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SASAKIAN MANIFOLDS WITH VANISHING
CONTACT BOCHNER CURVATURE TENSOR
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1. Introduction

Let M be a (2m + 1)-dimensional differentiable manifold covered by
a system of coordinate neighborhoods {U;z"}, where, hear and in the
sequel, the indices h,i,j,k,--- run over the range {1,2,---,2m + 1} and
let M admit an almost contact structure, that is, a set (¢;,&,n;) of a
tensor field ¢y of type (1,1), a vector field ¢/ and 1-form #; satisfying

(1.1) $i'd’ = —67 + il
Thﬁﬁit =0, d’tjft =0, ﬂt&t = 1.

We now assume that M admit an almost contact metric structure,
that is, a set (¢;7,¢&9,n:,9;:) of ¢, &%, n; and positive definite Riemannian
metric g;; satisfying, in addition to (1.1),

(1.2) 98¢t = gii — nimis

(1.3} n; = gi:€'s  g;€’¢ =1.

In this case, we call M an almost contact metric manifold. Comparing the
first equation of (1.1) and (1.2), we see that ¢;; = ¢;'g; is skew-symmetric.
Since, in an almost contact metric manifold, we have the first equation
of (1.3), we shall write " instead of ¢* in the sequel. We denote by
Vi, I{kj,'h, K;; and K the operator of covariant differentiation with respect
to the Levi-Civita connection, the curvature tensor, the Ricci tensor and
the scalar curvature respectively.
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2. Sasakian manifold

In this section, we consider a Sasakian manifold M. In a Sasakian
manifold M, we have

(2.1) Vidi' = —gen’ + 6c'nj
(2.2) Vin' = ¢;'.
Now from (2.1), (2.2) and the Ricci identity

(2.3) Vkvjﬂh = Vjvk"?h = Kkjthﬂt1

we find
(2.4) Kkjthfit = 51:"773' — jh"?k
or
(2.5) Kiji'ne = megji — nigkir

from which, by contraction,
(2.6) K;'ne = 2mn;.

From equation (2.1), (2.2) and the Ricci identity

ViV;dt — V;Vid® = Kijl' ot — Kiji' i,

we find
(2.7)  Kil'di' — Kii' ¢ = =950 + 65" g — 6705 + 6" b
from which, by contraction,
(2.8) Kiidi' + Kijiad™ = —(2m — 1)8;s.

Since

Kyis$* = K" = —Ky;04",
we have from (2.8)
(2.9) K;i$:' + Kug;' = 0.
Since

1 1
Kyjisd" = §(Ktjt's — K,;i)¢" = —§Kzsji¢t’
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we have from (2.8)
(2.10) Kiji¢® = 2K ;¢ +2(2m — 1)¢;.
Transvecting (2.7) with ¢, and using (2.5), we find

—Kii" — Kiii' ¢’ d" = —u" 1 + 6" dux — 8" it + 8" gua,

or
(2.11)  Kpjudi'dn' = Kijin + bundsi — $indri — grndsi + 9inGii-
Transvecting (2.11) with ¢,*¢,.7, we find

(212)  Kijudm’ &' — Kijindm’ 85"

= —Gks(Imi — M) + Gki(Gms — M) + PhsPrmi — PkiOms,

or
(2.13) Kitjsbm' 0 — Kitis®m' 9;° = Nijmiy

where we have put

(2‘14) Akjmi = _gkj(ymi = T?mfh') + gki(gmj - ﬂmTI’j) + ¢kj¢m;' - ¢ki§’5mj-

From (2.13), we have easily

(215) Kjtka¢it¢’m’ - I{itkaqutqsma = Akjm*"

From

Kijudi'on! = —(Kije + Kjine) i 1
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= Kujidi'on' — Kijndi'dn' = Keaje(di' dn' — di'dn’)

and (2.11), we have

(2.16) Kuji(8i'én' — dn'di*) = Qujin,

where we have put

(2-17) ijih = Kkjih i ¢kh¢'jf = ¢jh¢>ki — 9khGji + G;nGki-

Moreover we have

(2.18) Kiojtdi* 0" = Kjaredn "
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3. Sasakian manifold with vanishing contact Bochner
curvature tensor

We consider the section determined by ¢X and ¢?X which are or-
thogonal each other ([3]). We call this a C-holomorphic section, and the
sectional curvature determined by such a section is said to be the C-
holomorphic sectional curvature:

_ Kijin(¢X)H(#* XY (¢X)'(9*X)"
i (X )5 (6 X ) gin( X ) (42 X )R’

from which, using (2.5), we have

(3.1) K(X) =

 [Kisir$u* 8¢ + nanr g X X2 X1 X7
7us7h_XuX.'XtXr ?

(3.2) K(X)=

where we have put
Vei = Gk — NkN;-
Now, suppose that the contact Bochner curvature tensor By;;" ([4]) of the

Sasakian manifold M of dimension 2m + 1 > 3 ([2]) vanishes, then we
have

(3.3) Kirjin = —vkuLlyi +VinLei — Lknyji + Linyei — GrnMji + djn M
—Mindsi + Mindi + 2(Myjdin + di; Min)
—(Prndji — DinPri — 20;0:in),

where

1

b= o)

[Kji + (L +3)gji — (L —1)n;ns], L=g"Ly,

M;; = —L;i¢i,

and consequently the C-holomorphic sectional curvature K(X) with re-
spect to a C-holomorphic section spanned by ¢X and ¢?X is given by

(3.4) K(X) = — S(Lg,- + ﬂgﬂr)XtXr == 3,

_h
.-YMXSXu

where we have used
(3.5) L.¢i*¢i' = Lji + njmi,

(3.6) Lyg' = —n;.



Sasakian manifolds with vanishing contact Bochner curvature tensor 145

Conversely suppose that the sectional curvature K(X) of M defined
by (3.1) is equal to the right-hand side member of (3.4). Then from (3.2)
and (3.4), we have

(37) [Kksiréukéti + NsTrYut — {8731'(Lut + nunt) + 378r‘fut}]XuXSX£Xr
=0,

or

(3:8) Kiuis 3 0" XE X X X"
= (8viLjn + Tvkimimn + 37eivin) X E X X X",
where Li; X* X7 is a certain quadratic form whose coefficients satisfy (3.5).

This place X’s are arbitrary, therefore by (2.18) and the symmetry of
L;n, we have from (3.8), ([1])

(3.9) 2(Krtis®; 00° + Kitnsd;'0:° + Kiais®n'd;* + Kniia ;' di°
+ Krtjs 0 00° + Kiinsi'd;° + KiajsOn'6i° + Knijsdi' o6’
+Kiths®' 01" + KitisOr 01" + Kitisdn' d1° + Kjunsdi'éi*)
= 4[yk(8Ljn + Tnjnn + 3v;n) + ;8 Lin + Tnimn + 37in)
+ykn(8Lji + Tnimi + 37;i) + i (BLnk + Tnane + 3vnk)
+in(8Lx; + Tman; + 37ks) + ¥in(8Lki + Tnimi + 37ii )],

from which, taking account of (2.13), (2.15) and (2.16), we have

(3.10) (8K keisd;' dn® + 2 Arnsi +4 Aijnx +25mk)
+(8Krens$i' 5° + 4 Anije +2 Arjin +2nix;)
+(8KktjsOn'di® + 2 Akinj +4 Ajnix +2ix)
= 4[8(yriLjn + YijLin + YenLji + Yi; Luk + YinLxj + vinLi:)
FT(vemime + YeiMinn + Yerii + Vi M0k + VinWaW; + Vin0k)
+6( %5k + TeiYon +unVic))

Taking into consideration of the definition of the tensors A and 2, we
see that

(3.11)  2(Axnji + Akjin + Aking) = 4(Prndsi + drjdin + Bridns),

(3.12)  4(Aijuk + Anijk + Ajrir) = 4(gnimi0% — G600 + GjiMkNn
—grkNiMi + GinMink — Gixan;) + 8(Onidix + Pjndir + Gjidkn)
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and
(3.13)  2(Qjink + Qnikj + Dnjix) = 4(Pendij + bk Phi + Gri®in),

where we have used
Kirii + Kijni + Kings = 0.
Substituting (3.11), (3.12) and (3.13) into (3.10), we find

2(Kiiisdi' dn" + Kiens®i'd;° + Krajsdn'¢:*)
+(griniMe — GixMiMn + G5k — Gk + GiaNMk — GikMiMn)
+2(Pridix + Pindix + biidrn)

= 8(kiLjn + YrjLin + YenLji + ¥i; Lok + YinLi; + VinLxi)
FT(YkimiMh + Yri M + Ve + Vi WeNn + YVinlwN + Vin0ki)
+6(Yrivin + Yej¥in + Yrnvii),

or

(3.14) 2(Kitisho'dp° + Kitpe®i'dy® + Kitgs®p'd:®)
H(GpingMe — ok iy + GoiMkNp — GpkNo"i + Gop ik — GikNg"p)
+2(piPek + PopPik + PoiPrp)
= 8(YriLgp + YroLip + YapLgi + YigLpk + YipLtg + Vop L)
FT(YriNgMp + VeaMiTlp + YrpMa®i + YigWpTk + YipTeTg + Yop ki)
+6(YkiYap + VhaYip + VipVei)s

from which, transvecting with ¢;?¢;”, we have

(3.15) 2(Kijin — Kitp;di' " — Kingsd;10:°
—GrkM5Mi + GhiliMh — G5iMkTh + FinTkn;)
+Yin0ifk + 2(YkiVhi — Pik®rj — YenYii)

= 8[vki(Ljn + njnn) — SjxMin — dneMi;
—¢;iMin — dniMyj + YinLii]
+7vinn6mi + 6(Vkivin + Gikdni + Siidhk),

where we have used (2.5) and (3.5) and have put

(3.16) M;; = —L;:¢',
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or

Kijin — Kiipj0i' 0n” — Kinji + Onidn; + Grigh; — Gendi;
+GkiiMh — GriMami

= A[yri(Ljn + njnw) — $jxMin — SreMi; — ¢5i Min — i Mij + Yjn Li)
+3(Yinmeni + iVin + Pixbri + PiPnk),

where by (2.11), we have used

Kkhqs¢jq<i5." = Kkhji + ¢ki¢’hj - G5hif25kj — GkiGrj t GriGk;-

Taking the skew-symmetric part of this equation with respect to k and
7 and taking account of

Kitjpdi'dn? — Kiup®i'dn? = Kiijp(di' o — ¢:76n")
= Llasin;
where Qi are defined by (2.17), we find
(3.17) 2Kijin + Kijin + Orn0ji — Gindri + 20nibj — Kinji + Kijnki
—39xn8ji + 39;nGki + GriMiMh — G5iNkTn
= 4[v;nLii — YenLji + YriLjn — YjiLen — OneMij + Snj Mix — i M
+ kM — GniMij + Sni Mk — 266 M + (Yrinj — Y5i0k )04
+3[(Viame — Vea)0 + WriTih — ViiVen + Pji®hk — Pridnj + 20k dnil-
Transvecting (3.5) with ¢,’ and taking account of (3.6), we have
—Ludi = Ljide’,

thus we have from (3.16)
—Myi = M.

From (3.17), we have

(3.18) Kijin = —venlji +¥inLwi — Linvji + Lijnve — dunMji + d5n My
—Mindji + Mjndii + 2(Myjdin + di; Min)
—(Pkndji — Pindri — 20%;bin)-

Transvecting (3.18) with ¢**  we find

Kji+2mLj; — (4" Lni + %" Lin) + Lvji — 3(;" My + 6" Mjn) — 38" i = 0,
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where
L = g* Ly,

from which, substituting (3.16),
Kji + (2m +4)Lj; + (L + 3)7;5 + 4m;ni = 0,

that is,
Ly = ~gm gy U+ (L4 3)g5 = (L= D),
and
I K +2(3m +2)
4m+1)
Thus, (3.18) gives
Biii* = 0.

Thus, we have the following.

Theorem. In order that contact Bochner curvature tensor of a (2m+1)-

dimensional Sasakian manifold (2m+1 > 3) vanishes, it is necessary and
sufficient that

1 i
(g8; — Wk"?')XkaS(L"h + i) X' X" = 3,
3 J

where K (X) is the C-holomorphic sectional curvature with respect to a sec-

tion spanned by vectors X and ¢*X and Ly X' X" is a certain quadratic
form whose coefficients satisfy

Lstqf’j’d’it = L + n;ini.

K(X)=-
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