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A NOTE ON SECOND ORDER 
INTEGRO-DIFFERENTIAL EQUATIONS 

A. Zaghrout 

In thls paper we wish to study the boundedness and asymptotic be
haviour of certain class of second order integro-differential equations of 
the form 

(a( t)x')’ + b(t)x’ + c(t)x = J( (t ,x, 10' H(s ,x ,x')ds) + Q(t ,x ,x’) 

by means of ∞mparison with the solutions of the second order linear 
differential equation 

(a(t)x ’)' + b(t)x’ + c(t)x = O. 

1. Introduction 

Recently Grace and Lalli [3], and Agarwal [1] studied the asymptotic 
behaviour of the integro-differential equation 

(a(t)x')’ + b(t)x' + c(t)x = r(t) 10' g(s)x(s)ds + p(t ,x,x')... (1.1) 

as t • ∞. It was proved that under some suitable conditions on the 
functions r(t) ,g(t) , and p(t , x, x') , there is a solution of (1.1) satisfying any 
given initial ∞nditions whicll tends to a solution of the linear differential 
equatíon 

(a(t)x')' + b(t)x' + c(t)x = 0 (1.2) 

for which the general solution is known. The purpose of this note is 
to extend earlier results 。f Grace and Lalli [3] for equation (1. 1), and 
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generalize previously known results of Mehri and Zarghame [4], Bellman 
[2, p. 112], Trench [7], Pachpatte [6]. Instead of equation (1.1) we shall 
investigate an equation of the form 

(a(t)x')' + b(t)x’ + c(t)x = I< (t ,x, I H(s ,x ,x')ds) + Q(t ,x ,x’). (1.3) 
JO 

Our main assumptions are: 
1. Let us assume that if Ix(t)1 < p(t)u and Ix’(t)1 ~ q(t)u, then there 

are continuous functions F1 and F2 , positive, monotonic nondecreasing 
and satisfying: 

(a1) F1 (이 = 0, Fl(U) is submultiplicalive for u > 0, 
(a2) n(r) = 파(1/꺼 (s ))ds • ∞ asr • ∞， ro > O. 
(a3) F2(x)/n ~ F2 (뭉 )， n > 0 
(a4) G(r) = 파(1/s + F2(s))ds • ∞ as r • ∞， ro > O. 

and such that the foUowing conditions hold: 
(b1) IQ(t ,x ,x’ )1 ~ C1(t )u + C2(t)까( u) , 
(b2) 1I< (t ,x ,y)l ::S: C3(t)u"lyl ,a E [0,1] 
(b3) IH(t ,x ,x')I ::S: 2C4 (t)F2(u) 

where C;(t) , i = 1,2,3,4 are continuous, positive functions de/ìned on 1, 
1 = [0，∞) 

2. p(t) 즈 max {lZI (t)l , IZ2( t)l}' q(t) 즈 max{IZ1(t)I, IZ2(t)l} 
where ZI , Z2 are any two linearly independent 5이utions of (2). 

In proofing of the results, the foUowing lemma wiU be used. 

Lemma A (Pachpatte 혜): Let x(t) ,g(t) , h(t) be rea/-va/ued positive con
tinuous functions defined on 1, H 1 • 1 such that H(u) is positive 
nondecreasing and continuous for u > 0 

IH(u)/nl ~ Hlu/nl ,n > 0, 
and w( u) be positive, continuous, monotonic, nondecreasing and submu/
tip/icative function for u > 0, W (이 = 0 and suppose further the ir‘equa/ity 

x(t) ~ xo+ l g(s)x(s)ds+ l g(s) fo' g(r)H(x(r))drds+파(s)W(x(s))ds 
is satisfied for all t E 1, where xo is a positive constant. Then 

x(t) 으 n-l[f! (XO) + l h(s)W(l + fo' g(r)G-1[C(r)]dr)ds] 

[1 + l g(s)G- 1IC(s) lds] 
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ψhere 

C(t) = G(l) + l' g(s)ds ,G(r) = 패빠 H(s))ds , r 으 ro> 0 

and G-1 is the inverse oJG and t E [O ,b) E 1 so that C(t) E Dom(G-l). 

O(r) = !.:[ljW(s)]ds ,r 즈 ro> 0 

and 0-1 is the inverse OJ f! and t E [0, b] such that C(t) E Dom(g-l) and 

(xo) + 파(s)Wll + 10’ g(r)G-t(C(r))drlds E Dom(W1
) 

2. Main Result 

ln this note we investigate the boundedness and the asymptotic be
haviour of the integro-differential equation (1.3). We also prove that if 
the solutions of (1.2) are bounded, so are the solutions of (1.3) provided 
the functions J( and Q are properly chosen 

Theorem 2 .1. In addition to the above assumption, let the Jolloψmg 
conditions hold 

(i) a(t) , b(t)&c(t) al'e continuous Junctions Jor t E 1, and a(t) > O. 
(ii) r(t) and p(t)C3 (t)ja(t)W(t) are in L(O , ∞) ψhere W(t) 잉 the 

Wronskian oJ ZI and Z2 and 

p(t)C1(t) p(t)C3 (t) 
T(t) = max{--- ----, C4(t)}. 

a(t)W(t) ’ a(t)W(t) 
샤
 

n 4 ( 

Then Jor everγ pair (xo , 돼) oJ nUI 
ca때an b야e ψTη떠1“tμt때e떼n in t따he f，ψorrπrm 7꺼π n 1 

x(t) = A(t)Zt (t) + B(t)Z2(t) (2.2) 

satisJying the initial conditions x(O) = Xo and x'(O) = 해， with 

J묘g A(t) = e and t!뜨밍 B(t) = m. 
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Proof Let x(t) be a solution of (1.3) and is written the form (2.2) . Apply
ing variation of parameter formula for finding solutions of equation (1.3) 
we obtain 

A(t) = A(O) + fo' [z2(S)h(S)/W(s)Jds , 

B(t) = B(O) -fo' [z)(s)h(s)/W(s)Jds (2.3) 

where 

h(t) = 」-[K(t ， AZl + Bzz, lt H(s, AZl + B%, A석 + Bz~)ds)J a(t)'-- ,-,--- •. --" Jo 

+Q(t , Az) + Bz2, Az; + Bz;). (2 .4) 

Then 

and 

rt p( s) 
IA(t) + B(t)1 S; IA(O) + B(이 1 + 2 I ，:~;'\ Ih(s)lds (2.5) 

Jo W(s) 

Ih(t)1 S; _;.\ I/((t , Az) + Bz2, t H(s , Az) + Bz2, Az; + Bz~)dsl a(t)'--'-'---' '--"Jo 

+IQ(t , Az) + Bz ), Az; + B션 )1. (2.6) 

Using conditions (b - 1), (b - 2) and (b - 3) we have 

|h(t)l S 」-I(C3(t)(|A(t)| + 1B(t)l)a lt 2C3(s)잔(IA(s)1 + IB(s) l)ds) a(t) l\ ..... .>\~/\I •• \~ 1I I 1~\~/ lJ Jo 

+C) (t )(IA(t)1 + IB(t) 1) + C2(t)F)(IA(t)1 + IB(t) I) J. (2.7) 

Take IA(t)1 + IB(t)1 = K)(t) , and using (2.7) , then (2.5) takes the form 

f' p( s) r rl I _ \ r/ O 1 _ \1 [ /()(t) 으 /() (이 + 2 1_ "'~_\:~'-' [C3 (s)Kf(s)U 2C.( 'T )F2(K)('T))d 'T Jo W(s)a(s)'-o ,-,--, '-"Jo 
+C)(s)K)(s) + C2(s)F) (Iqs))Jds , 

or 

Iqt) S; K)(0)+2 fo'P..엽셉찮(s) fo' 2C.('T싸K)( 'T )d'T) 

+210‘ 없繼K)(s)ds + 2 fo'歸냄F)(K)(s))d에2.8) 
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This is reduced by (2.1) to 

K1(t) ::; K 1(0) + 210' r(s)껴(s) . 2 f r(.)F2(K(r))ds 

+2 과(S)K1(S)ds + 210‘ 總냄F1(K1 (s))d 

Letting ct = 0, then we have 

K 1(t) ::; K(O) + 2 10' r(s) f 2r(.)F2(1(1(.))d. 

210‘ p(s)다(s) ~'~-Il~:~ ~: F1 (1(1 (s) )ds 
o W(s)a(s) 

Using Lemma A we have 
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K(t) ::; 11-1111(1(1(0) + 10‘ 짧爾W(1 + f 2r(.)C-1[C(r)]dr) ds l 

x[1 + 10' 2r(s)C-1(C(s))dsl , (2.9) 

where 

C(t) = G(l) + js 2r(S)ds, n(1 ) = ￡ |l/W(s)|ds, T 으 ro > 0, 

G(r) = ￡{써 감(s)}ds ， r 즈 ro > 0, (2.10) 

and C-1 and 11-1 as defined before. 
From (2.9) and (2.10) the boundedness of J(l(t) follows. Since A(이 and 
B(이 are arbitrary conslants and hence can be selected as solutions of lhe 
system 

A(O)Zl (0) + B(0)Z2(0) = XO , 
A(O)석 (0) + B(O)강 (0) = 돼， 

The limit of A(t) and B(t) exist as t • ∞， since they are bounded. This 
completes the proof of the theorem 

Remark. The conclusion of the Theorem 2.1 holds if condition (b - 1) is 
replaced by 

Q(t ,x,x') ::; C1(t)u 
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Theorem 2.2. If in addition to the assumptions of theorem 2.1 ψe further 
assume that ZI and Z2 are in Lp(O , ∞)， 이re bounded), 1 ~ P ~ ∞， and 

C1(t)ja(t)W(t) , C2(t)ja(t)W(t) , and 따(t)ja(t)W(t)J 10닝(s)ds 
(2.11 ) 

are in Lq(O , ∞)， ψhere q is the conjugate exponent of p, then the solution 
x(t) de，껴ned by (2.잉 is also bou nded 

Proof From (2.2) and (2.3) we have 

r' 적 (s) 
x(t) = A(O)z\(t) + B(0)Z2(t) + ZI(t) I m~~~~'， _ \[(ks ， A(s)ZI(S) 

o W(s)a(s) 

+B(S)Z2(X) , +B(S)Z2(S) , 10’ H(r, A(r)zl(r) 

+B(r)z2(r) , A(r)z;(r) + B(r)강(r))drJds 

r' Z2(S) 
+z\(t) I "，~"~-'，\ Q(s , A(s)z\(s) + B(Z)Z2(S) , 

Jo W(s)a(s) 
A(s)석 (s) + B(r)션 (s) )ds 

r' Zl(S) rr/l _ L , 1L r -Z2(t) I m~'_~-'， _\ [I( (s , Az\ + BZ2' I H(r , Az\ + BZ2 , Jo W(s)a(s)'-- \-,---. , --., Jo 

Az; + Bz~)drJds 
r' Z\ (s) 

-Z2(t) l ----Q(s, AZ1 + Bz2, Az; + B션)ds 
Jo W(s)a(s) 

Hence by using conditions (b - a) , (b - 2) , (b - 3) we obtain 

f ‘ IZ2(S) 1 ,-." _\ r 
Ix(t)1 ~ Iz\(t) I{IA(O)1 + I _/'~~'~-，'/ _ \ C3(s) I IH(r, Jo a(s)W(s) -Jn Jo 

Az; + Bz~)dr + C\(s)(IAI + IB I) + C2 (s)꺼 (IAI + IB l) lds} 
r' Iz\(s)1 r,-., 1 _ \ r +I Z2(t)I{IB(0)1 + I ，，;~， ~- j/ ，[C3(S) I Hdr Jo W(s)a(s)' - O\-' Jo 

+C\(s)(IAI + IB I) + C2 (s)꺼 ( IAI + IB I)Jds}. (2.12) 

Since IA(t)1 + IB(t)1 is bounded , then there exists a constant 1(\ such that 
IA(t)1 + IB(t)1 ~ 1(1 for t 즈 0, and by using condition (3 - b) we obtain 
from (2.12) 

r' IZ2(S) ',-., I_""tr/\ r Ix(t)1 ~ Iz\(t)I{IA(O)1 + I _ t' _-:，~~; _ \ {C3(s)F2(1(\) '- 2C.(r)dr Jo a(s)W(s) ,- Jn- "\--. , Jo 
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r' IZ1(S)1 
+I<IC1(S) + F1(I<dC2(s)}ds] + I Z2(t)I{IB(이| + l ---

Jo W(s)a(s) 

{C3(s)F2(I<I) ~’ 2C4(r)dr + I<IC1(S) + F1(I<I)C2(S)}ds} 

Let us put 

κ = IA(O)I + 써건(I<I)IIJII. + 찌I Z211pll짜 11. 
C2 

+II Z2I1 pF1(I<dll aW 11. , 

and 

C1 
I<3 = IB(O)I + II Z1I1 pF2(I<I)IIJII. + I<l l1 z1l1 pll aW 11. 

C2 
+llztllp꺼(I<I) 11 aW 11., 

where 
G(t) j ‘ 

J =a(t)W(t) 2C(s)ds 

Consequently 

Ix(t)1 ~ I<2I Z1(t)1 + I<3IZ(t)1 (2.13) 

Since p ~ 1, and the function t P is convex, and hence 

n 
l m + F 1

치
 ι
 

<
-별

 
(2.14) 

Therefore 
Ix(t )IP ~ 2P-1( I<2Iz1(t )IP + I<3Iz2(t )IP) (2.15) 

which implies that IIxllp ~ M , for some constant M. For the case p = ∞， 
inequality (2.13) implies that x(t) E L∞(0 ， ∞). This completes the proof. 

Theorem 2.3. Assume that conditions (b -1) - (b - 3) in assumption 1 
hold with Fl(U) = u"+1, F2(U) = U, 0 ~ Q ~ 1, and let condition (ii) in 
Theorem 2.1 be replaced by 

p(t)C1(t) 
r(t) , C4 (t) , and r~:~;I: ~:~ are bounded 

a(t)W(t) 
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ψhere 

and 

A. Zaghrout 

p(t)C2 p(t)C3 (t) 1 
(t) = max{---- ----} 

a(t)W(t) ’ a(t)W(t) J 

11-M'" 10∞ ar(s) e째(1a' [{2p(r)C1 (r씨r)W꺼}+C4 ( r))dr)ds]l/'" 으 B> 0 

for some M > 0 and t E 1. Furthermore assume that Zl and Z2 are in 

Lp(O ， ∞)， p E [1 ，∞] and condition (2.11) holds, then the conc/usion of 

Theorem 2.2 holds 

Proof The proof is sirrúlar to that of Theorem 2.2, and so will be orrútted. 

Remarks. (1) If a = 0 and F2(U) = u , then the results of Grace and Lalli 
[3] are included in Theorems 2.1 , 2.2 and 2.3. 

(2) If J( (t ， x ， J~ H(s ,x ,x')ds) = 0, and Q(t , x , x') = C 1(t)x , then The. 
。rem 2.1 contains the results of Trench [7] 

(3) The results obtained in this paper are generalization, to some ex. 

tend , to those of Bellman [2], Mehri and Za멍hame [4] and Pachpatte [6]. 
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