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WITHOUT BOUNDARY 
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1. Introduction 

The results of the study of killing tensor fìelds on a compact Rieman­
nian manifold without boundary had been listed in Yano’s book [19J. 1n 
[23J , non-e잉stence of P-Killing vector fìelds on a complete Riemannian 
manifold without boundary was discussed. 

The study of L2-harmonic p-forms on a complete Riemannian manifold 
has been done in [6J, [7J and [21J. 

The purpose of the present paper is to investigate the properties and 
non-existence of L2-killing p-forms on a complete, non-compact Rieman­
nian manifold without boundary. 

、，Ve shall be in C∞ category. Latin indicies run from 1 to n. The 
Einstein summation convention will be used. 

2. Preliminaries 

Let M be an orientable Riemannian manifold of dimension n and g 
(resp. \7) the Riemannian metric (resp. the Riemannian connection) on 
Aι 

We consider a p-form on M 

샤
 

q 4 
( ω = Aω" 짜'1 ^ ... ^ dx ‘P 

p! 

or a skew-symmetric tensor fìeld of type (O,p). Then ψ') ’p are local 
components of the p-form ω The exlerior dijJe reη lial dω of a p-form ω on 
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M is a (p + l)-form given by 

(2 .2) dω 1π‘ωlh lp - ?”ωii2 ... ip (p+1)!l 

-V'ipω'1 ’p-1 ‘ }dx‘ ^ dx ‘ 1 ^ ... ̂  dx'
p 

From a p- form ω on M , the (p -l)-form given by 

(2.3) ω = --」-(g3’?jωii2 ... ip)dx’2 ^ ... ^ dx'p 
(p - 1)! 

is called the cod游rentíal of the p-form ω If ω is a function on M , then 
we put 8ω = o. For any p-form ω on M , it is clear that 

(2.4) d(dω)=0 and 8(8ω) = 0 

The Laplace-Beltramí operator 6. = 8d + d8 is represented by 

Aω 

(2.5) 

Mω +d8w 
1 P 

-숙 {gJ' V'j V'‘ω~l" ‘p r Kiltω'1 ‘t"'lp 
P’ 3:;;] 

ε Kit’~ abWil ... a ... b ... ip}dx‘ 1 ^ .. . ̂  dx'p 
t<s 

by the Ricci identity and gjiI<jsi
t = -I<; for any p-form ω， where I<kj‘h 

and f{ji are local components of the Riemannian curvature tensor and 
Ricci tensor of M , respectively. 

Let r be the scalar curvature of the Riemmanian manifold M , that is , 
r = gJ'11ιi. If the Riemannian manifold is of constant curvature, then we 
have 

(2.6) ζ I ι 1 
1‘h =, ., \gkhg.‘ - gjhgk;) n(n - 1) ‘ J~ .::1 Ju .::J .... , κ‘ = ggj’ 

Let M be an n-dimensional Riemannian manifold with the fundamental 
metric g. The change of the metric g* = /g, where p is a certain positive 
function , does not change the angle between two vectors at a point and 
so is called a coπformal traπsformation of the metric 

Let C be the Weyl conformal curvature tensor of M with components 
Ckji

h
. Then we have 

(2.7) Ckji
h = I<kj/ + 야Cji - 앙Cki + G，삼91， - CJhgk!, 



where 

and 

L2-Killing p-forms on a complete 

Cj‘ = --L- K, + 1 q, ) η _ 2 --" , 2(η - 1)(n-2) 이 

Ck
h = Cki9 ’h 
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If a Riemannian metric 9 is conformally related to a Riemannian metric 
9* which is locally fiat , then the Riemannian manifold M with the metric 9 
is said to be coπformally βat. If a Riemannian manifold M is conformally 
fiat , then C = 0 for dim M > 3 (cf. [4] , [15] , [16]). Hence, for a conformally 
fiat Riemannian manifold M of dim M > 3, we have 

(2 .8) J{kjih 많(9kh[{ji - 9jhJ{ki + 9jJ<kh - 9kJ<jh) 

r 
\1.. ,,' \9kh9ji - 9jh9씨 (n-1)(n - 2) \ / 

From now on we assume that M is a complete, non-compact , connected 
and orientable Riemannian manifold of dimension n without boundary 
unless special mention 

3. L2- ]r forms on M 

In this section, we will introduce special Lipschitz continuous functions 
and study some properties of L 2-p- forms on M 

Let A?(M) be the space of all p-forms on M and A:u,n the subspace 
of A?(M) composed of forms with compact supports. 

The Hodge *-operator on A?(M) is defined by (c f. [7] ,[8], [12],[13]) 

(3.1) *ω = ε 9'"1 ... 9’p'p 

× 6jl jpkl 자 p매댁꾀 x ω1l ,pdIkI A A dxk，꺼 

where ω =..1，ω.‘ ’ dx ’ 1 ^ ... ̂  dxip and 8) .... . ~ .. ~ ...... ,n denotes the Kronecker P’ ‘ l ‘ p -~ - ~ )1"')p/(;1 "'''n-p --~~~ ~~~ y~~~ ~ ~L ~~~~_LH"，‘ 

symbol. Thus we may define a global scalar product ~ , ~ on A!;(M) 
by (cf. [5] , [11] , [12] , [22]) 

(3.2) ~ <f;, ψ >>= L < <f;, Iþ > dV = L <f; ^ *ψ 
Also, we have (cf. [6], [8] ,[24]) 

(3.3) ~ d<f;, Iþ ~=~ <f;， 8ψ >
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for any rþ E A{;(M) and ψ E A{;+I(M). 
Let Xo be a fixed point of M and p(p) the distance from Xo to p E M. 

Then the set 
(3 .4) B(2a) = {p E MI p(p) ~ 2a} 

is compact in M for any a > O. 
On the other hand , if we consider a cut-off function μ on R satisfying 

(cf. [11] ,[20]) 

{ 0 s““떠μ“썩s인1 on 
μ바(ωy) = 1 for Y ~ 1 
μ (y) = 0 for y ;:::: 2, 

(3.5) 

then we can define a family {.\,,} of Lipschitz continuous functions on M 
by (cf. [9] , [20], [22]) 

(3.6) '\,, (p) = μ(p(p)ja) ， a = 1,2,3 ... 

for any p E M. Thus the family {.\,,} sat빼es the following properties: 

o ~ '\,, (p) ~ 1 for any p E M 
supp'\" C B(2a) 

(3.7) ~ '\,, (p) = 1 for any p E B(a) 
lim"→。0'\0 = 1 
Id'\ ,, 1 ~ Da-1 almost everywhere on M , 

where D is a positive co따tant independent on a (cf. [1 ], [3] , [7], [8], [22],[23] ,[25]) 
In fact , p is locally Lipschitz function and Idpl2 ~ n. Since d'\" 

~(dμ jdt)dp at the point where the derivative of p exists (cf. [1 이)， setting 

A:= sup 1 뿔 1 implies (cf. [2] ,[8]). 

Lemma 3.1. Uηder the above notations, 
_ A2 

(3.8) Ild씨 ω11~(2") ~ 풍11ω11~(2이， 

for any ω E A{;(M), ψheπ A is a positive constant depending only on μ 
and 11ω11 웅(20) =~ ω， ψ ::ì>B(20)= JB(20) < ω， ω > *1 

Let L~(M) be the completion of A{;(M) with respect to the global 
scalar product ~ , ::ì>. A tensor field ω E L}(M) n AP(M) is called the 
L2-p-form on M. Then we remark that 11띠1< ∞，'\。ω E A{;(M) and 
'\"ω • ω asa • ∞ in the strong sense for any L2-p-form ω 。n M (cf. 
[2], [9], [22]). 
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On the other haDd , for any L 2-p-form ω on M , it is clear that (cf. [2], 
[9]) 

nA2 
‘ ’ (3.9) 1<< ψ， 2>'", d>'", ^ ω >>8(2,,) 1 ~ 김; (11).，，0:ω11승(2"') + 11ω11승(2"')). 

4. Non-existence of L2-Killing p-forms on M 

1n this section, we will find useful properties of U-Killing p-form on Aι 
From these properties, we will obtain our main result which is a natural 
extension of that of K. Yano ([18], [19]) in the case of compact Riemannian 
manifold. Furthermore, we will study relations between curvature (or 
Ricci) teDsor and Don-existence of U-Killing p-forms on M. 

A p-form ω OD M is a Ki l/ing p-form if it satisfies 

(4.1) (p + 1) Y'ω =dw 

For a Killing p-form ω ， it is clear that Y'ω is a skew-symmetric and 
6ω=0 

We first introduce the following lemrna due to T. Takahashi ([14]). 

Lemma 4.1. A p-form ω on M is a Killing form if a뼈 only if 

(4.2) ð.ω = (p + l)óO:ω and Ó，ω =0 

or 
P 1 1 ... p 

(4.3) gjiY' j Y'iω” ‘p + i ε K파lll t 1p + f ε 1<;“sabω11 ... Q. ••• b"'1p = 0 

and 
(4 .4) 

t' ,,=1 r t<" 

g'‘Y'jω'" ‘ ’p = o. 

We consider (the square length) 1>'。ω1 2 of a U-p- form ω on M. Then 
we have 

(4.5) 섣1>'"ω1 2 =< óY' (>'"ω) ， >."ω > -IY'(싸w 
Suppose that ω is a L2-Killing p-form, then we have 

( 4.6) (óY'ω)‘l"'lp 찮 KIt-ω‘l •.. t ... ip 

r ,,=1 

1 ) .•. p 

+~ ε κ“.%‘1 ... a ... b ... ip ' 
r t<s 
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and consequently 
(4.7) <8Vω，ω >= 간(ω， ω) ， 

where the quadratic form 감(ω， ω) is given by 

(4.8) 감(ω， ω) = Kjμ12" 냄’” ’P 

p - 1 ,.". b ih 
+-5-μ;hωt1，3 샘 n 

Since Fp (ω， ω) is bilinear, < 사roω， Àaω >= 감(Àaω ， Àaω) . 
Thus we have 

Lemma 4.2. Ifω is a L2 -Killing p-form on M , then it holds that 

(4.9) 삼|싸1 2 = 간(Àaω， Àaω)- 새IVω1 2 -ldÀa ^ ω12 

-2<ÀaVω， 2dÀa ^ω > + < 8dÀa , Àalω1 2 > . 

Using Stokes’ theorem and Lemma 4.2, we have our main results: 

Theorem 4.3. Let M be a complete, non-compacl, connecled and ori­
entable Riemannian maπψld of dimension n without boundary. If the 
qμadratic form 간(ω， ω ) is negative-semidefinite, then any L 2 -Killing p­
foπn on M is parallel 

Proof. By Stokes ’ theorem, we have 

(4.10) ~ L l'. IÀaω 1 2dV = -~ r. < N， dlÀaω 1 2 > dB , 
2 J B(2a) 2 1&B(2a) 

where N is the outer normal vector to ôB(2a) and dB is the volume 
element of ôB(2a). 

Since ôB(2a) = ôM U {p E Mlp(p) = 2a }, μ = 1 on δM and Àa = 0 
on {p E Mlp(p) = 2a} (cf. [2]) . Moreover , since ôM = Iþ, the right hand 
side of (4.10) is equal to zero. Thus from Lemma 4.2, we have 

o ~ 1/_ 감(À。ω ， Àaω)dV - 1 씨IV，ω1 2dVI 
JB(2a) . . JB(2o) 

= 1 '- . IdÀa ^ω12 + 2 '- . < Àa Vω， 2dÀa I\ω >dV J B(2a) . J B(2a) 

- 1 < 8dÀa, Àalω 1 2 > dVI 
J B(2a) 

~ IIdÀa ^ ω111(2a) + 2 ~ Àa Vω， 2dÀa ̂  ω >>B(2a) 

+ <<dμ ， d(Àalω 12) ~B(2a) . 
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Letting ct • ∞， from Lemma 3.1 we have 

L 간(ω， ω)dV = L 1 "\7ω 1 2dV. 

Henæ if 간(ω， ω) is negative-semidefinite, then "\7ω =0 

Corollary 4 .4. /f the quadratic f0 7m 암(ω ，ω ) is negative-semidefin;te on 
M and Fp (μμι) < 0 for some point in M , then there are πo non-zero 
L2-[(ill;ng p-forms 0η M. 

Now, we can find an example for our main results 

Example 4.5. We set r = (x2 + y2 + Z2)~ for any point (x , y , z) of R 3 

and 
x = r cos 111 y = r sin 111 cos 112 Z = r sin 01 sin O2, 

that is, (111, 112, r) is the spherical coordinates in R3 . For two positive 
constant numbers a1 and a2 (a1 < a2) , we consider a metric ds2 on R 3 

such that 

ds 2 

ds 2 

r-~ {(dlld 2 + sin2111(dIl2j2} + (dr)2 

r2{(dllJ) 2 + sin2 111(d02)2} + (dr)2 

a1 T a2 
for r > .:.:.!..호 

for r 으 a1 

ThenM = (댐æ’펴ds강2)μIS a corr매let떠eκ’ non-compact, connected and orientable 
Riemannian manifold. We set M = {(1I1,1I2,r) E Mlr > a2 }, then M is 
a non-compact, connected and orientable Riemannian manifold without 
boundary. 

Thus we have 
(1) The volume of M is infinite 
(2) ω = ~ sin 1I1dll1 ̂  dll2 is a L2-Killing 2-form on M. 

(3) F2 (ω， ω) = -r-~ • o as r • ∞· 

Remar-k. For the case of p 1, we can take an example for our main 
results as in S. Yorozu ([23]). 

From now on, we would like to investigate relations between curvature 
(or Ricci) tensors and non-existence of L2-Killing p- forms on M. 

Firstly, we consider that the Riemannian manifold M of dimension n 
is of constant curvature. Then from (2.6) , we have 

(4.11) Fp (ω， ω) = 4二E-T|ω12 ，
(n - 1) 
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from which together with Corolla.ry 4.4, we ha.ve 

Proposition 4.6. Let M be as Theorem .{3. If M is of negative con­
stant curvature, then theπ are no non-zero L2 -Killing p-forms 0끼 M(p= 
1, ... ,n -1 ). 

Secondly, we a.ssume tha.t M is conforma.lly ßa.t Riema.nnia.n manifold 
of dimension n > 3. Then from (2히， we ha.ve 

(4.12) 간(ω， ω)= 므二강K ω1 ω’”‘ ’.+~ - l r|ω1 2 . 2 .. ,’ ., ....• - , (n -l )(n - 2) 

On the other hand, we assume that R( v, v) is negative-definite and 
denote by -L the largest (nega.tive) eigenva.lue of the matrix (J(j ‘). Then 
we ha.ve 
(4.13) R(v,v) :S: -Lg(v,v) , r :S: -nL < 0, 

which a.nd (4.12) imply 

(4.14 ) 감(ω， ω) 으 맘LIω12 
η -1 

Thus, form Corollary 4.4 we ha.ve 

Proposition 4.7. Suppose thal M is a complete, non-compact andcon­
nected conformally ftat orienlable Riemannian man나òld of dimension n > 
3 withoul boundary. If the Ricci curvature of M ís n탱ative-semidefin ite 
and lhe Ricci CU1ψature is negative for some point, then there are no non 
zero L 2-Killing p-forms on M(p = 1,' ‘ ’ , [~]). 

Fin a.lly, we suppose th a.t the curva.ture tensor J(kj싸 of M sa.tisfies the 
inequalities 

(4.15) 
T/ .ki . . ih 
l\. k1 ih W ~ω l b < _:.:.:수/1- <_든b < O 

- μJJlω，. :.! 

for a. certa.in nega.tive number -b and for any skew-symmetric tensor fìeld 
ω of type (0,2) . 

Ta.king two mutu a.lly orthogona.l unit vectors X and Y and putting 

ω，. = Y'X ’ -Y’X' ’ 

we obtain 

( 4.16) - 5b s -Kk1lhYkX1YIXh S ib < O 
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Put X 1 = X and take n -1 uni t vecotrs X 2, . .. , X n which are orthog­
onal to X 1 and to each other. Then we have 

εX;X~ = gJ'. 

On the other hand, from (4.16) we have 

( 4.17) -한 S -Kkj짜XJX;xh s 필 < 0 

and consequently 

(4. 18) { 
팎 s R(X,X) s-렌b < 0, 
감(ω， ω) 으 -노똥iJ. blω12 • 

Hence, from Corollary 4 .4 we have 

Proposition 4.8. Let M be as Theorem 4- 3. If the curvature tensor 

satisfies μ 1딩， then theπ are no non-zero L 2-Killing p-foπns on M(p = 
1, ‘, [~]) 
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