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A NOTE ON INTEGRAL INEQUALITIES OF 
THE WENDROFF TYPE 

A. A. S. Zaghrout 

This paper is devoted to some non linear inequalities of Wenderoff type. 
The bound obtained by these inequalities are adequate in many applica
t ions in the theory of partial differential and integral equations 

1. Introduction 

The inequality of Gronwa\l [6] and it s generalizations have played a 
very important role in the analysis of differential and intcgral equations 
An interesting but apparently neglected generalization of Gronwa\l’s 111-

equalities in two independent var빼les is due to Wendroff given in [댄3 ， p 
1피54씨]. 1n recent papers 0이f Snow [11니] ,’ Aga따rwa려I [때2이]，’ Co아r띠du비neanu [4씨4씨]，’ Ka잃sttωure e 
and Deo [띠7끼]， Pachpa따tμt냉e [에8히]，’ S잉ha잃st따r디i and Ka잃stωu따re [1띠10떼0이]， Ra잃smus 

Va없z and Deo [12], some non linear generalizations to Wendroff inequality 
are given. 1n this paper, we derive an analogous resuIts which are exten
sions to those results in [3] , 에， [5] , [7], [9] , & [1 이. The bound obtained 
by the new inequaliti es are adequate in many applications in the theory 
of partia l differential and integral equations 

2. Main Results 

1n t hi s section we shall state and prove some partial integral inequali 
ties in two independent variables. 

Theorem 2.1. Assume 
(i) </>( x ,y) ,g(x ,y) and C(x ,y) are rea/-va/ued continuous fu nctions de 

βned on a domain D = [xo , a] x [Yo , b] 
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(ii )q(x,y) 즈 1, aηd is a real valued continuous funclion de.βned on D 
(iii) f (x ,y ) is a positive continuous and nondecπasing in both its a1“ 

guments and defined on D 
(iv) K(x , y , s , t ,,p) and W(x , y ,,p) are πal-valued nonnegative continu

ous funclions de.βned on D 2 X R and D x R respectively (where R is the set 
of πal numbe)'성 and no뼈ecreaSl때 in the last va)'iable and K (x , y , s , t , ,p) 
is unifoπnly Lipschitz in the Iast variable. If the inequality 

，p(x ， ν) ::; J(x ，때때，씨씨y씨)+ q띠q(x야x ，따，새씨씨ν씨삐)[따L파t꽤많1.:잖:§g이따%빠뼈(μι떠씨sιμ씨빽’」씨， t) ，p뼈뼈)얘뻐￠삐(.‘썩l.‘ 

+파폐1.:잖값t§셋g이따따쩨때(μι띠씨sιμ씨때， t씨째t)여삐)q삐q이(μsιμ섹페’」씨씨t샤씨)(1: J~ C(μ) ，p(μ)dçd(뼈} 
+W(ω， ν ， 파 끄 K (x , y , s , t ,,p(s , t)dsdt) (2.1) 

is satisfi ed, then 

,p(x , y) ::; ψ(x ， y) [J(x ， y) + W (w , s ,r(x , y) ], (2 .2 

Jor all (x , y ) E D, ψhere 

ψ = q( x , y) exp [l패 g(s ， t)q(s ， t){1 + 1: 끄 C(κ) 
x q(ç, ())dçd(}dsdt] , (2.3) 

and 1'( x , y) is the maximal solutions 0 J 

1'(따)= 파 갱 K (x , y , s , t , ψ(s ， t)[J(s , t )W (s , t , )'(s , t))])dsdt (2 .4 ) 

existing on D. 

Proof Define 

m(따) = J(따) + W(때) 폐: K(x, y, s, t, @(s, t))dsdt (2 5) 

Then we can write inequality (2.1) in the form 

￠(z， y) 5 m(z , y) + q(x , y)[J; 경 g( s , t) ,p( s , t )dsdt 

+ 1패 g(s , t )q(s , t){끄 경 C(μ) ，p(μ}dçd()dsdt](2.6) 
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Since q(x ,y) 2: 1, and m(x ,y) is positive and nodecr없ing ， so incqualily 
(2.6) has the form 

rf>(x ,y) 
m(x ,y) < q(x , ν)[1+ 끄 경 g(s , t)뚫긴dsdt 

+ l: jrg(s,t)q(s,t) 

x(끄 끄 C(ç, ()魔상dçd()dsdt ] 

Define a funct ion u(x ,y) such that 

[X [Y . t . • \ rf>(s , t) 
u(x,y) = 1 + I I g(s ,t) T~- ' -.t\ dsdt 

zo Jm m(s, t) 

+ 끄 j t 
g(s, t)q(s, t) 

(2.7) 

x(끄 J~ C(f" ()짧윈dçd()dsdt ， (2 .8) 

with u(XO ,y) = u(x , ν0 ) = 1. T hus 

<þ (x ,y) 
zy(zy) = g(x, y)--- + 9(￡ ， ν )q (x ， y) . 

(x,y) 

1: 1.: C(f" ()뚫상d띠 
Using (2 .7) we obtain 

μ얀 (x ， y) :::; g(x ,y)q(x ,y)u(x ,y) + g(x ,y)q(x ,y) 

x 파 갱 C(때(f" () . q(ç, () dçd( 

Hence 

穩센 :::; g( .T ， ν)q(I ， y) [1 + J:jrC(e，〈째 
From (2.9) we observe that 

u (x ,Y)UXy(xY) < f z fY 
(x ,y)q(x , ν) [1+ I I C(ç, () q(ç, () dçd(] 

2(z, y) - j zo ν。

+ u X(x ,y)uy(x ,y) 
u2(x , y) 

(2.9) 
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없
 By keeping x fìxed in (2.10) , set y = t and integrate w뻐 respect to t from 

Yo to y and then keeping y fìxed, set x = s and integrate with respect to 
s from Xo to x we can easily have 

μ(x ， y) ::::: exp[ 파 J~ g(s , t)q(s , t )[l + l' f C(μ) 
x q(ç, ()dçd이dsdl] . 

Substituting this bound on 미x ， y) in (2.7) we have 

</>(x,y)::::: m(x ， y)ψ(x ， y) (2.11 ) 

where ψ(x ， y) is as defìned in (2.3). By using (2.5) and (2.11) we get 

</>(찌) ::::: ψ(x ， y) [J (x ， y) + W(x , ν ， 4: lt K(x, y, s , t, @(s, t)))dsdtl 

This complete the proof 

Theorem 2.2 . Assume 
(i) u(x , ν) ， g(x ， y) a뼈 h(x, ν) are re따va/u ed nonnegative conlμznu 

funπlκcμtμions deβn ed on : 

6. = {(x ,y) ’ O:::::x < ∞ o 으 y< ∞}， 

(ii) f(x , y ) is a 7'ea/-val’‘ed posilive, conlinuous 끼mction deμned on 6. 
(iii) W (r) is a rea/-va/ued posilive, conlinuous, monotonic, non-decreasing, 

subaddilive and submultiplicalive function for r 즈 O. 
(iv) H (r) is a real-valued posilive, conlinuous, monolonic nondecreas 

ing function for r ~ O. Jf 

u(x ,y)::::: f (x ,y) + g(x ,y)H( f 1.∞ h(s , t)W(u(s , t))dsdl). (2 .1 2) 

is salisfied for all (x ,y) E 6., then f07' all (x ,y) E 6.1 C 6. 

u(x ,y) ::::: f (x ,y) + g(x ， y)H[G- 1 {G(fo
∞ 

L
∞ 

h(s, I)W (J (s , t))dsdt ) 

+fo
∞ 

j
∞ 

h(s, t)W(g(s , 빠 
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where G and G- 1 are defined by 

G(r)= /r」느 
ι。 W(H(s)) ’

G- 1 is the inverse function of G, and 

r> ro 즈 0, 

G(1o∞ j∞ h(s , t)W(J(s , t))dsdt + [ 1.∞ h( s, t) 

(2 .1 4) 

W(g(s , t))dsdt) E Dom(G-1
) , (2.15) 

for all (x ,y) E .6." ψhere .6.1 = {(X" ν1) : 0 S: X1 S: X , 0 S: y S: y, < ∞} 

Proof Without loss of generality we may assume that u(x , ν) 으 f(x ,y) 
Using the subadditivity of W and monotonicity of H , we have from (2.12) , 
that 

u(따) - f(x ， y) S: g(따)Hr[ 1.∞ h(s , t)W(u(s , t) - f(x , t))dsdt 

+10∞ l∞ h(s, t)W(J(s , t))dsdt]. (2.16) 

Let X(x , ν) = u(x , ν) - f(x ,y) and define 

v(x ,y) = [1.∞ h(s , t)W(X( s, t) )dsdt 

+10∞ j∞ h(s , t)W(J(s , t))dsdt , (2.17) 

v(∞， ∞) = 10∞ l∞ h(s , t)W(J (s , t))dsdt 

T hen equation (2.16) can be restated as 

X( x ,y) S: g(x ， y)If(ν(x ， y)). (2.18) 

Differentiating (2.16) and using the monotonicity and s l1bml1ltiplicity of 
W , we get 

vxy(x ,y) S: h(x ,y)W(X(x ,y)) 

S: h(x ,y)W(g(x ,y))H(v(x ,y)) (2.19 ) 

S: h(x , y)W(g(x , y))W(H(v(x , y))) 
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From (2.18) we abserve that 

l.e. 

W (H( v( x , y)) )VXy(x, y) 
~~~'"' :<:: h(x ,y)W(g(x ,y)) 

W2(H(v(x , ν))) 
+ νx( x , y )Wy(H( v(x , y))) 

ψ2(H(ν (x ， y))) ’ 

1 (x ,y) 
( ) S h(z, y)W(9(z, ν)) 

δy' W(H(v(x , y))) 

By keeping x fixed in the above inequality, we set y = t and then inte
grating with respect to t from y to ∞， we have 

z (x ，ν~ r∞ 
:<:: I h(x ,y)W(g(x ,t))dt 

W(H(v(x ,y))) ~ Jy 

From (2.14) and (2.20) we observe that 

옳G(U(z ， y)) S j∞ h(x , t)W(g(x , t))dt 

(2.20) 

By keeping y fixed in the above inequality, setting x = s and then inte
grating with respect to s from 0 to ∞， we have: 

η(x ， y) :<:: C- 1[C 1∞ l∞ h(s , t)W(J (s , t))dsdt (2.21) 

+1∞ j∞ h(s , t)W(g(s , t)뼈]， 

for (x , y) E 6.3 . The desired bound in (2.13) follows from (2.12) , (2.18) , 
(2.21 ) 

Theorem 2.3. Assume 
(i) u(x , y) ,a(x ,y) ,g(x , y) and h(x , y) are rea/-va/ued nonnegative coη

tinu 

6. = {(x , ν) : 0 :<:: x < ∞ O:<::y< ∞} 

(ii) f(x ,y) is a real-valued positive, continuous funclion defined on 6. 
(iii) W(r) is a real-vah뼈 positiκ con“tinu 

tiv’e and submμltiplicative function fo 1' r 으 0, 
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(iv) H(1' ) is a 1'eal-valued posili띠 conlinuous monolonic, non-dec1'easing 
funclion fo 1' r 즈 O. [f 

u(x ,y) 으 f(x ,y) + 1∞ a(s ,y)u(s ,y)ds 

+g(x ,y)H([ l∞ h(s, t)W(u(s , l))dsdl) , (2.22) 

ís salísβed for all (x ,y) E /::", lhen fo 1' all (x ,y) E /::"2 C /::" 

u(x ,y) ::; ~(x ， y)[μ y) + g(x ， y)H(C- 1 (박∞ L∞ h(s,l) 

x W( <þ(s , l)f(s , t) )dsdl) + foZ l∞ h(s ,t)W(<þ(s ,t)) 

xg(s , t))]dsdl))] . (2.23) 

whe1'e 
<þ(x ,y) = exp (l'∞ a(s ,y)ds) , 

C and C- 1 as defined in Theorem 2.2 such lhal 

(2.24) 

C(l∞ j∞ h(s, I)W( <þ (s , I)J(s , t)dsdl) 

[l∞ h(s ,I)W( <þ(s ,t)g(s ,t)dsdl E Dom(C- 1
) , 

fo 1' all (x ,y) E /::"2 , ι‘here /::"2 = {(X2 , y2) : 0 ::; x2 ::; x, 0 ::; y ::; ν2 < ∞} . 

Pl'oof Define a function m(x ,y) by 

m(x ,y) = J(x , ν) + g(x , y )H({' l '" h(s , t) W( u(s , t))dsdt ), 

then equation (2 .22) can be restated as 

쩌
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Since m(x ,y) is positive, nondecreasing, we observe from (2.25) that 

(x , y) ~ ， , f∞ u(s ,y) 
--- - S 1 + / a(s,y)---ds (x , ν) - - ' Jx -'-'~/m(s ， y) 

(2.26) 
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Define 

f∞ u(s ,y) 
R(x ,y) = 1 + I a(s ， y).=~-."'， ds ， R(∞， y) = 1 J1 m(s,y) 

From (2.27) we have 

(x ,y) 
-R(z,y) = - a(z,y)--

(x ,y) 

By using 繼 :::; R(x ， ν) in (2.2꼈28쩨8 

옳R(x ， y):::; a(x ,y)R(x ,y) 

i.e. , (옳R(x ， ν) )빠， y):::; a(x ,y) 

(2.27) 

(2.28) 

By keeping y fixed in above inequali ty, setting x = s and then integrating 
with respect to s from x t。 ∞， we have 

R(x ,y) :::; exp(l∞ a(s ,y)ds) = rþ(x , ν) 

Thus (2.26) can be written as 

u(x , y) :::; rþ(x , y) (J (x 

Again by following the same argument as in Theorem 2.2, we ob t.a in 
our desi red bound in (2.23) . 

Remark. Tbere is no difficulty to obtain bounds for tbe integral inequa\i 

ties of tbe form 

u(x ,y) :::; f(따) + 1∞ a(s ,y)G(u(s ,y))ds 

+g(x ， y)H (l∞ j∞ h(s , t)W(u(s , t) )dsdt) (2.29) 

and 

u(x ,y) :::; f(x ,y) + 1∞ a(s , y)G( u(s , y))ds 

+g(따)H([ 1.∞ h(s , t)W(u( s, t))dsdt). (2.30) 
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Under some suitable conditions on the functions involved in these inequal 
ities. 

3. Application 

In this section we shall give an app lication of Theorem 2.3 to obtain 
the bound on the solution of a nonlinear integral equation of the form 

u(x ,y) = f(따)+ 1∞ 1<(찌 s, u(s , y))ds 

+F(x,y, [ 1.∞ 4>(s ,y, s, t , u(s , 싸 

where all the fun ctions involved in (3.1) are real-valued and defined on the 
respective domains of their definitions and such that 

1I<(x , y, s, u(x , y))1 S a(s , y) lu(s , y)l , 

14>(x, y, s, t , u)l S h(s , t)W(lu l), 

IF( s,y,u)1 S g(x ,y)H(lu l), 

(3.2) 

(3.3) 

(3 .4 

where h(x ， ν ) ， g(x ， ν) ， a(x ， ν) are as in the assumptions of Theorem 2.3. 
Using (3.2) , (3.3) and (3 .4) in (3.1) we can easi ly have 

lu(x ,y)1 S If(x ,y)1 + 1∞ a(s , y)lu( s, y)lds 

+g(x ,y)H([ 1.∞ h(s , t )W (lu(s , t)l)dsdt) 

Applying Theorem 2.3, we obtain 

lu (x ,y)1 S 4>(x야x ，잭때폐’J찌씨y씨떼빠)[f싸f끼( 

W(얘4>(μs ， t샤)ν)f(μS ’， t) )dsd따씨t) (떠3.5이 ) 

+ [1.∞ h(s, t)W( 4> (s , t)f (s , t) )dsdt )) ], 

where 4>(x , y) , G and G-1 are as defined in Theorem 2.3. Thus the right 
hand side of (3히 gives an upper bound on the solution u(x ,y) of (3.1). 
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