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DIMENSIONS OF A CANTOR TYPE SET AND 
IT S DISTRIBUTION SETS 

Hung Hwan Lee and In SOO Baek 

C.D . Cutler[lJ and we [3J showed how to obtain the Hausdorff dimen 
sions and packing dimensions of some subsets on R . 

In this paper, using the strong law of large numbers with the above 
method , we get the Hausdorff dimensions and packing dimensions of the 
distribution sets which are dense in a Cantor type set. Further, we show 
that the Hausdorff dimensions of the distribution sets can be represented 
by a differentiable function of continuous parameter and that the max
imum value of the dimension function is the Hausdorff dimension and 
packing dimension of the Cantor type set 

We review a generalized expansion of a number in [0,1J ([1]). Let 
。< an,t < an,2 < 1 for any integer n. The initial proportions al ,l , at ,2 
determine a division of [0 , 1J into three disjoint intervals [O ,al ,tl , [al ,l ,a l,2) 
and [a찌 1J. We wiU indicate that a point x E [0 , 1J falls into the ith 
interval (i = 0,1,2) by Il(X) = i. Next each interval {x : J1(x) = i} 
is divided into three disjoint subintervals determined by the proportions 
a2 ,l , a2 ,2' This splits [0, 1J into 32 disjoint intervals ; {x : ι (x) = i ,I2(X) = 
j} (i ,j = 0,1,2). Each interval {x : Il(X) = i,I2(X) = j} is then divided 
according to the proportions a3,t , a3,2' CO l1ti l1uing these processes, we have 
a generalized expansion c(it , i2,"', in , .. ') determined by n-cylinder 

c(i t ,i2,"', in) = {x: ι (x) = i t， ι(x) = i2 ,' " ,In(x) = in} 
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Definition 1. Let an ,l = a and 1 - an ,2 = b for each n. A Cantor type 
set C is defined as 

C = {x E [0,1]: X = C(ib 건， ... ) ij E {0 ,2} ,j = 1,2, ... }. 

If a = b, we call C a symmetric Cantor set, otherwise a skew symmetric 
Cantor set [3]. 

Definition 2. Let no(xlk) denote the number of times the digit Ooccurs 
in the first k places of the generalized expansion c(it , i 2, ... ) of x. For 
P E [0, 1] we de돼fin야e F(얘띠p미) = {μx E C : lim따1 
d비i애stribut“ion set of C co기)n따1αta히1ll띠1니…ing the digit 0 in proportion p. 

Note that F(p) is dense in C for each p and 

C 2 UO$p$JF(p). 

Let H D(E) and P D(E) denote the Hausdorff dimension of E and 
the packing dimension of E , respectively. The following proposition is 
well-known. 

Proposition 3 ([2]). The Cantor type set C is the inva떠nt set with open 
set condition for the similarities SJ(x) = ax and S2(X) = bx + (1 - b) 
Hence HD(C) = PD(C) = s , ψhere 

a' + b' = 1. 

Proposition 4. lf ψe define 
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ifij E {0,2} for j = 1,2, .. . ,k 
otherwise 

l ψhere x E c(iJ , i2, ... , id, then , extends unψ‘ely a probability measuπ 
on the Borel sets of [0, 1] . Further if 

log,(ck(x)) 
E C {x e [0, l] · Ilm ---- = 8} 

k_∞ log d( Ck (x )) 

ψith ,(E) > 0, then HD(E) = PD(E) = (). (Here, Ck(X) denotes the 
k-cylinder containing x) 

Proof It is immediate from Theorem 3.2 [1] and Corollary 4.4 [3]. 
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Now we are ready to get the Hausdorff and packing dimension for 
a distribution set F(p). Note that we adopt the usual convention that 
o x log 0 = O. 

Theorem 5 
P 으 1. 

H D(F(p)) = P D(F(p)) = P.짧밥려랩C;lp) ， ψ heπ o ~ 

Proof If 

x E C = {x E [O, lJ: x = C(il , i2" ") ij E {0 ,2}, j = 1, 2,"'}, 

then 
-Y (Ck(X)) = pno(*) (1- p)k-no(x1k) 

and 
d( Ck( x)) = ano(xlk) bk-no(xlk) 

Thus, for X E F(p) C C , 

" .. log -y(ck(X)) .. …-
k~;';' log d( Ck( x)) 

, . n。(xlk) logp + [k - no(xlk)J log(l - p) 
샤∞ no(xlk) log a + [k - no(뇌 k)Jiog b 
p logp + (1 - p) log(l - p) 

p log a + (1 - p) log b 

By the strong law of large numbers, -y(F(p)) = 1 

Let h(p) be the dimension function for a distribution set F(p) 
T hen H D(F(p)) = P D(F(p)) = h(p) is a differentiable function of p 

We will show that there exists a proper subset F(!) of C which have 
the same dimension of C. 

Theorem 6 . Let C be a symmetric Cantor set. Then 

h(~ ) = HD(F(~)) = PD(썩)) 
= HD(C)= PD(C) 

Proof By Proposition 3, H D( C) = P D( C) = 뚫환 But, it f，이lows from 

Theorem 5 that HD(FW) = PD(F(~)) = 캡얀 also 

Since hO) is equal to H D( C) = P D( C) for a symmetric Cantor set 
C , it is natural to ask the following question: does there exist Po E [O, lJ 
such that h(po) = HD(C) = PC(C) for a skew symmetric Cantor set C? 
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T he following theorem gives a positive answer for the above question 

Theorem 7. Let C be a skew symmetric Cantor set C. Then theπ exists 
po E [0, 1 J such that 

h(Po) = HD(F(po)) = PD(F(po)) = HD(C) = PD(C) , 

and h(Po삐o야) =max빼05얀p5진1 h시(껴p까). Moreo‘ 

Proof. Pl녀am미ly there e피s얀ts po E [0, 1J such that h(Po) = max05p51 h(p) and 
h’(Po) = o. 

Now, suppose h’(p) = O. Then log~logaPb9 = log pPq91og 웅 , where 
I^ ... ~ 

q = 1 - p. Noting 융 # 1 and aP bP # 1, we have 앓짧 = 필. That is, 
’--~ 

h(p) = i혈 
ln ... E 

Put 뚫 = s and ct = ~ Then (웅)’ = Ct, so a' = Ctb’. Note that 

a ’ +b’ = 1 섣 a' + b' = (0 + l)b' = 1 Ç} b' = q. Thus we only need 
to show that b’ = q. Since (aPb9)’ = pPq9, pPq9 = (a’ )P(b’ )9 = (ob’ )P( b')9 
= CtPb’. Hence (§)Pb’ = pPqq, i.e., b’ = q. Therefore p = a'. 

Note 8. Let C be a Cantor type set. It seems to be more convenient for 
a numerical method to use h(p) instead of the equation a' + b' = 1 for 
finding the dimension of C. 

Remark 9. Let C be a Cantor type set with its distribution sets F(p) ’s 
and let 11.’(P,) denote s-dimensional Hausdorff (packing) measure. Tben 
it would be interesting to ∞mpare the val ues of 11.’(F(p)) and P ’ (F(p)) 
for s = HD(F(p)) = PD(F(p)). 
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