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SASAKIAN MANIFOLDS WITH VANISHING 
CONTACT BOCHNER CURVATURE TENSOR 

Sang-Seup Eum 

1. Introduction 

Let M be a (2m + l)-dimensional dilferentiablc manifold covered by 
a system of coordinate neighborhoods {U; xh} , where, hear and in the 
sequel, the indices h ,i ,j ,k ,'" run over the range {l, 2,'" ,2m + 1} and 
let M admit an almost contact structure, that is, a set (<Þ/, (,J , T/i) of a 
tensor field <Þ/ of type (1 ,1), a vector fìeld Ç' and l-form T/i satisfying 

샤
 

1 
l 
i 

( 
￠， t￠tj = -41 + η，F ， 

T/ t <Þ;' = 0, <Þ.' t;' = 0, T/,t;' = 1 

We now assume that M admit an almost contact metric structure, 
that is , a set (얘￠ιçJ ， ηTJi ，’ 9ji) 0아f <þ;'ιj치，(， J ，끼7ηT/i‘ and posiμt미lV、ve de려fin띠l너it뻐e Rie히mi‘ann띠따1니i띠al 
metμ1"1‘'lC 9와Iji S잃ati따i업sf애ymg’ in addition to (1.1), 

(1.2) 

(1.3) 

9st <þj’￠‘ t = 9" - '1,'1‘ ’ 

η" = 9, i(,' , 9,,(,' ç‘ =1 

1n this case, we call M an almost contact metric manifold. Comparing the 
first equation of (1.1) and (1.2) , we see that <Þ" = <Þ,‘9" is skew-symmetric. 
Since, in an almost contact metric manifold , we have the first equation 
of (1.3) , we shall write ηh instead of (, h in the sequel. We denote by 
\1" Kkj,h, Kj‘ and K the operator of covariant differentiation with respect 
to the Levi-Civita connection, the curvature tensor, the R.icci tensor and 
the scalar curvature respectively. 
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2. Sasakian manifold 

In this section , we consider a Sasakian manifold M. In a Sasakian 
manifold M , we have 

(2.1) 

(2.2) 

'ï1 k 4>j ‘ = -gkj7]’ +Ók‘7]j , 

'ï1j 7]’ = 4>j ‘. 

Now from (2.1) , (2 .2) and the Ricci identity 

(2.3) 

we find 
(2 .4) 

or 
(2.5) 

'ï1k 'ï1j 7] h - 'ï1 j 'ï1 k7] h = I(kj/깨‘， 

Kkjth,1t = 6khηj - Ó/7]k 

Ifkjit’/. = 7]kgj; - 7] jgk;, 

from which, by contraction, 

(2 .6) I(j ‘7]. = 2m깨j 

From equation (2.1), (2.2) and the Ricci identity 

'ï1 k'ï1 j 4>l - 'ï1 j 'ï1k4>/ = I(kj/ 4>;' - I(kj;' 4>λ 

we find 

(2.7) I(kj / 4>;' - I(kj /4>/ = -4>k
h
gj‘ + 4>/gk; - Ók h 4>j; + Ó/ 4>k‘’ 

from which, by contraction, 

(2.8) 

Since 

we have from (2.8) 
(2.9) 

Since 

I(j. 4>;' + l('j;. 4>“ = -(2m -1)찌， 

I('j‘’￠ts = K ,,Jt@ts = Kt!js￠t’， 

I(j. 4>‘, + 1(;，4>기 = o. 

l(, j;. 4>" = ~(I(，j;. - l(. j ;,)4>" = -삼tsj’ 
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we have from (2.8) 

(2.10) K' ,ji t/," = 2Kj,tþi' + 2(2m - 1)찌， 

Transvecting (2.7) with φ‘ and using (2.5) , we find 

-Kkj1h - Kkj/tþl’ tþ, h = -tþk h tþlj + tþ/ tþlk - 6/ gjl + 6/ gk /, 

or 
(2. 11 ) Kkj얘，' tþh' = K kjih + tþkhtþji - tþjhtþki - gkhgji + gjhgki. 

Transvecting (2.11) with tþ,htþmj, we find 

(2 12) Kkjsl￠mj￠l - Kkjlh@ml￠，h 

= - gk. (gmi -1Jm1Ji) + gki(gm, ηm1J，) + tþk.<Pmi - 싸‘4>m:r， 

or 
(2.13) 

where we have put 

Kk'j,tþm' tþ‘ ð - K ktü <Pmt4>/ ^kjmi , 

(2 .14) ^kjmi = -gkj(gmi - ηm 1Ji) + gk‘ (gmj -1Jm1Jj) + <Pkjtþmi - 따itþmj 

From (2.13), we have easily 

(2.15) Kj'k. tþ/tþm’ Kitkstþ/ tþm’ = ^kjmi. 

From 

Kkj /t tþ,' tþh' -(K'kjt + Kj1kt)tþi냉ht 

Kk1jt <p‘'tþh
t 

- Kktj1tþ샤h t = K kljt ( tþ,' tþh‘ - tþNh' ) 

and (2.11) , we have 

(2.16) Kkljt(tþi내ht - tþh'tþi') = f! kjih , 

where we have put 

(2.17) f!kjih = K kj
‘
h + tþkhtþj‘ - tþjhtþki - gkhgji + gjhgki. 

Moreover we have 
(2.18) K kSj'tþ;' tþh t = Kj，kt따， tþi‘. 
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3. Sasakian manifold with vanishing contact Bochner 
curvature tensor 

We consider the section determined hy </>X and </>2 X which are or­
thogonal each other ([3]) . We call this a C-holomorphic section, and the 
sectional curvature deterrnined hy suφ a section is s띠d to he the C­
holomorphic sectional curvature: 

샤
 

‘ J ( 셔‘h(</>X)k(</>2X)j(</>X)‘ (</>2 X)h 
(X) = 

from which, using (2.5) , we have 

(3.2) IKks‘r</>“ k </>t‘ + 7).’)r1'u,] Xu X' xt Xr K(X) =-
1'u.1't,XU X. XtXr 

where we have put 

1'kj = gkj - ’)kT/ j 

Now, suppose that the contact Bochner curvature tensor Bkj
‘

h ([4]) of the 
Sasakian manifold M of dimension 2m + 1 > 3 ([2]) vanishes , then we 
have 

(3.3) K서‘h = -1'kh Lji + 1'jh Lki - Lkh1'j‘ + Ljh1'k‘ - </>khMji + </>jhMk‘ 
-Mkh</>j‘ +Mjh짜i + 2(Mkj </>ih + </>kjMih ) 
-( </>kh찌i - </>jh</>ki - 2</>kj</>ih) , 

where 

L ‘ = --」--IK1， + (L + 3)g1· - (L - 1)nj꾀 L =g'’Lj‘’ 
2(m + 2) 

Mj‘ = -Ljt</>i‘, 
and consequently the C-holomorphic sectional curvature K(X) with re­
spect to a C-holomorphic section spanned hy </>X and </>2 X is given hy 

(3 .4) K(X) =--上YU 8(Ltr + ηt T/r)X‘X' - 3, 
Ysu ./‘ “ 

where we have USed 
(3.5) 

(3.6) 

L.t</>/ </>;' = Lji + T/jT/‘’ 
L j ‘”’ = -T/j. 
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Conversely suppose that the sectional curvature J( (X) of M defìned 
by (3.1) is equal to the right-hand side member of (3.4). Then from (3.2) 
and (3.4) , we have 

(3 .7) [IÚ'ir <Þ/<Þ,’ + T/,"VYu' - {8ì3r (Lu' + T/uT/') + 3ì3rìud]X" X ’ x t x
r 

= 0, 

or 

(3.8) J(k'i ,<Þ/<Þh’ xkxjx’ x h 

= (8ìkiLjh + 7η，η1ηh + 3ìki꺼h)Xk X
j 
X ‘Xh, 

where LkjXk X j is a certain quadratic form whose coe쩌cients satisfy (3 .5). 
This place X ’s are arbit rary, therefore by (2.18) and the symmetry of 

L jh , we have from (3.8) , ([1]) 

(3.9) 2( J(kti' <Þ/<Þh' + J(k'h'<Þ/<Þ;' + J(k/ i ，<Þ h껴， + J(h'i' <Þ/<Þk' 

+J(kt j ,<þ‘ '<Þh' + J( k'h' <Þ/ <Þ;' + J( k‘j, <Þh‘<Pi' + J(h'j' <Þ;'<Þk' 

+ J(i'h. <P/ <Þk' + J(jti. <Þk 'φ;' + f{j'i' <Þh' <Pk' + J( j'h, <P‘ ' <Þk') 

= 4 [-Yki(8L jh + 7T/ jT/h + 3ìjh) + ì kj(8 Lih + 7깨l깨h + 3ìih) 

+ìkh(8Lji + 7 T/j ηi + 3ìji) + ìij(8Lhk + 7T/ h 7μ + 3ìhk) 

+ìih(8Lkj + 7ηkηj + 3ìkj) + ìjh(8Lki + 7T/kT/i + 3ìk;)] , 

from which, taking account of (2.13) , (2 .1 5) and (2.16) , we have 

(3.10) (8J(k'i，<Þ기 <Ph' + 2 ̂ khji +4 ^ijhk +2 !1 jihk ) 

+(8J(kth，<Þ샤;' + 4 ̂ h’ jk +2 ^kjih +2 !1hikj ) 

+(8J(k'j' <Þh' <Þi' + 2 ̂ kihj +4 ^j싸= 4[8 (-yki L jh + ìkjLih + ìkh Lji + ìij Lhk + ì ‘hLkj + ìjhLki) 

+7(-Ykiηj T/h + ìkj T/ iηh + ìkh낀j T/ i + ìij T/kηh + ìihη찌j + ìjhηkη‘) 

+6 (-YkiÌjh + ìk jÌih + ìkhìji) ] 

Taking into consideration of the defìnition of the tensors ^ and !1, we 
see that 

(3.11) 2(^khj‘ + ^kjih + ̂ kihj) = 4 (<Pkh <P ji + <Pkj rP ih + rPki <Þhj) , 

(3 .1 2) 4(^ijhk + 시ijk + ̂ jhik) = 4(9hi까 T/k - 9μT/i T/h + 9ji T/kηh 

- 9hkT/ jT/i + 9jh T/iT/k - 9ik T/h까) + 8(<Þh‘ <Þjk + <Þjh rPik + <Þji <Þkh) 
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and 

(3. 13 ) 2(Ojihk + Ohikj + Oh;ik) = 4( rþkhrþij + rþkj짜i+ 따irþ;h) ， 

where we have used 

Khk;i + K kjhi + Kihki = O. 

Substituting (3.11) , (3.12) and (3.13) into (3.10) , we find 

or 

2(Kkti,rþ/rþh' + Kk'h,rþ‘, rþ; ’ + J( k'j,rþh' rþ;') 

+(9hiηjηk - 9ikη‘ ηh + 9;iημμ 9hkη; 1)‘ + 9jh 1) i 1μ - 9ik까η10) 

+2( rþhirþjk + rþjhrþik + rþjirþkh) 

= 8(까iLjh + ìkjLih + ìkhLji + ìij L hk + ìihLkj + ìjhL ki) 

+1bkiηi 1)h + ìkj깨끼h + ìkh1)i 1)i + ìiiηkηh + ìih 1)kηi + ìihηkηi) 

+6(ηiÌjh + ìkjÌ‘ h + ìkhìji) , 

(3. 14) 2(Kk" ,rþ,'rþ; + Kk,p,rþ‘'rþ: + Kk ,q,rþ/rþi') 

+(9piηqηk - 9qk깨p + 9.iηkηp - 9pk깨.1)‘ + 9.pη‘ηk - 9ikηq 1)p) 

+2( q,pirþqk + q,qp q,ik + q,qirþkp) 

= 8bki L qp + ìkq L ip + ìkpLqi + ìiq L pk + ìipLkq + ìqpLki ) 

+1bk끼qηp + ìkqη끼p + ìkpηq 1)i + ìiqηp'7k + ìip 1)kηo +ìop까ηi) 

+6( ìkiìop + ìkoìip + ìkpìo‘), 

from which , transvecting with q,;" rþhP

’ 
we have 

(3 .15 ) 2(Kkj싸 - Kk'p;rþi냥f - ICkhqs@1q￠， j 

-9hkηj1)i + 9ki깨j’7h - 9ji1)k1)h + 9ih1)k1)j) 

+ì;h1)i1)k + 2bkiÌh‘ - rþ‘ krþhj - ìkhγij) 
= 8bki(Ljh + 낀1따) - rþjkMih - rþhkMij 

rþjiMkh - rþhiMkj + ìjhLkil 

+7ìj찌찌‘ + 6(ìk‘ ìjh + rþjk싸i + rþi ‘ rþhk) , 

where we have used (2.5) and (3.5) and have put 

(3.16) M j
‘ 

= - L j,rþi' ’ 
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or 

J(kj“‘ - J(ktpj <Pi냉hP - J(khj‘ + <Ph i <Pkj + 9ki9h j - 9kh9ij 

+9ki꺼ηh - 9kj깨h "l’ 

= 4lìki{Ljh + η1따) - <PjkMih - <PhkMij - <pjiMkh - <PhiMkj + ")'jhLk;] 

+3 (-yjhηk "l i + ")'k i"Yjh + <P jk <Phi + <Pj ‘<Phk) , 

where by (2.11) , we have used 

J( khq ,<P/ <Pi’ = J( khji + <Pki <P hj - <Ph‘ <P kj - 9ki9hj + 9hi9kj 

Taking the skew-symmetric part of t his equation with respect to k and 
j and taking account of 

J(ktjp <Pi tφ‘p - J(jtkp <P“ <P hP = Iútjp { q，/φ! - q，‘p@ht) 

fhj‘h , 

where IJkjih are defined by (2.17), we find 

(3 .1 7) 2!( kj‘h + J( kjih + q,kh q, ji - q,W!>k‘ + 2 q,hi q,kj - J(kh ji + J(jhki 

-39kh9j‘ + 39jh9ki + 9ki"lj" /h - 9ji"lk '7h 

= 4lìjh L k‘ ")'k hLji + ")'kiL jh - ")'ji Lkh - q,hk M ,‘j + q,hj M ik - q, jiMkh 

+<Pk‘M jh - q,hiMkj + <PhiMjk - 2 <Pjk M ih + (-yk깨j - ")'j i '7 k)찌 

+3[ (-yjh까 - ")'khηj)ηi + ")'k i"Yjh - ìj i"Ykh + q,ji <Phk - q,ki q,hj + 2 <Pjk <P h;]. 

Transvecting (3.5) with <P/ and talång account of (3.6) , we have 

-Lkt<P/ = Lji q,kJ , 

thus we have from (3.16) 
-Mki = M ik . 

From (3.17) , we have 

(3 .18) J(kjih = -ìkhLj i + ìjhLki - Lkhìji + Ljhìk‘ - q,kh M ji + q，jhM，μ 

-Mkh찌i+Mjh짜i + 2(Mkj싸 + q,kj M ih ) 

-(q,kh q, ji - q,jh q,ki - 2 q,kj q,ih) 

Transvecting (3 .1뼈뻐8히) ‘w‘v…! 

J(ji+2mLμJ'‘ -(-y.꺼1hπLhi‘ + ")'，‘h%L1샤싸h샤)+Lì꺼겐'ji -3야(q，찌，/ Mhi+ <P/ Mj샤싸h서) -3q，찌/<phi = 0’ 
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where 
L = gkhLkh, 

from which, substit ut ing (3.16) , 

that is, 

and 

K;; + (2m + 4)Lj; + (L + 3)1;; + 41/; 1/; = 0, 

= - - -L-IK1! + (L + 3)91, - (L - l)꺼η;] ， 
2(m + 2) 

L - K + 2(3m +2) -
4(m + 1) 

Thus, (3.18) gives 
B kj

‘
h = O. 

Thus, we have the following ‘ 

Theor em. Jn 0에er that contact Bochner curvalure t ensor oJ a (2m + 1)­

dimensional Sasakian maniJold (2m + 1 > 3) vanish es, il is n ecessa1ψ and 
sufficienl that 

K(X ) = L--」8(L，h + η; 1/h)X; X h - 3, 
(gk; - 깨k 1/j )Xk Xj 

ψheπ K(X) is the C-holomorphic sectional cuηJature with respect to a sec­
tion spann ed by vectors </>X and </>2 X and L;hX‘ X h is a certain quadralic 

Jorm whose coefficienls salisf1ν 

L，， </>;’￠‘'= L j‘ + 1/jη‘-
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