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ON THE LIMIT-POINT CLASSIFICATION OF A 
WEIGHTED FOURTH ORDER DIFFERENTIAL 

EXPRESSIONS 

M.F. EL-Zayat 

Conditions are given to ensure that a weighted fourth order differential 
equation on a half-line is in the case of the limit-point at infinity. These 
conditions are in the form of limitations on the growth of these coefficients. 

1. Introduction 

The differential express ion considered in this paper is 

M[ν] 三 (Po(x) ν(2) )(2) _ (Pl(X)Y' )’ + P2(X)Y = À h (x)ν (1.1) 

where À is a complex parameter, wi ll be regular at a ll points of [0, ∞] but 
has a singular point at infinity, see (3). 

It is assumed the coefficients Po(x) , Pl(X) and P2(X) satisfy the follow-
ing basic conditions; 

i- PAx ) is locally Leb얹gue-integrable on [0 , X ], for all X > 0 
11 재(x) and Pl(X) are absolutely continuous on [0 , X ], for all X > 0 
iii-Po(x) > 0 and Pl(X) 즈 0, for all X E [0 ，∞]. The weight function 

h( x) satisfies. 
iv-h' (x) is continuous on [0, ∞] and h(x) > O. 
We introduce the Hilbert space LHa, ∞) of complex valued measurable 

functions f(x) such that: 

l∞ If(xWh(x)dx 
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68 M.F. EL-Zayat 

converges and the inner product of f(x) and g(x)) in 다 [a ， ∞) is defìned 
by 

(J(x) ,g(x) = f.∞ f(x)꽤h(x)dx 

Classical results give that the number m of linearly independent L~[a ， ∞) 
solutions of M(y) = )"hy is the same for all nonreal ).. and satisfy the in-
equality 2 :S: m :S: 4 

When m 2, the operator is said to be in the limit-point case at 
infinity. 

2. System of Differential Equations 
Through this section , we assume Po , Pl are positive functions on [a , ∞)， 

with second continuous derivatives and ).. denotes a complex number with 
R e>.. = 0, we consider the conditions: 

Pl(씨 tl2 Pl P6 서 Pf hl _' :\:J~~ I = 0(1); I'~ 1 [1'0 + 1'1 + 'nO + ~l = 0(1) as x • ∞ (2.1 ) 
이(x)야h~ . '." poM'po.PI.Po.h 

and 
-P2μlPt "\~J I'I < k ‘ for some J( > 0 
Po(x)p~h - ’ 

For (1.1), the quas펴erivatives y['l are defined by: 

y[OI = y;y[I) = y' , y[2) = Po(x)y" 

y13) = P1 (x)y’ - (Poy")' and ν[4) = )"hy 

(2.2) 

(2.3) 

The equation M(y) = )"hy, has the vector formulation: 

Y' =AY (2 .4 ) 

where 
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We transform y by the transformation W = LY, where L is the diag 
onal matrix 

L = diagonal {Po해 ， PI 해， (야/P0%h&) ， (p?/p3B넓)} 
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Clearly, the vector W = [ψ" ψ2 ， ψ3 ， ψ4lT is; 

W = [(poh월， (Pl핸 )y' ， (서 /PoPo핸 )y[2J ， (pU째Po댄 )y[3Jf (2.5) 

T he vector W sat isfies: 

W' = (Poh t / P1 )CW, (2.6) 

where 
C = (p ,fpoht)[LAL-1 + L'L- 1]. 

Calculations show that C = {Cij } satisfies ; Ci,i+ 1 = 土 1 ， Cii is bounded 
(i = 1,2,3,4) (by (2.1)) , 

C32 

C44 

C
‘1 

P， P~ = --L = O(1) as z • ∞ 
Popãh ~ 

= (P2 사)(p~/ p~Poh) 2: - k (by (2.2)) ,and otherwise 

0 

We take, for k = 1,2,3,4. 

1 빡iωk = (후딸함)t파ylk- lJ 
~ P1 Pï -“ l지O“ 

where 
Qk = ð3k + ð 4k (kronical del ta) 

Thus, if we defì ne 

싸 = [ 1ψkl 2 E띈ds 

3. A uxiliary lemmas 

(2.7) 

In this section we state lemmas from (1), and the proof of the resu lts 
of this paper depends on the following lemma; 

Lemma 3. 1. IIW is a solution 01 (2. 6) such that Cij are boun 
i and j and μ (2.η holds lor k = 1,2,3,4, such thal W1 (∞) < ∞ The n, 
w‘ and 파 are 0(1) for ; = 1,2,3,4, more-oveπ 

W‘ = O(W，‘피); i = 1,2,3, 잃 x • ∞ 
퍼 = O(Wi파*);i = l ,2,3 싫 z • ∞ 
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Proof Since W1 (∞) < ∞， W 1(X) = 0(1) as x • ∞， we rewrite 

W1 = 0(W2') , as x • ∞ 

S J a l 
‘ k m ·k ψ
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(3.1) 

Thus, for k = 1, by (2.5) and (2.6) , we get: 

퍼I~ = 2 1.'파t녀ωIψ펴~ds = 2짜재1.' (Po짜넓o야넓h넓핸a 

2 if「t냐p뻐닙떼)'μ’' p혀3h l - ---ly|2ds + 2 / p3년 yy[1 J ds 
hS p1 Ja 

The fìrst integral of the right hand-side is O(ωtl [뽑!r] = 0(1) 잃 t • 

∞， and by using Cauchy Schwartz inequality, the se∞nd integral is: 

1.' p~년yy'ds f' pghlyl2 ι f ‘ J. I 112 0([ I ru': ，~ I ds]t . [1 POPl h2 ly’11ds]t) 
“ • 1'1 “。

= O(Wt' Wl) as t • ∞[by (2.7)1 

Thus, we can wrlte that: tuf l; = 0(Wls[Wls + wj1) 잃 x • ∞， Since 
W1 = 0(1 ) as t • ∞ Then, 

펴I~ = O(Wt') as t • ∞ (3.2) 

Next, for k = 2, in (2.7) , we get: 

κ= 1.'띈 |ω~Ids (3.3) 

Now, by (2.6): 

r' , , r' P5h융 (pohi) ’YPl = , ψ2띠ds - / ------(Pl패 )yllJds 
J. -" - l-~ J. Pl P5hi 

Integrating by parts the first integral of right hand side, we get; 

f t f t p3ha (Pohg )’Pl I _ L! 

W2 = ω2ψll~ - I ψIψ;ds - / 「-y - -τ7τ-(PIhi)ylds 
J a Ja 1'1 Põns 
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From (2 .7) and (2 .4) we get: 

[t ,(pl hì )' 1. d , I , Pl hì y[21 
2ωtI~ - I [\1' 1':~J (Pohi)y' + 1' 1'τ-' ](po쉰 )yds 

"Q. ponø IO 

-f‘ 팩y멜핸Pl (pl hì )y'ds 
Ja Pl Põftø 

2ψll; / 「r(p깜)yy'ds - r 랙한yy[2lds [' (Pl ht )’ h ... 1 J _ [ 

... a ponø “ g ιo 

W2 

[' (pohï)’Pl _ I \r 'τ7τI'l(p~h ‘ )yy’ds. 
J a. PÕ fl, ø 

By using Cauchy Schwartz in얘uality and from (2 .1) and (2.7) , we get, 
--a ，
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Thus, we can write: 

W2 = ψ1ψ2 + 0(wfwi + wiwj + wfwi) as t • ∞ 

Since W1(x) = 0(1) as x • ∞， Thenj By (3 .1 ), for k = 2, 

" _" [' . .. .. 1 J _ ,,[' (Pl ht )’ l ft pfhiy’y[21 
ψ~I: = 2 I ω2w;ds = 2 I \n '"τ-PIpohi|yl|2ds + l -τ---

Ja Ja ponø J (I μ 

By using (2.1) the first integral of the right hand side is 0(W2 ) as 
t • ∞ and by using Cauchy-Schwartz inequality the second integral is 

O(WI Wl) as t • ∞ Thus, 

야 = 0(wj[w￡ + wj]) 잃 t • ∞ (3 .4 ) 

뻐ile ψl = 0(wj) as t • ∞， hence 

(3 .5) ψlψ2 = 0(wiIwi + wjlS) 없 t • ∞ 
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From (3.3) and (3.5), we get: 

W2 = 0(wi[wi + wjlS) + 0(wi + w￡) 

Thus, after division by W2, we get: 

…* 1(t) = 품， hence 

1 = 0(w;S + I) as t • ∞， where 

t브밍 inf 1(t) > 0, i.e. W2 = O(Wi) as t • ∞ (3.6) 

Further return to (3 .4) and from (3.6) we get: 

< 흐 w; = 0(W3') as t • ∞ 

l.e. 
ψ2 = 0(W3') as t • ∞. 

In a sirnilar way, one can prove that at t • ∞ 

W3 = O(W.') and W3 = O(W，낀) 

Finally 
W4 = 0(1) as t • ∞ and ψ4=0(1)ast • ∞ 

This completes the proof. 
The Lagrange identity for h- 1 M[νJ is: 
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where 
[J,gJ = [Jg [31 - J[3IgJ + [J녕[21 _ J[21g’] (3.7) 

We note that: If M[yJ = >'hy and M[zJ = >'hi implies [y , zJ' = 0 [See (l)J. 
For M[yJ = >'hy, the quadratic expression is: 

Iψ빠y에[때3헤l녕ÿ+y피I띠2지]녕i꾀'Jμl 
'0 

We also make use of the vector spaces. 

V 

V+ = 
V_ = 

{J: MJ = >'hf} 
{y : My = >'hy} n L~[a ， ∞) 

{z : Mz = Xhε} n L~[a ， ∞). 
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Lemma 3_2. 1f dim(V+) + dim(V_) > 4, then there is a y E V+ and 
z E V_ such that [y , z] = 1 

For the proof see (1) ‘ 

Lemma 3.3. Let F be a ηon-negative continuous funclion on [a , ∞)， and 
deβne 

H(t) = 1'(t-s?F(s)ds 

11 as t • ∞;H(t) = OW[H’셈)， theπ 

l' F(S)ds = 0(1) as t • ∞ 

For the proof see (1) 

Next define 

r' pr lyl2J 12 
J1 = W3 (t) = I .c.!τ，f-ds ， y E V+ 

Ja porõ 

r' p~lzl2J 1
2 

J2 = W3 (t) = I æτ，f-ds ， z E V 
Ja porõ 

J1 (∞) and J2 (∞) are 0(1) by lemma (3 .1). 

Theorem 3. 1. 1f there are two positive continuous fllnctions po and Pl 
sllch that 

Ro? pl nC o{ PI hl 
--「， --T [→ + • +-;으 +:;:-] a1'e 0(1) as x • ∞ (3.9) 
Rbp6h5 poflI Po P1 Rb h 

로약 :::; k , 101' same k > 0 (3.10) 
Pop~h 

and 
f∞ hfpg f 

--=-'" as = 00 
ι α , 0 

Then, h-1 M[ν] is the limit-point case at iπβηity 

Proof We first show J, (∞) < ∞， from (3.8) we have: 
’ _3 

1 = f' {펴L쇠김과펴|ψ바파y피yl2까2 
JιalPol ù' '- .L l o7 l \-~ ... -/ 1071)\ - t'poPo 

lt ( (3 
{yl3Jy + yl2Jy’}(1 으 )2주~ ds. (3 .12) 

t' pop.。

n 
η
 

-q J ( 
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Integrating by parts the left hand side, we get: 

1 = 0(1) - f' [y[2J ν， + y[3J y){ (1 _ ~)2꽉}'ds 
"'a " 1-'0 ι， 0 

By using the concepts of (2.3) we obtain: 

I =0(1)- (' {P1때 (y[2J)'y + y[2Jy'}[(1 _ ~)2파]' ds Ja l - "~ i7 ' ''' I i7 'J i7 Jl\ - t ' poPo (3.1 3) 

The last factor of the above integration can be estimated as fo llows: 

? Pl Al al a PlFd pihi 
[(l - ) ll = {k「「 + k2」? + k3-」 + k4--녁---

t ' POPO' .-. tpoht , •• poht ' "0 PÕht ' ." poPoht J Po ’ 

where 꾀 ,J = 1,2,3,4 are constants by (3.9) we get: 

Hence 

2 n3 A2hi 
{(1_~)2r~}’ = 0(--) as t • ∞ 

t ' POPO' " PO 

f(PlyIy + PoynyI){(1 E)2쑤}'ds 
t' PoA。

= 0( f (PoPl)Shfyl (웰)채 (쁘펀)ds 
Ja " " " P1 ，~ , PoPÕht 

+f' 팍띔 (감)채" , (POPI쉰)월'ds) 
J a Pop{h ‘ PO 

= 0(w;wr + w2w;) as t • ∞ 

Using Cauchy-Schwartz inequality and by (3.9), we get: 

f(%ylI)ly{(1 - F)2쁨}'=0(1) 
l f ν← v 

- [ Poνll yl{(1 - ;)2찮}'ds - [ Poνt삐 

(3.1 4) 

The last facto r of the second integral in the right hand side can be 
estimated as fo llows: 

2 f녕 A2hi poPIhS 
{ ( 1 -~)' r~ }" = O(n~~ )’ = O("ur~' - ) as t • ∞ 

t I POPo' " PO I - , Po 
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Hence 

f꽤')'y{(1_~)2짧}' 
‘ 01'0 

= O( f' 탤닫(펴)삼II (poP1년)삼'ds 
J. Poptht . po 

75 

+f‘(펴)채11 • (빡)월 만암ids) 
J. 'Po' v Pl v POPOPI H 

- 0(wjwj + wiw?) as t • ∞ (3 파) 

From (3.13); (3.14) and (3.15), we have: 

f{yI3ly + y{2ly711 - f)2fε)ds = 0(wjw;) 
t I poPo 

Next, 

1.' Pt y’2(1 - f)2싫ds 

Also, 

1.'(P2 -사폐 

l ι ξ 

0(1/ Jn = O(Jn as t • ∞ 

= O( f' POPl야 ly'I2견꽉ds 
J. ' -.. 'v , Popõh ~ 

= 0(W2 ) = O(피) as t • ∞ 

= 0(1.‘ 받 lyl2ds) 

= O(WJ) as t • ∞ 

These inequalities in (3.12) give: 

r' 1 “ 3 3 

/ 숨 ly I2} 1 2(1 - ;)2 1'~ ds = O(e J.t) as t • ∞ 
J. Po" , ,- t I poPo 

[by lemma (3.3)J with F = 웹E now applies to yield J1 (∞) < ∞ 
Similarly, J2 (∞) < ∞. 

If 1mÀ = 0, then V+ = V_ ‘ If 1mÀ ￥ 0, there is one to one correspon­
dence from V+ onto V_ , i.e. dim 씨 = dimV_ 

If dim V+ > 2 then dim ι + dim V_ > 4, and by lemma (3끽， then 
[y , zJ 프 1, for y E V+ and z E V_ , hence from (3 .7) , we have; 

(y녕2) _ y[2] z') + (yz[3] _ y[3] z) 프 1 
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j 소’ t hin?(1- 인 /(ylzI2l - y[21z’)(1 - ;)헬ds + l' (YZ[3] - νI3lz)-7 - Lds 

Hence 

(3 .1 6) 잉
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Now, the first integral on the left hand side can be estimated as follows: 
Since 

s !i:a2 A:a2 
(1_;)'":' =OC:' )ast • ∞ t' Po -, Po 

:.+ _'2 

O(y닝2]':':뜬!) as t • ∞ , 0 

0([렌꽉넨 [POP1 h t ly'12] t 한약견~) 
Po% Rb hipf 

0([반땀]t [Pop, h t ly'12] t 잃 t • ∞ 
poro 

Hence 

y' z[21 (1 - ~)짝i 
t' Po 

This means that: 

jtytzI2](1 f)팩ds = 0([ r반딴ds)a IfpoPlhS|y쐐a 
。 Ja Popa 

By Cauchy-Schwartz inequality, we get: 

! 1 
O(~까~wn as t • ∞ jtyIzPIn - :)摩ds

ι ! 
O(JiJn = 0([ιJ쇠) as t • ∞ 

Also, the integral 

jt , ιn? 
zly[21 (1- ~)딸ds = 0(Jl Jj) = 0(Iι펴) 잃 t • ∞ 

t' Pn 

All these inequalities, in (3.16) give: 

않supf(1 5)摩ds < ∞ 
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and this contrary to the condition (3.11) of the present theorem. This 
means that dim ι = 2, and the proof is complete 

4. General Application 

If Po(t) = t". , PI(t) = t"' , P2 (t) = t'" and h(t) = t"" where 

(3 - 2k)00 + 2k + 2k03 00 ::; 03 + 4; Ok = ,- _ . '-' V :i _ .. - - V; k = 1,2. 

Then, h-1 M[yJ is in the case of limit-point at infìnity. 
Proof: 
It may be verifìed that conditions (3.9) • (3.11) h이d with 

Po = t(ao/6-& 렸) 

and 
PI = t{멍-t-원 

As special choice of the above theorem , let 03 = 0, thus 

301 = 00 + 2,302 = -00 + 4 and 00::; 4. (4 .1) 

We notice that conditions (4.1) are more general than those of (2). Here 
if we take 00 = 0, we get the equation mentioned in (2) which is 

(ψ(2) )(2) _ (P1 ψ’)' + P2ψ =.Àψ 

Then 
PI = kltS and P2 = k2t3 

which is Everitt result (2). 
Hinton (1) has given the following criterion for the equation 

where, 
00 ::; 2n, 

M[νJ= ε( _1)k(t".-ky{서 )(k) 

an k = 4(n-k)+00(4k-2) 
4n - 2 

4n - 200 
0_ =----

‘ 4n -2 
If n = 2, in this result we get: 

00::; 4,301 = 00 + 2, and 302 = -00 + 4 

which is our special result (4.1). 
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