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ON A CLASS OF MULTIVALENT SPIRAL-LIKE 
FUNCTIONS 

s. K. PAL and K. K. DIX1T 

Let 링(A ， B , q) denote the cla.ss of functions f(z) = zP + 1:~;1 an+pZ
n

+
p 

which are regular in the unit disc U = {z !z J < 1} and satisfy the 
condition 

f' (z) _ p + {pB + (A - B)(p - q)}z 
etA .~:(~~ J <r' tr- \ ~ - n- I\r 'l /J-cos .À +ipsin .À, zEU, 

f(z) - l+Bz 

and the class T;(A , B , q) denote the class offunctions g(z) = 술+1:얻o an zn
- p+1 

regular in the punctured disc U’ = {z : 0 < JzJ < 1} and satisfy the con­
dition 

‘>. zg’(z) _ p + {pB + (A - B)(p - q)}z 
-e ---- < cos A + lP Sln A, z e UI, 

g(z) - l+Bz 

where A , B are arbitrary fixed numbers -1 :<:õ B < A :<:õ 1, À E (-π/2 ， π/2) 

and O :<:õ q < p 

1n this paper we obtain sharp coe田cient estimates for the class S;(A , B , q) 
and 깡(A ， B , q) and maxirnization of Jap+2 μa~lJ over the cl a.ss S;(A , B ,q) 
for real and complex values of μ 

1. Introduction 

Let S;(p 2: 1) denote the class of the forrn 
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which are regular and p-valent in the unit disc U = {z Izl < 1}. For 
A ,B fixed , - 1 ~ B < A ~ 1, À E (-π/2， π/2) and 0 ~ q < p, we say that 
f E S;(A,B ,q) if 

; À zf' (z) ~ P + {pB + (A - B)(p - q)}z 
e l .A --~ /\.~1 < r 'U- - \"- r.- I\r 'IJ)- cosÀ+ipsinÀ,z E U 

f(z) - l+Bz -~""" r 

It follows from the definition of subordination that 

J' (z) _ p + {pB + (A - B)(p - q)}ψ(z) elA -- ... ~ ， ' -: I = r lr- ,_.. -1 \1"" '1 1) -,-, cos À +ψsin À, z E U, (1.1) 
f(z) 1 + Bψ(z) 

where w(z) is regular in U and satisfying the conditions w(이 = 0, Iψ(z)1 < 
1, for z E U 

By giving specific values to A, B , À, p and q, we obtain the following 
subclasses of À-spiral functions studied by various authors in earlier works. 

(i) Taking q = 0 and p = 1, the class S:(A , B, q) coincides with the 
class SÀ(A , B) studied by Dashrath and Shukla [3]. 

(ii) Taking q = O,À = O,A = (2 0:ß/p) -1 and B = 2ß - 1, the class 
링(A， B ， q) co내ncides with the class S;(o:, ß) studied by Aouf [1 ]. 

(iii ) Taking q = 0, A = 1 - (20:/p) ,B = -1 , the class S:(A ,B ,q) 
coincides with the class SÀ(p, 0:) introduced by Patil and Thakáre [6] 

Let TpÀ(A , B , q) be the class of functions g(z) = z~ + L웅o anzn- v+1 

analytic in U' = {z : 0 < Izl < 1} and satisfying the condition 

;À zg’(z) _ p + {pB + (A - B)(p - q)}z 
-e --- < c。s A + 1PSln A, z e UI’ 

g(z) - 1 + Bz 

where - 1 ~ B < A ~ 1 and À E (-π/2 ， π/2) ， 0 ~ q < p, it follows from 
the definition of subordination that 

‘Àzg'(z) P + {pB + (A - B)(p - q)}ψ (z ) 
elA~ = ~l - - ,- n ; \~ 7.!J -- , -, COs .À + ipsinÀ , z E U’, 

g(z) l+Bω(z) 
(1. 2) 

where ψ(z) is analytic in U and satisfying the condition w(이 = 0, Iψ(z)1 < 
1, for z E U. 

Clearly for p = 1 and q = 0 we have t he class TÀ(A , B) considered by 
Dashrath and Shukla [3] 

The purpose of this paper is to obtain sharp coefficient estimates for 

t he classes S;(A , B , q) and 맘(A， B , q) by using the method of Clumand maximIZatm of |ap+2 - μa!+l l over t he class S;(A , B , q) for a given 

real as-well-as a complex number μ. 
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It is worthwhile to mention that some known results appear to be 
particular cases of our results. 

2 . Lemmas 

The f，이lowing lemma is to be found in Nehari [5 , p.172]. 

Lemma 2_1. lf w(z) is analytic in U and satisfying the conditions w(O) = 
o andlψ(z)1 < 1 for z E U, then 1ω(z)1 :s: Izl and that μψ(z) = ε뚱1 bkzk, 
then 

Ib1 1 :S: 1 

and 

Ib2 1 :s: 1 -- Ib112 • (2.1 ) 

The following lemma is due to Keogh and Merkes [4], the proof of 
which may be given by using Lemma 2.1 

Lemma 2.2. Let ψ(z) = L뚱1 bk z k be analytic with 1ω (z) 1 < 1 in U. Jf 
S is aπy complex number, then 

Ib2 -- 5bi l :s: max(l , 15 1) (2.2) 

Equality may be altained with the funclions ψ(z) = Z2 and ψ(z) = z 

Lemma 2.3. lf m is natural number such that m 2: 2, then 
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--k2{1 + (1 -- B2) tan2 시 ) x II Uj] 

j=O 

= II Uj (2.3) 

ψhere 

|(A -- B)(p -- q) cos Àe-“ __ Bjl2 , for j = 0,1,2,3,... (2 .4) 
1 - U + l )2 
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Proof We prove the lemma by induction on m. For m = 2 lemma is 
obvious. Next suppose that the result is true for m = e - 1, then for 
m = e the left member of (2.3) reduces to 

___ 2 、 t-2 

풍二{(A _ B)2(p _ q)2 + ε[{(A - B)(p - q) - BkV 

e {1 + (1- B2)tan2 시] II U j 
j;O 

+[{(A - B)(p - q) - B (e -1)} - (e - 1)2{1 + (1 - B2) tan2 시] II Uj} 

j;O 

= 융 {(e - 1j2 II ttj + cos2 시{(A - B)(p - q) - B(e - 1W 

-(e - 1)2{1 + (1 - B2) tan2 À}J II Uj} 

FO 

= &I{싸 B)(p - q) - B(f - 1)}2 cos2 À + B2(e - 1)2 sin2 시 II Uj 

= II Uj ’ 

showing that (2.3) is valid for m = e, and we are done. 

3. Main Results 

Theorem 3.1. IJ J(z) = zP + L품1 an+pZ
n

+
p E S;(A ,B ,q) , then 

lap+ll .,::; (A - B)(p - q) cos Àj 

(A - B)(p - q) cosÀ 
|an+p| 5 n ,n 즈 2, 

for {(A - B)(p - q) - B} .,::; 따뇨(1 - B2) 때n2 À} jand 

|Qn+p| S II uf ,n 즈 2 

(3.1) 

(3.2) 

(3.3) 

for {(A - B)(p - q) - (n -l)B} > (n - 1)이 {1 + (1 - B2)tan2 À }, where 
Uj is defined by (2 .4) for j = 0,1,2,3, . ... The bounds (3.1) , (3.2) and 
(3.3) are sharp 
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Proof By (1.1) we have 

e;À sec )..z!'(z) - p(l + i tan À)f(z) 

= [{Bp + (A - B)(p - q) + iB tan À}f(z) - Beü sed!，(z)]ω(z) 

that is, 

(1 + i ta띠) ε kak+pz k+P 

=[ε {Bp + (A - B)(p - q) + iB tan À - B(k + p)e;À sed}ak+pzk+P]w(z ), 

where ap = 1. Since ψ(z) = L뚱1 bkzk and dk+p = {(l+itanÀ)kak+p-Cd 
we obtain for n ? 2, 

(1 +itan 시 L: kak+pzk+P + ε dk+p Zk+p = [ε{Bp+(A-B)(p-q) 
k= 1 k=n+ 1 k::;;::o 

+iB tan À - B(k + p) e’À sec À }ak+pzk+p]ψ(z) ， (3 .4 ) 

where ε뚱n+1 dk+pZk+p converges in U. Since (3 .4) has the form F( z) = 
G(z) ψ(z) ， where Iψ (z)1 < 1, it f01l0ws that 

윤 /깨(re‘eWdO ::; 윤 /댄(re’eWdO for 0 < r < 1 
ι 7r JO ι7r JO 

(3.5) 

By substituting the values of F(z) and G(z) in (3 .5) we have 

sec2 À ε k2lak+p 12r 2(k+p) + ε Idk+pI2r2(k+p) 
k=l k=n+l 

s ε[{(A - B)(p - q) - Bk}2 + B2k2 tan2 ÀlIak+pI2r2(k+p). (3.6) 

By letting r • 1 in (3.6) we conclude that 

sec2 À ε e (l ak+ pl2 ::; ε[{(A - B)(p - q) - Bk}2 + B2k2 tan2 ÀlIak+pl2 

which may be written as 

_~~2 \ n -) 

lan+pl ::; 펼:I(A - B)2(p - q)2 + §({(A - B)(p - q) - Bk}2 

_k2{1 + (1- B2)tan2 À})lak+pl꺼 for n = 1,2,3, . . . . (3.7) 
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Inequality (3.1) follows from (3.7). 

F따뼈， {(A - B)φ q) - B} ~ f{1 + (1 - B2) tan2 시 implies that 

{(A-B)(p-q)-(n-1)B) ~ (n-1)이{1 + (1 - B2) tan2 시 ， n 즈 2, and 
외1 the terms under the summation in 떠 7) are non-positive and hence we 
conclude that 

(A- B)(p - q)cos ,,\ rt A n \l \ nl -" / 
1an+p| S n ’ {(A-B)(p-q)-B) ~ ν{1+(1-B2)ta“ '\}, n 즈 2. 

The equality in (3.1) and (3지 is attained for the function 

(Ã-B)(p-Q)coa ‘e- i >' 

f(z) = ! zP(l + Bzn-1) 빠l'- ， B =l O 
t zPe째{싸.(A 멍lr:Jl@사-τ B =0. 

Now we prove (3.3) when {(A - B)(p - q) - (n - l)B) > (n -

1)이{1 + (1 - B2 ) tan2 ,\}, n 으 2. All the terms under the summation 
are positive. We prove the result by induction on n. Suppose (3.3) holds 
for n = m -1 where m 즈 2. Then for n = m we obtain from (3.7) 

l aι따%’m싸1 

k강2{μ1 + (1- B2)tan2 '\})lak+pI2] 

< 췄[(A - B)2(p - qj2 + 힐({(A - B)(p - q) - Bk}2 

_k2 {l + (1 - B2) tan 2 시 ) II Uj ] 

= II Uj , by lemma (2.3). 
j ;O 

) ;0 

So (3.3) holds for all π 즈 2, and hence 

lan+p l ~ II UI 

The e껴uality in (3.3) is attaine:d for the function 

f(z) = l %(1 + Bz)쩌P맏. ).e-

i

>. 、 B 폼 O 
1 zPexp[{Ap-q(A -B)}zcos,\e- i.\] , B=O. 
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This completes the proof of the theorem 

Remark. (1) Putting q = 0, p = 1 in Theorem (3.1) , we get the result 
obtained by Dashrath and Shukla [3] . 

(2) Putting q = 0, À = 0, A = (2 o:ßjp) - 1, B = 2ß - 1 in Theorem 
(3 .1), we get the result obtained by Aouf [1] 

(3) Putting q = 0, A = 1 - (2o: jp) and B = -1 in Theorem (3.1) , we 
get the result obtained by Patil and Thakare [6]. 

Theorem 3.2. [f f(z) = zP + ε뚱1 an+pZn+p 
E 영(A ， B , q) , then 

(a) for any real number μ， ψ e ha!ν) 

낭뾰보팍와않똑쩔즈쉬싸[따C∞os써A서{(A - B메)(p - q이씨)(1 - 2μ때μ띠) - B뀐HI빠B감SJn“씨써 A시새 1] ] 
‘ f u < 1A-B)(p-,)-(B+J) 
l μ --" 2(A-B)(p-q) 

lap+2-I.ta~+11 ~ ~ (A-뽀띈앨즈 [cos À + IB sin À 1] 
ap+2-μ갱+1 1 ~ ~ /1A껍[$]며:볍+11 < μ E 얻었댐멈[B) ， 

낭보딴양옆스[cosÀ {(A - B)(p - q)(2μ -1)+B}+IBsin 새 
if μ 으 (p-%있렵캄;[B) , 

(3.8) 
(b) for any complex number μ， ψe hav 

(p-q이)(A - B) cosÀ 
la p+2 - μa;+11 ~ \1' ~1\"2 ~J~~u"max{I ， I(p-q)(A-B)(2μ - 1) cosÀ 

+Be“1} (3.9) 

The result is sharp for each μ either real or complex. 

Proof From (1. 1) we have 

p + {Bp + (A - B)(p - q)}ψ(z ) _;L __ \ z1'(z) = e seA---- - iptan A, (3.10) 1 +Bω(z) - --_.. f(z) 

where ψ(z) = ε뚱l bkzk, ω(0) = 0 and 1ω(z)1 < 1 for z E U. From (3 .10) 
we obtain 

w(z) = 
p(1 + i tan À)f(z) - e;>' sedz1'(z) 

Be;>' sedzf' (z) - {Bp + (A - B)(p - q) + iBp tan À}f(z) 

(1 + i tan 시 ε뚱1 kak+pZk 

(A - B)(p - q)+ ε뚱1[(A - B)(p - q) - Bk - iBk tan À]ak+pZk 

(1 + itan À 
[{a p+1 }z + {2av+ :A_B)(p_q)ll-PTLr- . l--PT 

(A - B)(p - q) - B - iB tan À _2 
【、 / 、 ap+1 } z2 + - - -1. 
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Comparing the coefficients of z and Z2 on both sides, we have 

h (1 + itanÀ) 
- (A - B)(p - q) “ p+l , 

야 (1 + i tan 시 ,,, 

(A _ B)(p _ q) l~up+2 

(A - B)(p-q)-B-iBtan À 2 1 

?“ / 、 “ p+lJ 

Thus 

ap+l 
(A- B)(p - q) , 

e‘À sec À ul 
(A - B)(p - q), 

2e’.\ secÀ u2 

+~A - B)(p - q) - B - iB tan A a2 
2(A - B)(p _ q) "p+l' 

ap+2 

Hence 

lap+2 μag+1 | 
(A - B)(p - q) cos À 

= 2 lh - {(A - B)(p - q)(2μ - 1) 

"2 

+Be'λ sec À} . τ그-τ | 
e'" sec A 

m q 
j 
g 

( 

(a) When μ 18 re때， (3.11) be∞me8 

(A - B)(p - q) cosÀ 
lap+2 - μ갱+1 1 ::; , - - - l\ r

2 
"---"[lb2 1+I(A-B)(p-q)(2μ - 1) cos λ 

+Be‘ .\llbJ!2] (3.12) 

(A - B)(p- q)cosÀ 
lap+2 - μa;+ll ::; \"' ~)\~"/~VO"[1+nA-B)(p-q)(2μ - 1) cos À 

+Be써 1}lb1n (3.13) 

Again using Lemma 2.1 for Ib11 in (3.13) we are led to 

la p+2 - f1 a~ ap+2 - μap+1 | 5 
(A - B)(p - q) cos À 

2 [|(A - B)(p - q)(2μ - 1) 

+BI cos À + IB sin 새 (3.14) 
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Thus from (3.14) we can simply obtain the result of Theorem 3.2 as 
stated in (a) for various values of real μ 
(b) When μ is a complex number, (3.11) may be written as 

(A - B)(p - q) cos ,\ 
ap+2 μap+I| = 2 |h (3 15) 

(A - B)(p - q)(2μ - 1) ∞s，\ + Be‘사 
e-l }bfl· 

Using lemma 2.2 in (3.15) we obtain 

|(A - B)(p - q) cos'\ 
lap+2 - μa;+1 | S 2 max{l, |(A B)(p q)(2μ 1) cos,\ 

+Be’λI} 

which is (3.9) in (b) of Theorem 3.2 

Remarks 1. Pt따ing q = 0, A = 1 - (2a.Jp) and B = -1 in Theorem 3.2, 
we get the result obtained by Patil and Thaka.re [6]. 

2. Putting q = O,p = 1 in Theorem 3.2, we get thc result obtained by 
Dashrath and Shukla [3] . 

Theorem 3.3. If g(z) = 윷 + ε뚱o anzn- p+1 E T;(A , B , q) then Ibnl ~ 
알뽑숍， ψrn = 0，펴 3 ， .... The πsult is sharp 

Proof The proofis based on the steps of the theorem (3.1). The following 
functions give sharp estimate 

B-A)(p-Q)COß À e - i ), 

g(z) = { 추(l t많치4 q) B원)lmAeLlA1 B ￥ 0 l Zlp expl "..,-n.l\p-,n-:::t, ... .."./\0;: 1, B = 0 

Remark. Putting q = 0, p = 1 in Theorem 3.3, we get the result obtained 
by Dashrath and Shukla [3]. 

Acknowledgement. We are thankful to Dr. Vinod Kumar, Christ 
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per. 
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