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DISTANCE SYSTEM

SEUNG WOOK KIM

1. Introduction

While the metrization problem as well as the pseudometrization prob­
lem was completely solved by Bing, Nagata and Smirov [3] in 1950, the
quasimetrization problem was already considered and partially solved
by Wilson [5] in 1951, and also by Norman [2] in 1965. A sufficient
condition for the quasimetrization problem is given by Wilson and a
counterexample which shows that the inverse of this quasimetrization
theorem is not true is given by Norman. Besides, it is not so difficult
to construct a space which can not be generated by the quasimetric [4].
Therefore a more generalized function of quasimetric, so called the linear
distance function, is required [1], so that the class of fWaces generated
by this function should be larger than the class of spaces generated by
the quasimetric. However, since this linear distance function has a chain
structure as a range, every point of a topological space must have a
neighborhood base as a chain, which is not a property that every spac~s

posess. In this paper, motivated by this property of range, we introduce
a mathematical system, namely a distance functions (metric, pseudo-

. metric and quasimetric, e.t.c). The main idea of this system is that we
are considering as a range of a function not only the linearly ordered set
like lR, but also the partially ordered set containing a structure of lattice
as a range of a function. The crucial difference of this function from the
usual distance function is that c could be chosen in the lattice structure
and the image of the function could be the whole given partially ordered
set. On the other hand this system is very closely related to the uniform
space, in particular to the quasiuniform space.
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DEFINITION 2.1. Let (w,~) be an ordered set. A subset P of W is
called a positive area of (W,~), if PI 0 and for all E,6 EP there exits
u EP such that u ~ E,6.

(W,~,P) is called a range area

Let M be a set and d a function from M x M into W. Let (W,~,P)
be a range area. Then a:=(W, ~, P, cl) is called a distance system for M
and d is called a distance function for M with the range area (W, ~,P).

For every x E M and c E P the set K:(x) := {xix EM, d(x, y) ~ e}
is called the c-sphere of x relative to a (If clear which a is meant, we
write it briefly Ke(x)).

A subset T of M is called a-open, if for each x E T there exists an c E
P with K:(x) ~ T.

The following Theorem is trivial.

THEOREM 2.2. Let (W,~,P) be a range area and let a := (W; ~
, P, d) be a distance system for a set M. Then the following hold.

(a) For all x E M and c, 6 E P E ~ 6 implies K:(x) ~ K~(x).

(b) For all x E M and c, 6 E P there exists a u E P such that
K:(x) ~ K:(x) nK6(x).

(c) The set Oa := {TIT ~ M, T is a - open} is a topology on M and
it is said to be generated by a.

DEFINITION 2.3. Two distance systems a, a/are called equivalent, if
Oa = Oat.

DEFINITION 2.4. Let (W,~,P) be a range area, M a set and let
d be a distance function for M with the range area (W,~,P). Then
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a:=(W,:5,P,d) is called a topological distance system for M, if for all
x E M and c E P K~(x) is the neighborhood of x relative to 00/'

We show next that every topology can be generated by a topological
distance system.

NOTATION. For a set M of sets and an arbitrary x we set M(x) :=
{XIX E M,x EX}.

LEMMA 2.5. (Criterion for a topology generated by a topological dis­
tance system) Let (M, 0) be a topological space. Let (W,:5,P) be a given
range and let d be a function of M x M in W. Then a := (W, :5, P, cl) is
a topological distance system for M with 0 = 00/ if and only if for all
x E M the following holds.

(1) For each c E P there exists U E O(x) such that U~ Ke(x).
(2) For each U E O(x) there exists c E P such that Ke(x) ~ U.

Proof. See [2].

DEFINITION 2.6. Let (M, 0) be a topological space. Let ~ := {UIU ~

O,U is finite, M E U}. For every x E M,U E ~ we put DU(x-) :=n U and for every U E ~ we define a relation Ru on M as follow­
UEU(x)

ing: xRuy:~ y E DU(x) for all x,y EM.

LEMMA 2.7. Let (M,O) be a topological space. Then the following
hold.

(a) For all U, V E ~ U U V E ~.

(b) For all x E M,U E ~ DU(x) is an open neighborhood ofx.
(c) For all U E ~ we have t ~ Ru, where t is the identity relation on

M.
(d) For all x E M and U, V E ~ U ~ V implies DV(x) ~ DU(x).
(e) For all U, V E ~ Ruuv ~ Ru n Rv.

Proof. We prove only (d) and (e)
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(d) Let U, V E ~ with U ~ V and x E M. Then obviously U(x) ~
V(x) and also nV(x) ~ nU(x), i.e. DV(x) ~ DU(x).

(e) Let U, V E~. By (a) U U V E ~. Let x, y E M with xRuuvy.
Then by (d) y E DUUV(x) ~ DU(x),DV(x) and thus xRuy,xRvY.
Therefore Ruuv ~ R u n Rv.

THEOREM AND DEFINITION 2.8. Let (M,O) be a topological space
and let ~ be defined as in 2.6. Let W:= {Sit ~ S ~ M x M}, P:=
{clc ~ M x M, there is U E ~ with Ru ~ c}, and d : M x M -+

W, (x, y) ...... t U {(x, y)}. We have then the following:
(a) 0::= (~~,P,d) is a distance system for M.
(b) For all x E M,U E ~ DU(x) = K Ru (x).
(c) 0: is a topological distance system and it generates 0.

We call the distance system 0: the qUalliuniform distance system of
(M,O).

Proof. (a) It suffices to prove that P is a positive area of (W, ~).
By 2.7 (c) P ~ W, and by ~ =/; 0 P =/; 0. To show now is tha,t for
all c, S E P there is 0" E P with 0" ~ c, S. Let c, S E P. Then there
are U, V E ~ with Ru ~ c,Rv ~ S. Let 0" := c n S. Then by 2.7 (e)
Ruuv ~ Ru n Rv ~ c n S = 0", hence 0" E P.

(b) Let x E M and U E ~. The following statements are equivalent.
z E DU(x); xRuz; tU {(x,z)} ~ Ru (by 2.7 (c»; d(x,z) ~ Ru; z E
KRu(x).

(c) We show the conditions (1),(2) of 2.5.

(1) Let x E .714 and c E P. There is U E ~ with Ru ~ c. Choose
U := DU(x). By 2.7 (a) DU(x) E O(x). By (b) and 2.2 (a)
DU(x) = KRu (x) ~ Ke(x).

(2) Let x E M and U E O(x). Choosing U := {U,M},U E ~.

Moreover DU(x) = U. Let c := Ru. Then by (b) KRu(x) =
DU(x) = U.
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In the next section we clarify the relationship between the distance
system and the quasiuniform distance system

3. The Quasiuniform Distance System of a Topological Spaces

DEFINITION 3.1. Let M be a. set. A subset F of P(M)(:= power set
of M) is called a filter on M, if the following conditions are satisfied.

(Fl) .r # 0, 0 fi .r.
(F2) For all U, V E FUn V E F
(F3) For all T ~ M, U E F with U ~ T T E F.

DEFINITION AND THEOREM 3.2. Let M be a set and let n be a filter
on M x M. For RE n and x E M, we let R(x) := {zl(x,z) ER}. A
subset T of M is called n-open, if to each x E T there exists R E n with
R(x) ~ T. Then the set O(n) := {TIT ~ M, T n-open} is a topology
on M and it is said to be generated by n.

Proof. According to the theorem 2.2, let W := P(M x M),P := n
and :::;:=~ . Then P is obviously a positive area of (W, ~). Let now
d: M x M ~ W,(x,y) t-+ {(x,y)} and we define Q:= (W,~,P,d). We
have only to show that for all x E M and R E n ,KR(x) = R(x).
Let x E M and R E n. The following statements are equivalent. z E
KR(x)j d(x,z) ~ Rj {(x,z)} ~ Rj (x,z) E Rj z E R(x). Thus Oat =
O(n).

DEFINITION 3.3. Let M be a set and A,B subsets ofP(M x M). The
set A· B := {(x, y)1 There is z E M with (x, z) E A, (z, y) E B} is called
the product relation of A,R.

DEFINITION 3.4. Let M be a set. A subset n of P(M x M) is called
quasiuniform structure on M, if the following hold.

(UI) n is a filter on M x M.
(U2) For all S E n l ~ S.
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(U3) For all SE n there is Q E n such that Q. Q ~ S.

(M, R) is called quasiuniform space.

A topological space (M,O) is said to be generated by a quasiuniform
space, if there is a quasiunifonn space R on M such that 0 = OCR).

The relationship between the quasiunifonn structure and the quasiu­
nifonn distance system is given by the following theorem.

THEOREM 3.5. Let (M, 0) be a topological space with M =1= 0, a :=
(W,~,P, d) be a quasiuniEonn distance system oE(M, 0) defined in 2.8.
Then P is a quasiuniEonn structure on M and O(P) = Ocr = O.

In particular ,every topological space is therefore generated by a qua-
siunifonn structure. .

Proof. We claim that (a) P is a quasiuniform structure on M, and
(b) O(P) = Ocr.

(a) Since the properties (Ul),(U2) are clearly satisfied, we show only
the property (U3) of P. Let e E P. There is one U E ~ with Ru ~ c.
We choose b := Ru. It suffices to show 6 = 6· b. "~" is clear, since
,~b. ";2": Let (x,y) E 6· b. There is z E M with (x,z),(z,y) E 6,
i.e. z E DU(x),y E DU(z). For all V E U(x) z E DU(x) implies z E V,
thus U(x) ~ U(z). With yE DU(z) it follows that yE DU(x). Therefore
xRuY, i.e. (x,y) E Ru = 6.

(b) For all x E M and c E P c(x) = Ke(x), because for any arbitrary
x E M the followings are equivalent. z E e(x); (x, z) E e; ,U{(x, z)} ~ e
(since t ~ c); d(x,z) ~ e; z E Ke(x). Hence O(P) = Ocr.

We establish the next analogy between the quasiunifonn distance sys­
tem and the quasimetric distance system.

Let (W,~,P, d) be a quasiuniform distance system of a topological
space (M,O). Suppose that d' is a quasimetric on M. Then (JR+ U{O},:$
,JR+, d') is a quasimetric distance system.
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(lR+ U {D}, 5, lR+, d')
(lR+ U {D}, 5) an ordered set
Dis the smallest element of lR+ U

{D}
+ is associative connection on lR+
U{D}with the identity element D
5 is compatible relative to +
d'(x,x) = Dfor all x E M
d'(x,z) 5 d'(x,y) + d'(y,z)for all
x,y,zEM

(W,5,P,d)
(W, 5) an ordered set

t is the smallest element of w:

. is associative connection on
Wwith identity element t

~ is compatible relative to ..
d(x, x) = t for all x E M
d(x,z) ~ d(x,y). d(y,z)

for all x,y,z E M.

In the following we show that the concept of continuity in topolog­
ical sense is equivalent to uniform continuity in quasiuniform distance
systemic sense.

DEFINITION 3.6. Let (M,O) be a topological space and a := (~~
,P, d) a quasiuniform distance system of (M, 0). (M, 0) is called totally
bounded, if to every c E P there is a finite subset E of M such that

U Ke;(x)=M.
xeE

TIlEOREM 3.7. Every topological space is totally bounded.

Proof. Let (M,O) be a topological space. Let c E P. There is U E ~
with Ru ~ c. Obviously n := {U(x)lx E M} ~ P(U). Since U is finite,
n is finite. Let V := {DU(x)lx E M}. Then the function n -+ V which
assigns U f-+ nU(x) is surjective, hence V is finite. In other words there
is a finite subset E of M with {DU(x)lx E E} = {DU(x)lx E M}. We

show that UKe;(x) = M. "~": Let z E M. Then there is x E E such
xeE

that DU(z) = DU(x). By 2.7 (b) z E DU(z); hence z E DU(x). By 2.8
(b) and 2.2 (a) DU(x) = KRu (x) ~ Ke;(x); therefore z E Ke;(x). The
another inclusion is trivial.
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DEFINITION 3.8. Let a:= (W;~,P,d),a':=(W',~',P',d')be dis­
tance systems for M,M' respectively. A function j : M -+ M' is said
to be e-<5-continuous in x E M relative to a, a' respectively, if for every
e E P' there is <5 E P , so that d(x,z) ~ <5 implies d'(J(x),j(z»~' e for
all z E M.

f is said to be e-<5-continuous relative to a, a', if f is e-<5- continuous at
all x E M

f is said to be uniformly continuous relative to a, a', if to each e E P'
there is <5 E P so that d(x,y) ~ <5 implies d'(J(x),j(y» ~' e for all
x,yEM.

The following Theorem holds immediately.

THEOREM 3.9. Let a,a' be distance systems for a set M,M'respec­
tively, and let j : M -+ M' be a function. Then the followings hold.

(a) f is e-<5-continuous at x E M relative to a,a' if and only if f is
continuous at x E M relative to topologies 0 0 , Oat'.

(b) f is e-<5-continuous relative to a, a' if and only if f is continuous
relative to the topologies 0 0 , 0 a' .

THEOREM 3.10. Let a := (W,~,P,d),a' := (W',~,P',d') be the
quasiunifonn distance systems of topological spaces (M,O), (M', 0')
respectively. Let f : M -+ M' be a function. Then f is continuous
relative to Oex,Oa' if and only if f is unifonnly continuous relative to
a,a'.

Proof" {:::=" Let j be unifonnly continuous relative to a,a'. Hence
j is by 3.9 (b) continuous relative to Oex, Oa'.

"==>" Let j be continuous relative to Oex,Oo'. Let 1:1,1:1' be de­
fined as in the definition 2.6. Let e E P' be given. Then there is
U' E 1:1' with Ru, ~ e. Let U := {j-l(V')/V' E U'}. Since f is con­
tinuous, U ~ 0, hence U E 1:1. Choose <5 := Ru. Therefore <5 E P.
We show that d(x, y) ~ <5 implies d'(J(x),!(y» ~ e for all x, y E M.
Let x,y E M with d(x,y) ~ Ru. Then tU {(x,y)} ~ Ru, and thus
(x,y) E Ru, i.e. xRuy. Hence y E DU(x) = n{VIV E U,x E
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V}. Now f(DU(x)) ~ n{f(V)IV E U(x)}. Since for all V E U
there is V' E U' with f-I(V') = V and f(J-I(V')) ~ V', we obtain
n{f(V)IV E U,x E V} ~ n{V'IV' E Ut,f(x) E V'} = DU'(f(x)).
Hence f(DU(x)) ~ DU' (f(x)). By fey) E f(DU(x)) fey) E DU' (f(x)).
Therefore f(x)Ru,f(y) and hence d'(f(x),f(y)) = L' U {(J(x),f(y)} ~

Ru' ~ t:.
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