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REGULAR EXTENDED TRIPLE SYSTEMS

Chung Je Cho

1. Introduction

An ertended triple system of order v is a pair (V, B) where V is a v-
set and B is a collection of nonordered triples of elements in V' (called
blocks), where each triple may have repeated elements, such that every
pair of elements of V| not necessarily distinct, belongs to exactly one
block. The blocks of B are of three types:

{a,a,a}, {b,b,c}, {z,y,z}

where the element a is called an idempotent and b a nonidempotent of the
system. We will denote by E(v;n) an extended triple system of order v.
which has n idempotents. It is straighforward to see that if there exists
an F(v;n), thenn =0,1,---, or v. Johnson and Mendelsohn [3] obtained
a necessary condition for the existence of an E(v;n), and Bennett and
Mendelsohn [1] showed that this necessary condition was also sufficient.

Theorem 1.1 [1,3]. There exists an E(v;n) if and only if
(i) v = 0(mod3) and n = 0(mod3) or
(ii) v =1 or 2(mod3) and n = 1(mod3) or
(ii) v is even and n < v/2 or
(ivi)n=v—1 and v =2.

An automorphism of an E(v;n) (V, B) is a permutation of V' which
fixes B setwise, i.e. a(B) = B where a(X) = {a(z)|z € X}.

Let a be a permutation of degree v and type [a] = [ay, a2, -, @], i.e.
the disjoint cycle decomposition of a consists of a; cycles of length 7 and
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> ta; = v. An E(v;n) admitting e as an automorphism will be denoted
by Eu(v;n). If [a] = [0,0,---,0,1], then E,(v;n) is called cyclic. If
[a] =[1,0,---,k,0,---,0], i.e. @3 =1, a(u—1);x = k and o; = 0 otherwise,
then an E,(v;n) is called k-rotational. If [a] = [0,0,---,0,%,0,---,0], i.e.
a,/x = k and a; = 0 otherwise, then an E,(v;n) is called k-regular.

Theorem 1.2 [see 2]. There exists a cyclic E(v;n) if and only if
(i)n=vandv=1 or 3 (mod6),v #9 or
(i1) n = 0 and v = 3(mod6).

Theorem 1.3 [2]. (1) There exists a I-rotational E(v;n) if and only if
(i) n =v and v = 3 or 9(mod24) or
(i) n =1 and v =1 or 2(mod3),v # 10.
(2) There ezists a 2-rotational E(v;n) if and only if
(i)n=vandv=1,3,7,9,15 or 19(mod24) or
(ii) n = (v 4+ 1)/2 and v = 1(mod6) or
(iii) n =1 and v =1 or 5 (mod6).
(3) A necessary and sufficient condition for the existence of a 3-rotational
E(v;n) is
(i)n=vandv =1 or 19 (mod24) or
(i) n =1 and v = 1(mod3) or
(i) n = (v +2)/3 or (2v+ 1)/3 and v = 1(mod18), except possibly
for v =237 or 55 (modT72) and n = (v +2)/3 or (2v+ 1)/3.

A Steiner triple system of order v, denoted by ST S(v), is a pair (V, B)
where V is a v-set and B is a set of 3-subsets of V, called blocks, such
that each 2-subset of V' belongs to precisely one block. It is well-known
that a ST'S(v) exists if and only if v = 1 or 3(mod6), Peltesohn [5] has
shown that a cyclic STS(v) exists if and only if v = 1 or 3(mod6), v # 9;
and then it is easily seen that a 3-regular ST S(v) exists if and only if
v = 3(mod6).

An (A, k)-system (a (B, k)-system) is a set of ordered pairs {(a,, b,)|r =
1,2,---,k} such that b, —a, = r for r = 1,2,--- , k, and U*_, {a,,b,} =
{1,2,---,2k} (={1,2,---,2k—1,2k+1}). An (A, k)-system and a (B, k)-
system are essentially the same as a Skolem k-sequence and a hooked
Skolem k-sequence, respectively [4,6]. It is well-known that an (A, k)-
system and a (B, k)-system exist if and only if £ = 0 or 1 (mod4) and
k =2 or 3 (mod4), respectively [see 4,6,7].

In this paper, we obtain a necessary and sufficient condition for the
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existence of k-regular E(v;n)'s with k < 3, and a necessary condition
for the existence of 4-regular E(v;n)'s and also show that this necessary

condition is sufficient, except possibly for v = 12 or 20 (mod24) and n =
v/2.

2. Regular Extended Triple Systems

If (V,B) is a regular E(v;n) with automorphism a, then B can be
partitioned into disjoint orbits under a, i.e. an orbit of a block {a,b,c}
under « is the set of blocks {a‘(a),a’(b),a’(c)} where 0 < ¢ < v. Thus
a collection of blocks taken from each orbit precisely once, called base
blocks, represents the whole blocks B.

Throughout, we will assume that our k-regular E(v;n)'s are based
on V = Z,;x X Zi, where Z,, is the additive group of all integers mod-
ulo v with residue classes {0,1,---m — 1}, and the corresponding k-
regular automorphism is @ = (Oplg---(v/k — 1)o) (0111 -+ (v/k — 1)1)
«++(0g=11g—1 - -+ (v/k — 1)k_1); here instead of (z,7) we write for brevity
x; unless other specified. By simple arguments, we have easily seen the
following lemma.

Lemma 2.1. If there exists a k-reqular E(v;n) with k > 1, then
(i) v/k must be an odd integer, and

(ii)) n = t(v/k) fort =0,1,---, or k.

Since a cyclic E(v;n) is also considered as a 1-regular system, we start
with £ = 2. By Lemma 2.1, if there exists a 2-regular E(v;n) then n =
0,v/2 or v. But since v/2 is an integer, v must be even; so n < v/2 by
Theorem 1.1. Thus n = 0 or v/2.

Lemma 2.2. If there erists a 2-reqular E(v;n), then

(i) n = 0 and v = 6(mod12) or

(i) n =v/2 and v = 2 or 6(mod12).
Proof. (i) If n = 0, then v = 0( mod 3) by Theorem 1.1. But we know that
v/2 is an odd integer and hence v = 6(mod12).

(ii) If n = v/2 then v/2 = 0 or 1 (mod3) by Theorem 1.1, and hence
v =0 or 2 (mod6); so v =2 or 6 (mod12) since v/2 is odd.
Lemma 2.3. There ezists a 2-reqular E(18;0).
Proof. Base blocks: B = By U B, where

Bl . {{00300301}1 {01101321}1 {011 11341}}1
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82 : {{DD,TO,(b,)l}IT': 1,2,3,4}
where {(a,,b,)|r = 1,2,3,4} is an (A, 4)-system. Then (V, B) is a 2-regular
E(18;0).
Lemma 2.4. If v = 6(mod12), then there exists a 2-regular E(v;0).

Proof. The case v = 18 has been treated in Lemma 2.3. Let v = 12t + 1
and t # 1. Base blocks: B = B, U B, U By where

B, - { {{00,00,0,}, {04,04,(2¢ + 1)1} } if t=0or 1 (mod 4);
Vo1 {{00,00, (6t +2),},{04,0,,(2¢ +1)1}} if t =2 or 3 (mod 4),

82 : {{Go’ro’(bf')l}lrz1127”'13t+1}

where {(a,,b,)|r =1,2,---3t+1} is an (A, 3t + 1)-system or a (B,3t +1)-
system depending on whether t = 0,1 (mod 4) or t = 2,3 (mod 4).

Bj: a set of base blocks which form a cyclic STS(6t + 3), except the base
block {0y,(2t + 1)y, (4t + 2),}, based on Zgiy3 x {1}. Then (V,B) is a
2-regular E(v;0).

Thus, we have the following theorem.

Theorem 2.5. There exists a 2-regular E(v;n) if and only if v = 6 (mod
12).
Lemma 2.6. If v = 2 (mod 12), then there ezists a 2-reqular E(v;v/2).
Proof. Let v = 12t + 2. Base blocks: B = B; U B; U B; where
B 3 {{00, Og, 00]‘, {01, 01, 00}} ift=0o0r3 (mod 4),

Yl {{06,00,00},{04,04,(6t)6}} if t =1 or 2 (mod 4),
B, : aset of base blocks which form a cyclic STS(6t + 1) based on Zg:11 % {0},
B3 : {{01,7’1,(!’,-)0}'7':1,2,“‘,3t}
where {(a,,b.)|r = 1,2,---,3t} is an (A, 3t)-system or a (B, 3t)-system
depending on whether t = 0,3 (mod 4) or t = 1,2 (mod 4). Then (V, B)
is a 2-regular E(v;v/2).
Lemma 2.7. There ezxists a 2-regular E(18;9).
Proof. Base blocks B consist of

{ODy OU; 00}1 {OO) 415 41}7 {OOa 201 80}1 {001 403 01})

{01131761}s {015 11120}5 {Olvzlssﬂ}q {01741370}-
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Then (V, B) is a 2-regular F(18;9).

Lemma 2.8. Ifv =6 (mod 12), then there exists a 2-regular E(v;v/2).

Proof. The case v = 18 is treated in Lemma 2.7. Let v = 12¢ 4+ 6 and
t # 1. Base blocks: B = By U B, U B3 where

A {{00,00,00},{01,0,,00}} ift=0or1 (mod 4);
b {{00, 00, 00},{01,01, (Gt - 2)0}} ft=2or3 (mod 4),

B; : aset of base blocks which form a cyclic ST S(6¢ + 3) based on
Zety3 x {0},
Bs . {{01,7"],(!%)0}'7‘21,2,"‘,3t+1}

where {(a,,b,)|r =1,2,---,3t+1} 1s an (A, 3t+1)-system or a (B, 3t +1)-
system depending on whether t = 0,1 (mod 4) or t = 2,3 (mod 4). Then
(V,B) is a 2-regular E(v;v/2).

Now, we have the following theorem.

Theorem 2.9. There exists a 2-reqular E(v;v/2) if and only ifv=2 or
6(mod 12).

By Lemma 2.1, we know that if there exists a 3-regular E(v;n), then
n=0,v/3,2v/3 or v.

Lemma 2.10. If there exists a 3-regular E(v;n), then

(i) n =0 and v = 3(mod6) or

(il) n = v/3 and v = 9(mod18) or

(iii) n = 2v/3 and v = 9(mod18) or

(iv) n = v and v = 3(mod6).
Proof. (i) If n = 0, then v = 0 (mod 3) by Lemma 2.1. But we know that
v/3 is an odd integer and hence v = 3 (mod 6).

(i1) If n = v/3, then v/3 = 0 (mod 3) by Lemma 2.1; so v = 9 (mod
18) since v/3 is odd.

(iii) If n = 2v/3, then 2v/3 = 0 (mod 3) by Lemma 2.1; so v = 9 (mod
18) because v/3 is odd.

(iv) If n = v, then the existence of 3-regular E(v;v)’s is equivalent to
the existence of 3-regular ST'S(v)’s; so v = 3 (mod 6).

The following theorem is directly obtained from the spectrum for 3-

regular ST'S’s.
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Theorem 2.11. There ezists a 3-regular E(v;v) if and only if v =3 (mod
6).

Lemma 2.12. Ifv =3 (mod 6), then there exists a 3-regular E(v;0).
Proof. If v =9, then a 3-regular £(9;0) has base blocks

{{0:,0:, 13}, {00, 21, (26)2} |7 € Zs}.

If v=3(mod 6)and v# 9, let V' =2, and let o/ = (01---v — 1). Base
blocks: B’ = B; U B, where

Bl : {{01 0!”/3}}3
Bj : a set of base blocks which form a cyclic ST S(v), except the base

block {0,v/3,2v/3}, based on V'. Then (V', B') is a 3-regular E(v;0) with
(¢')? as a reguired automorphism.

Thus, we the following theorem.
Theorem 2.13. There ezists a 3-reqular E(v;0) if and only ifv =3 (mod
3).
Lemma 2.14. There ezists a 3-regular E(27;9).
Proof. Base blocks: B = B; U By U B where

Bl : {00:00:00}1{00330:60}a{00,31:62}${00a61132}}s
Bg o {0,‘,0,',3.'}“ - 1,2},
By : {{0i,1:,2i41}, {0i, 2, Tisa }, {0i,4i, 8i41 } 2 € Za}.

Then (V, B) is a 3-regular E(27;9).

Lemma 2.15. Ifv =9 (mod 18), then there exists a 3-reqular E(v;v/3).
Proof. The case v = 27 is handled in Lemma 2.14, and let v = 18t +9 and
t # 1. Base blocks: B = B; U B, U B3 U By where

By : {{00,00,00}, {04,04, (2t + 1)1},{02,02, (2t + 1)2}},
B, : aset of base blocks which form a cyclic ST'S(6t + 3) based
on Zgy3 % {0},
B; : a set of base blocks which form a cyclic STS(6t + 3), except
the base blocks {0;, (2t + 1);, (4¢ + 2);}, based on Zg 43 x {7}
for:=1,2
By @ {{00,71,(2r)2}|r € Zsi43}. Then (V, B) is a 3-regular E(v;v/3).
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Now, we have

Theorem 2.16. There exists a 3-reqular E(v;v/3) if and only if v =
9(mod18).

Lemma 2.17. There exists a 3-regular E(27;18).

Proof. Base blocks: B = B; U B; U B3 where

B1 F {{0,‘,0,‘, 0,‘}, {U,', 3g,6,‘}| E = U, 1},

BQ : {021 0’21 32}a {007 31: 62]? {001 611 32}}1

83 i {0", 1.;,2,'+1},{0,’,2,‘,7,‘4.1},{0,‘,4,‘,8,‘_},1}[?: [ Zg} Then (V,B) 1s a
3-regular E(27;18).

Lemma 2.18. Ifv = 9(mod 18), then there erists a 3-regular E(v;2v/3).

Proof. A 3-regular E(27;18) exists by Lemma 2.17, so let v = 18t +9 and
t # 1. Base blocks: B = B; U B, U B3 U By where

B] : {{01’,0{,0{}, {02,02, (2t + 1)2}'1 = 0, 1},

B; : {{00,11,(2r)2}|r € Zeys3},

Bs : a set of base blocks which form a cyclic ST'S(6¢ + 3) based on
ZGH-S X {Z} for 1 = O,l

B, : a set of base blocks which form a cyclic ST'S(6¢ + 3), except the
base block {02, (2t + 1)z, (4¢ + 2),}, based on Zg43 x {2}. Then (V, B) is

a 3-regular.
Thus, we have

Theorem 2.19. There ezists a 3-reqular E(v;2v/3) if and only if v =
9(mod18).

Let us construct 4-regular E(v;n)’s. First of all, by Lemma 2.1, if
there exists a 4-regular E(v;n) then v = 0,v/4 or v/2.

Lemma 2.20. If there exists a 4-reqular E(v;n), then

(i) n = 0 and v = 12(mod24) or

(ii) n = v/4 and v =4 or 12(mod24) or

(i) n = v/2 and v = 12 or 20(mod24).
Proof. (1) If n = 0 then v = 0 (mod 3) by Lemma 2.1; so v = 12 (mod 24)
since v/4 is odd.

(ii) f n = v/4 then v/4 = 0 or 1 (mod 3), equivalently v = 0 or 4
(mod 12); so v =4 or 12 (mod 24) since v/4 is odd.
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(i) If n = v/2 then v/2 = 0 or 1 (mod 3); so v = 12 or 20 (mod 24)
since v /4 is odd.

Lemma 2.21. There ezists a §-regular E(36;0).

Proof. Base blocks: B = B; U B, U B3 where
Bl . {03,03,43}, {03,23,83}, {0,',0,‘,03} I‘I. = 0, 1, 2},
By 1 {{00,r1,(2r)2}|r € Zo},
Bs : {{0;,r;,(b.)3]t =0,1,2;r = 1,2,3,4} where {(a,,b,)|r = 1,2,3,4}
is an (A,4)-system. Then (V, B) is a 4-regular E(36;0).
Lemma 2.22. If v = 12(mod24), then there exists a 4-regular E(v;0).
Proof. The case v = 36 is treated in Lemma 2.21. Let v = 24f + 12 and
t # 1. Base blocks: B = B; U B, U B3 U B, where
B_{{m&%4m+1bhmhmmﬂﬁ=0Jp} if t=0or 1 (mod 4);
Y1 {{0s, 0, (2t + 1)}, {0;, 04, (6 + 2)3}]i = 0,1,2} if t =2 or 3 (mod 4),
By : {{0;,7:,(b; )3} = 0,1,2;7 = 1,2,---,3t + 1} where {(a,,b,)|r =
1,2,---,3t+1} is an (A, 3¢+ 1)-system or a (B, 3t + 1)-system depending
on whether t = 0,1 (mod 4) or ¢t = 2,3 (mod 4).
B3 ol {{00,7‘1,(21")2”7‘ € ZSH-B},
By : a set of base blocks which form a cyclic ST'S(6¢ + 3), except the
base block {03, (2t + 1)3, (4t + 2)3}, based on Zg 13 X {3}. Then (V, B) is
a 4-regular E(v;0).

Thus, we have

Theorem 2.23. There ezxists a 4-regular E(v;0) if and only if v =
12(mod24).

Lemma 2.24. There exists a {-reqular E(36;9).
Proof. Base blocks: B = B, U By U B3 where

By i {{00,00,00},{00,20,80}, {00, 40,43}, {03, 15, 20},
{03,23,80}, {03,43, 70}, {03, 33,65}, {03, 03,40},
{01,04,05}, {02,02,05}},

By : {{00,7r1,(2r)2}|r € Zg},

By : {{0i,7i,(b:)3}i =1,2,7 =1,2,3,4}

where {(a,,b,)|r =1,2,3,4} isan (A, 4)-system. Then (V, B) is a 4-regular
E(36;9).
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Lemma 2.25. [fv = 12(mod24), then there exists a §-regular E(v;v/4).

Proof. A 4-regular F(36;9) exists by Lemma 2.24. Let v = 24¢ + 12 and
t # 1. Base blocks: B = B; U B, U B3 U By where

{{005 005 00}7 {015015 03}7 {027 025 03}1 {037 035 00}}
ift=0o0r1 (mod 4);

{{0g,00,00}, {04, 0y, (6t 4 2)3}, {02, 02, (62 + 2)3}, {03, 03, (62 + 2)0 } }
if t =2 or 3 (mod 4),

Bz : aset of base blocks which form a cyclic ST'S(6t¢ + 3) based on Zgi43 x {0},
B3 : {{01, T, (27")2}|T e Z6t+3}1

B4 : {{01,1"1,(5,-)3}, {02,1"2,(51-)3},{03,7‘3,(!?,-)0”’1‘" — 1,2,"',3t+ 1}}

where {(a,,b.)|r =1,2,---,3t+1} is an (A, 3t+1)-system or a (B,3t+1)-

system depending on whether ¢t = 0,1(mod4) or ¢ = 2,3(mod4). Then

(V,B) is a 4-regular E(v;v/4).

Lemma 2.26. If v = 4(mod24), then there exists a {-regular E(v;v/4).

Proof. Let v = 24t + 4. Base blocks: B = B; U B, U B3 U B; where

{{001 00:00}1 {030300}a {0:’:01'103” 1= la 2}

if t=0or 3 (mod 4);

{{00’ 0o, 00}1 {037 0, (6t)0}1 {Dia 0;, (Gt)S}I 1= 1, 2}
ift=1or 2 (mod 4),

B; : aset of base blocks which form a cyclic ST S(6¢ + 1) based on
Zgryr x {0},

Bs : {{00,r1,(2r)2}|r € Zet41},

By : {{03,r3,(b: )0}, {0iy7s, (b )3 }i = 1,257 = 1,2,- -+, 3t}
where {(a,,b,)|r = 1,2,---,3t} is an (A, 3t)-system or a (B, 3t)-system

depending on whether ¢ = 0,3(mod4) or ¢t = 1,2(mod4). Then (V, B) is
a 4-regular E(v;v/4).

By

By

Thus, we have

Theorem 2.27. There exists a {-reqular E(v;v/4) if and only ifv =4
or 12 (mod24).

In the existence problem for 4-regular E(v;n)’s, the following case
remains open: If v = 12 or 20(mod24), does there exist a 4-regular

E(v;v/2)?
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