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REGULAR EXTENDED T RlPLE SYSTEMS 

Chung Je Cho 

1. Introduct ion 

An extended triple sνstem of order v is a pair (V, B) where V is a v­
set and B is a collect ion of nonordered triples of elements in V (called 
blocks) , where each triple may have repeated elements, such that every 
pair of elements of V , not necessarily distin ct, belongs to exactly one 
block , The blocks of B are of three types: 

{a ,a,a} , {~b， c} ， {x ,y,z} 

where the element a is called an idempotent and b a nonidempotent of t be 
system. We will denote by E(v; n) an ex tended triple system of order l' ‘ 

which has n idempotents , It is straighforward to see that if there exists 
an E(v; n) , then n = 0,1," ', or v. Johnson and Mendelsohn [3] oblained 
a necessary condition for the existence of an E( 1시 n) , and Bennett and 
Mendelsobn [1] showed that this necessary cond i tion was also suffìcient 

Theorem 1.1 [1 ,3]. Theπ ex잉ts an E(t시 n) if and only if 
(i) v 三 0(mod3) and n 三 0(mod3) or 
(i i) v 三 1 o '1' 2(mod3) andn 三 1( mod3) 0 '1' 

(iii) v is even and n ::; vj2 0 '1' 

(iv) n = v - 1 and v = 2. 

An automorphism of all E(v; π) (V, B ) is a perrnutation of V which 
fixes B setwise, i.e. a( B ) = B where a(X) = {a(x)lx E X}. 

Let a be a pe망rffil 
the d비li페s헤j이n따1냐t cycle deco아rnpos잉I“t“10이n of a consists 0이fa이i cycles of length i and 
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ε iO'i = v . An E(t낀1) adrrútting 0' as an automorphism will be denoted 
by Ea (v ; n). If [0'] = [0,0, ... ,0,1], then Eo ( t시 n ) is called cyclic. If 
I이 = [1 ,0, ... , k , 0, ... ,0], i.e. 0'1 = 1, a(v-l)fk = k and ai = 0 otherwise, 
then an E，， (t시 n) is called k-rotational. If [a] = [0,0, ... , 0, k , 0, .. . ,0], i.e. 
avfk = k and ai = 0 otherwise, then an Eo(t시 n) is called k-regular. 

Theorem 1.2 [see 2]. There exists a cνclic E(v; n) iJ a뼈 only iJ 
(i) n = v and v 드 1 or 3 (mod6),v ￥ 9 or 
(ii) n = 0 and v 드 3(mod6). 

Theorem 1.3 [2]. 띠 There exists a l-rotatioη al E( v; n) iJ and only σ 
(i) n = v aπdv 드 3 or 9( mod 24) or 
(ii) n = 1 and v 드 1 or 2(mod3) , v # 10. 

(2) There exists a 2-rofational E( v ; n) iJ and only iJ 
(i) n = v and v 三 1,3,7,9,15 or19(mod24 ) or 
(ii) n = (v + 1)/2 and v 三 1(mod6) or 
(iii) n = 1 and v 三 10r5(mod6) 

(3) A necessary and sufficient condition Jor the ex잉te nce oJ a 3-rolaliona! 
E(v;n) is 

(i) n = v and v 三 1 or 19 (mod24) or 
(i i) η = 1 and v 드 1(mod3) or 
(i끼I페I 

fψor v 三 37 or 55 (mod72) and n = (v + 2)/3 or (2v + 1)/3 

A Steiner triple system of order v , denoted by STS(v) , is a pair (V, B) 
where V is a v-set and B is a set of 3-subsets of V , called blocks, such 
that each 2-subset of V belongs to precisely one block. It is well-known 
that a ST S( v) exists if and only if v 프 1 or 3(mod6), Peltesohn [5] has 
shown that a cyclic STS(v ) exists if and only if v 三 1 or 3(mod6) , v # 9; 
and then it is easily seen that a 3-regular ST S( v) exists if and on ly if 
U 三 3(mod6). 

An (A , k )-system (a (B , k )-system) is a set of ordered pairs {( a" b, )1 r = 
1,2, ... , k} such that b, - a, = r for r = 1,2, ... , k, and U~;l {a" b,} = 
{1 ， 2ν .. ,2k} (= {1 , 2, .. . , 2k-1 , 2k+1}). An (A , k)-system and a (B , k)­
system are essentially the same as a Skolem k-sequence and a hooked 
Skolem k-sequence, respectively [4,6]. It is well-known that an (A , k)­
system and a (B, k)-system exist if and only if k 프 o or 1 (mod4) and 
k 드 2 or 3 (mod4) , respectively [see 4,6,7]. 

In this paper, we obtain a necessary and su田cient condition for the 
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existence of k-regular E( v; n)' s with k < 3, and a necessary condit ion 
for the existence of 4-regular E( t시 n)' s and also show that this necessary 
condition is sufficient , except possibly for v 三 12 or 20 (mod24) and n = 
v/2 

2. Regular Extended ’I'riple Systems 

If (V, B) is a regular E(v; n) w빼 autornorphism Q , then B can be 
partitioned into disjoint orbits under Q , i. e. an orbit of a block {a , b, c} 
under Q is the set of blocks {Q’ (a) , Q‘ (b), Q‘ (c)} where 0 .,; i .,; v. Thus 
a colledion of blocks taken from each orbit precisely once, called basc 
blocks, represents t he whole blocks B . 

Throughout, we will assume that our k-regular E(v; n)'s are based 
on V = Zv/k X Zk , where Zm is the additive group of all integers mod • 

ulo v with residue classes {O, 1,'" m - 1}, and the corresponding k­
regular automorphism is Q = (Oolo ... (v/ k - 1)0) (O .l l • .• (v/ k -1)1) 

‘ (Ok_,lk_l'" (v/k - 1 )μ); here instead of (x , i) we write for brevity 
Xi unless other specified . By simple arguments, we have easi ly seen the 
following lemma. 

Lemma 2. 1. JJ there exists a k-regular E(v; n) with k > 1, then 
(i) 이k must be an odd inleger, and 
(ii )n=t(v/k) Jort =O , l , ... , ork. 

Si nce a cyclic E( t시 n) is also considered as a 1-regular system, we start 
with k = 2. By Lemma 2.1 , if there exists a 2-regular E(v; n) then n = 
0,v/2 or v. But since v/2 is an integer, v must be even; so n < v/2 by 
Theorem 1.1. Thus n = 0 or 이2. 

Lemma 2.2. [J there exists a 2-regula1' E(v ; n) , then 
(i) n = 0 and v 드 6(mod12) or 
(ii) n = v/2 and v 三 2 or 6(mod12) 

Proof (i) If n = 0, then v 프 O( mod 3) by Theorem 1.1. But we know that 
v /2 is an odd integer and hence v 三 6(mod12) 

(ii ) If n = v/2 then v/2 三 o or 1 (mod3) by Theorem 1.1, and hence 
U 드 o or 2 (mod6); so v 프 2 or 6 (mod 12) since v/2 is odd 

Lemma 2.3. There exists a 2-regular E(18; 0) 

Proof Base blocks: B = Bl U B2 where 

Bl {{00 ,00,0t}, {0"OI ,2t}, {O t, 11 ,4t}}, 
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B2 {{Oo, ro , (b,)dlr = 1,2,3,4} 

where {(a" b, )Ir = 1,2,3,4} is an (A , 4)-system. Then (V, B) is a 2-regular 
E(18; 0) 

Lemma 2 .4. Jf v 프 6(modI2), then there exists a 2-regular E(v;O). 

Proof The case v = 18 has heen treated in Lemma 2.3. Let v = 12t + 1 
and t i' 1. Base hlocks: B = BI U B2 U B3 where 

B l {{Oo， o。 ， Ol} ， {Ol ,Ol , (2t + l)1}} if t 三 o or 1 (mod 4); 
1. 1 {{00 ,00 ,(6t+2h} , {0 J, 01> (2t+l)d} ift 드 2 or 3 (mod 4) , 

B 2 {{Oo, ro, (b,)d lr = 1,2, "', 3t + 1} 

、‘rhere {(a"b, )lr = 1,2, . .. 3t+l} is an (A,3t+ 1 )양stem or a (B , 3t + 1)­
system depending on whether t 르 0,1 (mod 4) or t 三 2,3 (mod 4). 
B3 : a set of base hlocks which form a cyclic STS(6t + 3) , except the hase 
hlock {01 ,(2t + lh , (4t + 2)d , hased on Z6t+3 X {1}. Then (V,B) is a 
2-regular E( v; 0). 

T hus, we have the following theorem 

Theorem 2.5. There exists a 2- 1"I~gular E( v; n) ν and only if v 드 6 (mod 
12) . 

Lemma 2.6. If v 三 2 (mod 1잉， then there exists a 2-regular E( t시 v/2). 

Proof Let v = 121 + 2. Base hlocks: B = BI U B 2 U B3 where 

BI 

B2 

B3 

{ 1빠， Oo}， {01 ,01 ,00}} if t 프 o or 3 뼈) ; 
{{Oo, 00, Oo }, {O lJ 01, (6t)0)} if t 三 1 or 2 (mod 4), 

a set of hase hlocks which form a cyclic STS(6t + 1) hased on Z6t+l X {O}, 

{{OJ, r 1, (b, )o} Ir = 1,2,' " ,3t} 

where {(a"b, )lr = 1,2, ... ,3t} is an (A ,3t)-system or a (B ,3t)-system 
depending on whether t 三 0,3 (mod 4) or t 三 1,2 (mod 4) . Then (V,B) 
is a 2-regular E (v ; v/2) . 

Lemma 2.7. There exists a 2-regular E(18; 9). 

Proof Base hlocks B consist of 

{Oo, 00, Oo }, {Oo, 4 lJ 4d , {Oo , 20, 80}, {Oo, 40, Od , 

{01, 31 ,6d , {O lJ 1 lJ 2o} , {O1, 21 ,80}, {01 ,4 lJ 7o} 
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Then (V, B) is a 2-regular E(18; 9). 

Lemma 2.8. IJ v 三 6 (mod 12), then there exists a 2-regu/ar E(v;v/2). 

Proof The case v = 18 is treated in Lemma 2.7. Let v = 12t + 6 and 
t 켜 1. Base blocks: B = B, U B2 U B3 where 

B, 
B2 

{ {{Oo， o。，%} {때 Oo}} if t 드 o or 1 (mod 4); 
{{00,00 ,00 }, {0 ,, 0,, (6t+2)0}} ift 드 2 or 3 (mod 4) , 

a set of base blocks which form a cyclic STS(6t + 3) based on 

Z6t+3 X {O} , 
B3 {{ 0" r" (b,)o} Ir = 1,2, ... ,3t + 1} 

where {(a"b, )lr = 1,2, .. ‘ ,3t+ 1} is an (A , 3t+ l)-system or a (B , 3t+ 1)­
system depending on whether t 三 0,1 (mod 4) or t 三 2,3 (mod 4). Then 
(V, B) is a 2-regular E( t시 v/2). 

Now, we have the followi ng theorem 

Theorem 2.9. There exists a 2-regu/ar E(v;v/2) iJ and on/y iJv 三 2 or 
6(mod 12). 

By Lemma 2.1 , we know that if there exists a 3-regular E(ψ!) ， then 
n = 0, v/3 , 2v/3 or v 

Lemma 2.10. IJ there exists a 3-r쟁u/ar E( v; n) , then 

(i) n = 0 and v 프 3(mod6) or 

(ii ) n = v/3 and v 프 9(mod 18) or 
(iii) n = 2v/3 and v 三 9(mod18) or 
(iv) n = v and v 드 3(mod6). 

Proof (i) If n = 0, then v 三 o (mod 3) by Lemma 2. 1. But we know that 
v/3 is an odd integer and hence v 르 3 (mod 6). 

(ii) If n = v/3 , then v/3 = 0 (mod 3) by Lemma 2.1; so v 프 9 (mod 
18) since v/3 is odd. 

(iii ) If n = 2v /3, then 2v /3 프 o (mod 3) by Lemma 2.1; so v 프 9 (mod 
18) because v/3 is odd. 

(iv) If n = v , then the existence of 3-regular E(v; v) ’5 is equivalent to 
the existence of 3-regular STS(v) ’s; so v 三 3 (mod 6). 

The following theorem is directly obtained from the spectrum for 3 
regular STS ’s. 
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Theorem 2.11. Theπ exists a 9-regular E( t시 v) if and onlν if v 드 3 (mod 
6). 

Lemma 2.12. 1f v 르 3 (mod 6), then there exists a 3-πgular E( Vj 0). 

Proof If V = 9, then a 3-reg비ar E(9j 0) has base blocks 

{{O‘’o‘,1;} , {00,i }, (2ihlli E Z3}. 

If V 三 3 (mod 6) and V 폼 9, let V' = Zv and let 0' = (01 ... V - 1). Base 
blocks: B’ = B j U B2 where 

Bj : {{0 ,0,v/3}} , 
B2 : a set of base blocks which form a cyclic STS(v) , except the base 

block {O, v/3 , 2v/3} , based on V'. Then (V' , B') is a 3-regular E( 1시 0) with 
(0')3 as a reguired automorphism. 

Thus, we the following theorem. 

Theorem 2.13. Theπ exists a 3-regula,' E(vj 0) if and only if v 三 3 (mod 
9). 

Lemma 2.14. There exists a 3-regular E(27j 9). 

Proof Base blocks: B = B j U B2 U B3 where 

B j {Oo , 00, Oo}, {Oo, 30, 6o}, {Oo , 31 , 62 } , {Oo , 6}, 32 }} , 
B2 {O‘’ o‘’ 3‘}li=1,2} , 
B3 {{0;,1;,2;+1}, {0;,2;,7;+d ,{0;,4‘, 8;+dl i E Z3}. 

Then (V, B) is a 3-regular E(27j 9). 

Lemma 2 .15. 1f v 드 9 (mod 18), then there exists a 9-regular E(v; v/3) 
Proof The case v = 27 is handled in Lemma 2.14, and let v = 18t + 9 and 
t 츄 1. Base blocks: B = B j U B2 U B3 U B4 where 

B j {{Oo ,Oo ,Oo }, {0 }, Oj ,(2t + 1)d ,{02 ,02 ,(2t+ lh}}' 

B 2 a set of base blocks which form a cyclic STS(6t + 3) based 

on Z6t+3 X {O} , 
B3 a set of base blocks which form a cycl ic STS(6t + 3), except 

the base blocks {O;, (2t + 1);, (4t + 2);} , based on Z6t+3 x {i} 

for i = 1,2 

B4 {{Oo, rJ , (2,‘h}lr E Z6t+3}. Then (V,B) is a 3-regular E(v;v/3) 
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Now, we have 

Theorem 2.16. Theπ exists a 3-regular E( v; v /3) υ and only iJ v 드 
9(mod 18). 

Lemma 2.17. Theπ exists a 3-regular E (27; 18). 

P1'00f Base blocks: B = B1 U B2 U B3 where 

B1 : {{Oi , Oi , Oi} , {O‘, 3i,6‘}l i= 0,1} , 
B2 : {02, O2, 32}, {Oo, 31, 62}, {Oo , 6[ , 32}}, 
B3 : {O‘ ,1‘’ 2i+d , {Oi ,2i, ii+d , {Oi ,4i,8i+1}li E Z3 } ' Then (V, B) is a 

3-regular E(27; 18) 

Lemma 2.18. IJ v 三 9( mod 18), then theπ exisls a 3-regular E(v; 2v/3) 

P1'00f A 3-regular E (27; 18) exists by Lemma 2.17, so let v = 181 + 9 and 
i 츄 1. Base blocks: B = B[ U B2 U B3 U B“ where 

Bl : {{O‘, 0i ,Oi }, {02 ,02, (2t + 1h}li = 0, 1}, 
B2 : {{Oo, rd2r)'}lr E Z6y+3 }, 
B3 : a set of base blocks which form a cyclic STS(6t + 3) based on 

Z6t+3 X {i} for i = 0,1 
B4 : a set of base blocks which form a cycl ic S1'5(61 + 3) , except the 

base block {02, (21 + 1)2 , (41+2 ),}, based on Z6t+3 X {2}. Then (lI, B) is 
a 3-regula r‘ 

Thus , we have 

Theorem 2.19. There exisls a 3-regular E(v ; 2에3) iJ and only iJ v 프 
9(mod18) . 

Let us construct 4-regular E( 1시 n)’s. First of all, by Lemma 2.1, if 
there exists a 4-regular E( 1시 n) then v = 0, v/4 or v /2. 

Lemma 2.20. IJ lhere exists a 4-regular E( v; n), theπ 
(i) n = 0 and v 드 12(찌od24) 0 1' 

(ii) n = v/4 and v 三 4 0 1' 12(mod24) 0 1' 

(i ii ) n = v/2 and v 프 12 0 1' 20(mod24) 

P1'00f (i) If n = 0 then v 三 o (mod 3) by Lemma 2.1; so v 三 12 (mod 24) 
since v/4 is odd. 

(ii) lf n = v/4 then v/4 三 o or 1 (mod 3) , equivalently v 프 o or 4 
(mod 12); so v 르 40r 12 (mod 24) since v/4 is odd . 
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(iii) If n = v/2 then v/2 三 o or 1 (mod 3); so v 三 12 or 20 (mod 24 ) 
since v/4 is odd. 

Lemma 2.2 1. There exists a 4-regular E(36; 0) 

Proof Base blocks: B = Bl U B 2 U B3 where 

Bl : {03, 03,43}, {03, 23, 83}, {O;, 0;,03} li = 0, 1, 2}, 
B 2 : {{Oo, rl , (2r ),} 1 r E Z9 }, 
B3 : {{O;, r; , (b r )31 i = 0,1,2; r = 1,2,3,4) where {( an br )Ir = 1,2,3, 4) 

is an (A , 4)-system. Then (V, B) is a 4-regular E(36; 0) 

Lemma 2.22. IJ v 三 12(mod24), then there exists a 4-regular E(v;O). 

Proof The case v = 36 is treated in Lemma 2.21. Let v = 24t + 12 and 
t ￥ 1. Base blocks: B = Bl U B 2 U B3 U B . where 

B,:! q~3 ， ~3 ， \:t+ ~!3~ ，~~;，~;， ?~}li = 0,1,2} _, ~~ t 프 o or 1 (mod 4); 
1.1 { {03,03, (2t+lh }, {0;,0; ,(6t+2)3}li=0 ,1,2} ift 三 2 or 3 (mod 4), 

B 2 : {{O;,r ;,(brh}li = 0,1,2;r = 1,2, .. . ,3t + 1} where {(a" br) lr = 
1,2, . . . ,3t+ 1) is an (A ,3t + l )-system or a (8 ,3t + 1)-system depend ing 
on whether t 르 0,1 (mod 4) ort 프 2,3 (mod 4). 

B 3 : {{00,r l , (2r)2}lr E Z6t+3} , 
B. : a set of base blocks which form a cyclic STS(6t + 3) , except the 

base block {03, (2t + lh , (4t + 2h) , based on Z6t+ 3 X {3}. Then (V, B) is 
a 4- reg비ar E(vj 0). 

Thus, we have 

Theorem 2.23. There exists a 4-regular E(v; 0) iJ and only iJ v = 
12(mod24) . 

Lemma 2.24 . Th ere exists a 4-regular E (3 6; 9). 

Proof Base blocks: 8 = B 1 U B2 U B3 where 

B 1 { {Oo, 00,00}, {Oo, 20, 80}, {Oo, 40, 43}' {03, 13,20}, 
{03,23,80}, {03,43, 70}, {03,33,63}, {03,03,40}, 
{01 ,0,, 03} , {02 ,02 ,03}} , 

B2 {{Oo, r ], (2r)'}lr E Z9) ' 

B 3 {{O;,r; ,(brh}li = 1,2;r = 1,2,3,4} 

where {(a"br)lr = 1,2,3,4) isan (A,4)-system. Then (V,B )is a4-regular 
E(36; 9). 
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Lemma 2.25. [f v 三 12(mod24), then theπ exists a 4 -regular E( V; v / 4). 

Proof A 4-regular E(36; 9) exists by Lemma 2.24. Let v = 24t + 12 and 
t =11. Base blocks: B = B, U B2 U B3 U B4 where 

{ {{0 O O } {O O O } {0 O O } {O O O } } 
if t 三 o or 1 (mod 4); 
{{Oo, 00, Oo} , {O" 0" (6t + 2h} , {02, O2, (6t + 2h} , {03, 03, (6t + 2)0}} 
if t 르 2 or 3 (mod 4), 

a set of base blocks which form a cyclic STS(6t + 3) based on Z6t+3 X {O} , 
{{O" rd2r )2} Jr E Z6t+3} , 
{ {O" rl , (br h} , {02, r2 , (br h} , {03, r3 , (br)o} J r = 1,2, ... , 3t + 1}} 

Bl 

B 

B 

B 

where {(a" br)Jr = 1,2,"', 3t+ 1} is an (A , 3t+ l)-system or a (B , 3t+ 1)­
system depending on whether t 드 0,1(mod4) or t 三 2,3(mod4). Then 
(V,B) is a 4-regular E(v;v/4). 

Lemma 2.26. 1f ν 르 4(mod24) , then there exists a 4-regular E(v; v/4). 

Proof Let v = 24t + 4. Base blocks: B = Bl U B2 U B3 U B4 where 

{ { {O O O } 爛Oi ， Oi ， 03}J i = 1, 2} 
if t 프 o or 3 (mod 4); 
{{00,00 ,00} , {03 ,03 ,(6t)0} , {Oi ,Oi , (6th}Ji = 1,2} 
ift 드 1 or 2 (mod 4) , 

a set of base blocks which form a cyclic STS(6t + 1) based on 

Bl 

B2 

Z6tH X {O} , 
B3 

B4 
{{00,Tl ,(2rh}Jr E Z6tH }, 
{{03, r3 , (br )o} , {Oi, ri , (ι)3}Ji=1 ， 2;r=1 ， 2 ， ... ,3t} 

where {(a"br)Jr = 1,2, ... ,3t} is an (A ,3t)-system or a (B ,3t)-system 
depending on w hether t 三 0, 3(mod4) or t 르 1,2(mod4). Then (V,B) is 
a 4-regular E( v; ν/4). 

Thus, we have 

Theorem 2.27. There exists a 4-1‘egular E(v; v/4) if and only if v 三 4 
or 12 (mod24). 

In the existence problem for 4-regular E( V; η) ’s ， the following case 
remains open: If v 르 12 or 20(mod24), does there exist a 4-regular 
E(ν ; v /2)7 
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