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L?-KILLING p-FORMS ON A COMPLETE,
NON-COMPACT RIEMANNIAN MANIFOLD
WITHOUT BOUNDARY

Yang Jae Shin

1. Introduction

The results of the study of killing tensor fields on a compact Rieman-
nian manifold without boundary had been listed in Yano’s book [19]. In
[23], non-existence of L*-Killing vector fields on a complete Riemannian
manifold without boundary was discussed.

The study of L:-harmonic p-forms on a complete Riemannian manifold
has been done in [6], [7] and [21].

The purpose of the present paper is to investigate the properties and
non-existence of L2-killing p-forms on a complete, non-compact Rieman-
nian manifold without boundary.

We shall be in C*°-category. Latin indicies run from 1 to n. The
Einstein summation convention will be used.

2. Preliminaries

Let M be an orientable Riemannian manifold of dimension n and g
(resp. V) the Riemannian metric (resp. the Riemannian connection) on
M.

We consider a p-form on M

1 : :
(21) w = ;'-w,‘h__.,'pdm“ A Ada'r

or a skew-symmetric tensor field of type (0,p). Then w;,..;, are local
components of the p-form w. The exterior differential dw of a p-form w on
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M is a (p+ 1)-form given by
1
(p+1)!
—V;pwil...,'p_l,'}dl'i Adz™ A - Adz?.

(22) dw = {V,—w,—h....—p — Vilwiig---ip T

From a p-form w on M, the (p — 1)-form given by

1
(p—1}!

is called the codifferential of the p-form w. If w is a function on M, then
we put éw = 0. For any p-form w on M, it is clear that

(2.3) bw = —

(97 Vjwiiy.i, )z A -« A dz'

(2.4) d(dw)=0 and §(éw)=0.

The Laplace-Beltrami operator A = 6d + dé is represented by
Aw = bdw + dbw
Lo P
(25) = —-pT{gJ Vj\_/',—w,—l...,-p — Z [{i,twil---t-"ip

s=1

1-p

} : ab i ]
= K,'"'s w,—l _,_a___b___,fp}d.'l'f ? Ao A d:]’: P

t<s

by the Ricci identity and ¢7'Kj,;* = —K,* for any p-form w, where Kj;;"
and Kj; are local components of the Riemannian curvature tensor and
Ricci tensor of M, respectively.

Let r be the scalar curvature of the Riemmanian manifold M, that is,
r = ¢g**K;. If the Riemannian manifold is of constant curvature, then we

have
1

r
(2.6) kin = ey (O0gs = 9ng)s Kii = Do

Let M be an n-dimensional Riemannian manifold with the fundamental
metric g. The change of the metric g* = p?g, where p is a certain positive
function, does not change the angle between two vectors at a point and
so is called a conformal transformation of the metric.

Let C be the Weyl conformal curvature tensor of M with components
C’kj,-h. Then we have

(2.7) ijih = Kkj;h + 5;;(73'.' a E?Cki + Ckhgji - thgki,
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where 1
Cj=— K+

r——

1
2 —1)(n—2)
and _
Ci* = Cuig™.
If a Riemannian metric ¢ is conformally related to a Riemannian metric
g* which is locally flat, then the Riemannian manifold M with the metric g
is said to be conformally flat. If a Riemannian manifold M is conformally

flat, then C' = 0 for dim M > 3 (cf. [4], [15], [16]). Hence, for a conformally
flat Riemannian manifold M of dim M > 3, we have

1 = )
(28) I(kjih = —n T Q(Qkhl‘ji _ gthki + gj;'ﬁ kh — gkil(jh,)
r
T 2)(gkh9ji — Gingki)-

From now on we assume that M is a complete, non-compact, connected
and orientable Riemannian manifold of dimension n without boundary
unless special mention.

3. L’-p-forms on M

In this section, we will introduce special Lipschitz continuous functions
and study some properties of L2-p-forms on M.

Let AP(M) be the space of all p-forms on M and AT(M) the subspace
of AP(M) composed of forms with compact supports.

The Hodge *-operator on A¥(M) is defined by (cf. [7],[8], [12],[13])

B 11 ipd
(3.1) #w = > gt ... givir
jl<"'<J’p;k1<‘"<kn—p

><5}1"_'_'.};;;'1".'.'.}:;_?\/dei(gj,-) X Wipoipdz™ A -+ A dzboor,
where w = ﬁwil...ipd&ﬂ"l A---Adz' and 6}1"_','_']1;'&'1"_',',',:;_12 denotes the Kronecker
symbol. Thus we may define a global scalar product <, > on Af(M)
by (cf. [5], [11], [12], [22])

(3.2) <<¢,¢>>:fM<¢,¢>dV=fM¢A*¢.
Also, we have (cf. [6],(8],[24])

(3.3) < do,h >=< ¢,6¢ >
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for any ¢ € AL(M) and ¥ € AT+ (M).
Let z¢ be a fixed point of M and p(p) the distance from z, to p € M.
Then the set

(3.4) B(2a) ={pe M| p(p) < 2a}

is compact in M for any a > 0.
On the other hand, if we consider a cut-off function g on R satisfying

(cf. [11],20])

(3.5) py)=1 fory<1

0<u<1l onR
uly)=0 fory=>2,

then we can define a family {A,} of Lipschitz continuous functions on M

by (cf. [9], 20], [22])
(3.6) Aa(p) = p(p(p)/a), a=1,2,3---
for any p € M. Thus the family {),} satisfies the following properties:

0 <X (p) <1 forany pe M
suppAs C B(2«)

(3.7) Aau(p) =1 for any p € B(ea)
b s de =1
|[d),| < Da™t almost everywhere on M,

where D is a positive constant independent on « (cf. [1],[3], [7],[8],[22],[23],]25])-
In fact, p is locally Lipschitz function and |dp|* < n. Since dA\, =

1(du/dt)dp at the point where the derivative of p exists (cf. [10]), setting

A :=sup |%’f| implies (cf. [2],[8]).

Lemma 3.1. Under the above notations,

nA?
(55) 43 Al < - lell3oa,

for any w € AF (M), where A is a positive constant depending only on p
and ”“’”_23(20) =< W, W >B(20)= fg(ga) < w,w > *1.

Let L%L(M) be the completion of AJ(M) with respect to the global
scalar product < , >. A tensor field w € L4(M) N AP(M) is called the
L%:-p-form on M. Then we remark that |Jw|| < oo, Ayw € AF(M) and
Aqw — w as a@ — oo in the strong sense for any L?-p-form w on M (cf.

[21, [9]; [22]).
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On the other hand, for any L2-p-form w on M, it is clear that (cf. [2],

[9])

nA
(39) | < do,hatdha Aw Spa) | < " (el + [liban)

4. Non-existence of L?-Killing p-forms on M

In this section, we will find useful properties of L?-Killing p-form on M.
From these properties, we will obtain our main result which is a natural
extension of that of K. Yano ([18], [19]) in the case of compact Riemannian
manifold. Furthermore, we will study relations between curvature (or
Ricci) tensor and non-existence of L2-Killing p-forms on M.

A pform w on M is a Killing p-form if it satisfies

(4.1) (p+1)Vw = dw.

For a Killing p-form w, it is clear that Vw is a skew-symmetric and
dw = 0.

We first introduce the following lemma due to T. Takahashi ([14]).

Lemma 4.1. A p-form w on M is a Killing form if and only if
(4.2) Aw=(p+1)ddw and bw=0

or

i 1.2 1 5%
(43) g-?'vj;v,'w,']...,'p + E Z I(i_.tu-’il"'t-"ip + - Z I("f"aabwil---a---b---i, —0

s=1 1<s
and B
(4.4) g'Viwig,..i, = 0.

We consider (the square length) |A\,w|* of a L?-p-form w on M. Then
we have

(4.5) %m,\awﬁ —< Y (M), Ao > —|V(Aaw)[2.

Suppose that w is a L?-Killing p-form, then we have

P
-t
Z Ii,-‘w,-,..‘g...,-p

(4.6) GVl = =
ps:l

1 Lp X
- E Kz, Ywi RIS

p i<s
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and consequently

(4.7) < Vw,w >= F,(w,w),
where the quadratic form F,(w,w) is given by
(4.8) F(w,w) = Kjw.iw™
—1 . T
+p-—2 Kijinw™ iy 0™,

Since F,(w,w) is bilinear, < X,6Vw, Aqw >= F,(Aaw, Aqw).
Thus we have

Lemma 4.2. Ifw is a L*-Killing p-form on M, then it holds that

1
(4.9) §A|z\aw|2 = F,(Aaw, Aew) — A2|Vw|? — [d), Aw|?
—2 < A Vw,2dA g Aw > + < dAg, Aglw|® > .

Using Stokes’ theorem and Lemma 4.2, we have our main results:

Theorem 4.3. Let M be a complete, non-compact, connected and ori-
entable Riemanntan manifold of dimension n without boundary. If the
quadratic form F,(w,w) is negative-semidefinite, then any L*-Killing p-
form on M is parallel.

Proof. By Stokes’ theorem, we have

1 | 2
(4.10) 5 Jae A w|*dV = 3 Jonae) < N,d|A\w|* > dB,
where N is the outer normal vector to dB(2a) and dB is the volume
element of 0B(2a).
Since dB(2a) = M U {p € M|p(p) =2a}, A\a =10on M and A\, =0
on {p € M|p(p) = 2a} (cf. [2]). Moreover, since dM = ¢, the right hand
side of (4.10) is equal to zero. Thus from Lemma 4.2, we have

0 < | Fy(Aaw, Aatw)dV — j 22 |Vw[2dV|
B(2a) B(2a)

= [ lderol+2[  <AVe,2dhAw>dV
B(20)

B(2a)

= < 8d) o, Ao|w|? > dV|
B(2a)

2 A wlB o) +2 € Ao Ve, 2400 Aw >50a)
+ < dAg, d(Aa]w|?) >B(2a) -

IA
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Letting a — o0, from Lemma 3.1 we have

]M Fy(w,w)dV = /M IVw|2dV.

Hence if Fp(w,w) is negative-semidefinite, then Vw = 0.

Corollary 4.4. If the quadratic form Fy(w,w) is negative-semidefinite on
M and F,(w,w) < 0 for some point in M, then there are no non-zero
L?-Killing p-forms on M.

Now, we can find an example for our main results.

Example 4.5. We set r = (2 + y? + 22)2 for any point (z,y,z) of R
and
x=rcosth y=rsinfycosfl; z=rsinb;sinby,

that is, (0y,6;,r) is the spherical coordinates in R®. For two positive
constant numbers a; and a; (a; < a;), we consider a metric ds* on R?
such that

ay + aqg
b

ds® = r~3{(d6;)* +sin®0,(df;)?} + (dr)® forr >
ds® = r*{(d6:)* + sin® 8,(d0,)*} + (dr)? for r < a;.

Then M = (R3,ds?) is a complete, non-compact, connected and orientable
Riemannian manifold. We set M = {(#;,8,,7) € M|r > a3}, then M is
a non-compact, connected and orientable Riemannian manifold without
boundary.

Thus we have
(1) The volume of M is infinite.
(2) w = %sin 6;d6; A db; is a L:-Killing 2-form on M.

(3) F(w,w) = —r~§ S 0asr — oo.

Remark. For the case of p = 1, we can take an example for our main
results as in S. Yorozu ([23]).

From now on, we would like to investigate relations between curvature
(or Ricci) tensors and non-existence of L2-Killing p-forms on M.

Firstly, we consider that the Riemannian manifold M of dimension n
is of constant curvature. Then from (2.6), we have

(4.11) Fyfw,w) = o=l
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from which together with Corollary 4.4, we have

Proposition 4.6. Let M be as Theorem 4.3. If M is of negative con-
stant curvature, then there are no non-zero L*-Killing p-forms on M(p =
1,---,n—1).

Secondly, we assume that M is conformally flat Riemannian manifold
of dimension n > 3. Then from (2.8), we have

—2p u “ p—1 2
2-tp
2K W iy W +(n_1)(n_2)rlw| L
On the other hand, we assume that R(v,v) is negative-definite and

denote by —L the largest (negative) eigenvalue of the matrix (Kj;). Then
we have

(4.13) R(v,v) < —Lg(v,v), r<-nL<0,
which and (4.12) imply

(412) Fyfw,w)= "=

(4.14) FM%W)<—_——LMP
n—

Thus, form Corollary 4.4 we have

Proposition 4.7. Suppose that M is a complete, non-compact and con-
nected conformally flat orientable Riemannian manifold of dimension n >
3 without boundary. If the Ricci curvature of M is negative-semidefinite
and the Ricci curvature is negative for some point, then there are no non-
zero L*-Killing p-forms on M(p = 1,---,[3]).

Finally, we suppose that the curvature tensor Ky, of M satisfies the
inequalities

(4.15) el i =

v pasledy ot
I(’k_;,,hw w <—%b<0

w_,-,-wj"
for a certain negative number —b and for any skew-symmetric tensor field
w of type (0,2).

Taking two mutually orthogonal unit vectors X and Y and putting

= YIX Y,

we obtain 1 1
(4.16) > 5b < =K YEXY' X < —Eb < 0.
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Put X; = X and take n — 1 unit vecotrs X3, .-, X, which are orthog-
onal to X; and to each other. Then we have

Y XiX]=g".

a=1

On the other hand, from (4.16) we have

(4.17) = %b < —KuinXEXIXiXh < —ib < 0.
and consequently
2l < R(X,X)< -2 <0
2 = ’ == 4 )
) { Ao £ o

Hence, from Corollary 4.4 we have

Proposition 4.8. Let M be as Theorem 4.3. If the curvature tensor
satisfies (4.15), then there are no non-zero L*-Killing p-forms on M(p =

L 3D
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