit that po!ynomial iden-

tities [X2y2 - xy , xJ = 0 and [X2y2 - 끽" yJ = 0 are satisfìed though these 
rings are non commutative, without identity. This shows that in hypoth­
esis of theorem 1.4 existence of identity and C har R ￥ 2, are essentia! 
conditions. 
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