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ON SQUARES OF JACOBSON RADICLAS 

Yu-Lee Lee 

In this paper, we investigate the square of Jacobson radical of rings 
We prove that the square of Jacobson radical is also a radical property. 

Let R be a class of rings. 、lVe say that the ring A is an R-ring if A is 
in R. An ideal [ of A wi ll be called an R-ideal if [ is an R-ring. A ring 
which does not contain any non-zero R-ideals will be called R-semisimple. 
We shall call R a radical property or radical class if the following three 
conditions hold: 

(A) homomorphic image of an R-ring is an R-ring, 
(B) every ring A contains a largest R-ideal S , 
(C) the quotient ring A/ S is R-semisimple. 
The largest R-ideal S of a ring A is called the R-radical of A. 
We need the following theorem 

Theorem 1. [1 J [2J R is a mdical class i1, and only if R sati챔es conditions 
(A) , (8), and (D). 
(D) [f [ is an R-ideal of A and A/ [ is a R-ring. 

Now let J(A) be the Jacobson mdical of A and j2 = {AI(J(AW = A}. 
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때
 B = f(A) = f((J(A)? ) = [J (J(A)W 드 [J (J (A)W 

= [J (B )f = J2(8). 

Therefore B E J2. 
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Next we wish to show that eve l'y l'ing A contains a largest J2-ideals S 
Let {hli E N} be the set of all J2-ideals of A. Then J(ε{Idi E N}) = 
I:{J(l j)li E N} = εgl i E N} and [J(ε{Idi E N} )J2 = [εgli E 
N l]2= ε‘EN Il + I:{ljι li,jEN}= ε{ld i E N}. Hence ε{ld i E N} 
is the largest J2-ideal of A. 

Now we assume that (J(Aj IW = Aj 1 and (J(1) )2 = 1. We wish to 
show that A = (J(A))2. Let a E A, then a = ε;';1 bjCj + x for some bj, Cj, X 

with bj + 1 E J(Aj 1). cj + 1 E J(Aj 1) and X E 1. Hence there exist dj , ej 
and 

(d‘ + 1) 0 (b‘ + 1) = 1, (ed 1) 0 (Cj + 1) = 1. 

Hence dj 0 bj = yj E 1, e‘ 。 Cj = Zj E 1. 1 = (J(IW 드 J (I), there are di , ei 
in 1 such that 

di 0 (d j 0 bj) (di 。 이) 0 bj = 0 

e~ 0 (e‘ 。 Cj) = (ei 0 ed 0 C‘ =0 

Hence b‘ E J(A) , Cj E J(A) fo l' each i, and x = ε7;1 f; gj with fj E 1 C 
J(A) , gj E J(A). We have a = I:i누1 bjc‘ + ε뜸1 f;gj E (J(A) j2. Therefore 
A = (J(A))2 and A E J2. By Theo l'em 1, J2 is a radical property 

References 
[1) F .A. Szása, Redicals 0/ Rings, John Wiley & Sons, 1981 

[2) R. Wiegandt, Radical and Semisimple Classes 0/ Rings, Queen’s University, 
Kingston , Ontario, Canada, 1974 

DEPARTMENT OF MATHEMATICS , !ÜNSAS STATE UNIVERSITY , MANHATTAN , KS 

66506 , U.S.A 


