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ON A COMMUTATIVITY THEOREM OF 
QUADRI FOR SEMI-SIMPLE RINGS 

R. D. Giri and Ashok R. Dhoble 

In this paper we prove that a semi-simple ring R in which for any x , y 
in R , there exist positive integers m = m(x, y) and n = n(x, ν) such that 
[.7:, [싼 , (xy)n + (y.7: t]] = 0, then R is commutative 

1. Tn a paper [3], M.A. Quadri ancl M.A. Khan provecl as follows: Suppose 
in a semi-simple ring R , for a pair of elements x , y in R, there exist positive 
integers m = m(x ,y) ancl n = n(x ,y) such that [xm ， (xν)’‘] = [(yxt ,x m], 
thcn R is commutative. We generalize this resu lt by taking hypothesis 
[x"‘ , (xν)nJ - [(yx)", xmJ E Z(R). 1n fact we prove the more general version 
of this fact. 

T h eorem. Let R be a semi-simple ring, in which J07' any x , y in R 
Ihe 1"t~ exisl positive integers m m(x , y) and n n(x, y) such lhat 
[x , [xm , (xy)n + (yx)n]] = 0, lhen R is commulalive. 

In all that fo lIows R wilI be an associative ring . Z(R) clenotes the 
center of R ancl for any pair a, b in R, [a , bJ = ab - ba 

2. To prove the above theorem we establish the fol
lowing lemmas. 

Lemm a 2 .1. IJ[a, [a , b]] = 0 J07' all a, b E R lhen 2[a , bJ2 = [a , [a ,&2JJ. 

Proof It is straigh forward to check. 

Lemm a 2 .2 . Lel R be a pηme nng !n ψhich Jor any x , y in R lhere 
exist positive intege7's f = f(x ,y) , m = m(x,y) and n = n(x ,y) such lhal 
[삼 ， [xm ， y개 
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Proof Let a be a non zero element of R with a2 = O. In the hypothesis, 
putting ax for x and xa for y and using a2 = 0, we obtain 

(ax)m+l(xat = 0 
n ” ( 

Again putting xa + x for x and using a2 = 0, we get 

(axa + ax)m+l(xat =:' O. 

Simplifying the above equation and using a2 = 0, we get 

{(ax)m+la + (ax)m+l }(xat = 0 

Using (1), we get (ax)m+la(xa)n = 0 which further yields 

(ax )m+l+n+1 = 0 for all x E R (2) 

This implies aR = O. Because if aR ￥ 0, then the equation (2) asserts 
that aR is a non zero nil right ideal, satisfying the identity (b)m+l+n+l = 0 
for all b E aR. But by Herstein ’s lemma [1 , Lemma 1.1J, R has a non zero 
nilpotent ideal which is a contradiction. Hence aR = 0 i.e. aRa = (0). 
This forces that a = 0 as R is prime. 

Lemma 2.3. For e1ements a, b, c of a ring R 
(1) IJ[a, 이 = 0 then [a, [b, cJJ = [b, [a , cJJ 
(2) IJ[a, bJ = 0 and [a , [b ， 이 J = 0 then [am, bn, cJJ = 0 for all positive 

integers m and n. 

Proof (1) is straightforward ‘ (2) From (1) it follows that 0 = [am, [b, cJJ 
= [b, [a"‘, cJJ whence 0 = W, [am, cJJ = [am, W, cJJ 

Lemma 2 .4 . Let R be a prime ring satisfying hypothesis of lemma 2.2, 
then R is commutative 

Proof Without loss of generality, we may assume by Lemma 2.3 (2) that 
e = m . Then by hypothes is 

[x"‘, [xm ,yn JJ = 0 ‘ 

If CharR ￥ 2, putting y2 for y in (3) , we get 

[xm , [x"‘, y2께 =0 

(3) 

(4) 

Choosea = x"‘, b = yn in lemma 2.1 so that hypothesis becomes [xm , [xm , ynJJ = 
O. Therefore we conclude that 

2[xm , ynJ2 = [xm , [xm , y꺼} (5) 



On a commutativity theorem of quadri 231 

R.H.S. of (5)= L.H.S. of (4) = O. Hence L.H.S. of (5) = 2[xm , yn]2 = 0, 
since CharR f. 2 we have [xm ,yn]2 = O. This further yields by lemma 
2.2, that [xm ， ψ‘] = O. Now applying Herstei다 theorem [2] , we get R is 
commutative. 

If C har R = 2, on simplifying (3) , we obtain [x2m , ν n] = 0‘ This again 
by Herste i따 theorem [2, Theorem 1] gives that R is commutative. 

Lemma 2.5. Let R be a division ηng， ;T' which for given x , y in R , 
there exist positive integers m = m(x ,y) and n n(x,y) such that 
[x , [xm , (xyt + (yxt]] = 0, then R is commu띠iμta띠tiv 

p,’1"00f Let x f. O. Then b야yh띠l덴ypo띠삐t“마he않s인I엽s there exist pos잉itive in따lteg양ers m = 
m(x ,x - Iy) and n = n(x ,x-Iy) such that [x , [xm ,(x ,x- Iy) n+(x- Iy x)nll = 
O. This implies that [x , [xm , y’‘ + x-Iynxll = O. i.e. 

+l~.n _~.n~m _m-l A .n _2 I _-1 _.n_m +2 _ " 
ν - xy"x"" - x"'- 'y"x. + x-'y"x"'" = U 

Multiplying by x on the left, we obtain 

xm+2y’, _ x2ynxm _ xmyn.'C 2 + y’‘xm+2 = 0 

Which on simplification yields 

[x2, [xm ,ynll = 0 

Since every division ring is prime, so by lemma 2 .4 we have that R is 
commutative 

Proof of Theorem , First , we claim that theorem is true for primitive 
rings. If R is division ring (which in pa야icular is primitive also) sati s
fying [x , [x’n ， (xyt+(νx tll = 0, then by Lemma 2.5 R is commutative 
Suppose R is primitive ring which is not a division ring then it will not 
satisfy [x , [xm , (xy)n + (yx)n]] = O. For instance we note that no complete 
matrix ring Dr over a division ring D with r > 1 sat isfies the iden tity 
[x , [xm , (xy)n + (yxt]J = 0 , This can be verified by taking D2 and ele 

x = (~ n, y = (~ ~) 1, y = I ~ ~ I in D2 • Hence we get a contradiction OO] , y=\OO] 
That is theorem holds for primitive rings 

Now if R is semi simple ring then it is isomorphic to a subdirect sum 
of primitive rings R Q each of which is a homomorphic image of R. Note 
that the identity [x , [xm , (xyt + (yxtll = 0 is inherited by all sub디ngs 
and all homomorphic images of R , hence RQ and subrings of R are all 
commutative. Therefore the semi-simple ring R is commutative 
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The condition of serni s implicity can not be dropped. This can easi ly 

be seen by taking R as the ring o f 3 x 3 stri ct ly upper triangular matrices 

over an arbitrary ring. Here hypot hes is [x , [xm , (xy)n + (yx )nJl = 0 is 

sat isfied by R yet it is not commutat ive . 
r I a b c 、 l 

To be precise we take R = ~ I 0 a d I la,b,c,d E Z ~ which is a 
1\00 a l 

ring of 3 x 3 strictly uppe r triangu lar matrix over Z . 
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