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ON THE JOINT WEYL SPECTRUM WITH WEIGHT

YOUNG OH YANG

In [1,2], Ch6 studied the joint Weyl spectrum for a commuting pair
of operators (bounded linear transformations). In this paper, we shall
define a more general concept of the so called "weighted (joint) Weyl's
spectrum" of a commuting pair of operators and study some of its prop­
erties.

Throughout the paper, H is a fixed(complex) Hilbert space of dimen­
sion h 2: ~o, the cardinality of the set of natural numbers and B(H)
denotes the algebra of all bounded operators on H. For each cardinal
a, ~o :::; a :::; h, let la denote the uniform closure of the two-sided ideal
in B(H) of all bounded operators of rank less than a. Then the la are
precisely the proper closed two-sided ideals of B(H). Of course, INo is
the ideal of compact operators and I h is the maximal closed two sided
ideal of B(H). If No :::; a < (3 ~ h, then la C 113 and la i= 113[3]. For
each operator T, T denotes the coset T+la in the C*-algebra B(H)jla.

If T is a-compact i.e., TEla, then a(T) = {D}, where aCT) denotes
the spectrum of T. Since la are self-adjoint ideals [3], Re aCT) = {O} =

a(M).
In [4], Yadav and Arora defined the Weyl's spectrum of weight a, wa(T),

of an operator T on H by

wa(T) = n a(T + K).
KEI.,

For each operator T, wa(T) is a nonempty compact subset of aCT),
and D tI. wa(T) if and only if T is of the form S +K, where S is invertible
and K E I a [4].

THEOREM 1. IfT = Tl EB T2 , then wa(T) = wa(TI) U wa(T2 ).

Proof. If z tI. wa(Tl ) Uwa(T2 ), then Tl - z = SI + K l , and T 2 - z =
S2 + K 2, where SI, S2 are invertible and KI, K 2 E la. Thus SI EB S2 is
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invertible on H ffi H and K l ffi K 2 E 10/. Since T - Z = (SI ffi S2) +(Kl ffi
K 2 ), Z ~ wO/(T). Therefore wO/(T) S;;; wO/(Tl ) U wO/(T2 ).

Conversely if z ~ wO/(T), then T - z = S + K where S is invertible
on H ffi H and K is a-compact on H ffi H. Hence there eixst invertible
operators SI and S2 and a-compact operators K l ,K2 such that

Tl - z = SI + K l and T2 - Z = S2 + K 2.

Therefore z ~ wa(Tl ) U wa(T2 ) and so wa(Tl ) U wa(T2 ) S;;; wa(T).

DEFINITION 2. Let A = (A}, A2 ) C B(H) be a commuting pair of
operators. The Taylor joint spectrum qT(A) of A is defined by qT(A) =
{z = (ZI, Z2) E C2 : a(A - z) is not invertible on H ffi H}, where

( ) (
AI - zl A2 - z2 )

a A - z = (A )* (A )*.- 2 - Z2 1 - zl

DEFINITION 3. Let A = (AI,A2) C B(H) be a commuting pair. The
joint Weyl spectrum of weight a, wa(A), of A is defined by

is a commuting pair}.

z = (zI, Z2) in C2 is said to be joint eigenvalue of A = (Ab A2) if
there exist a nonzero vector x such that Aix = zix(i = 1,2). qp(A) is
the set of joint eigenvalues of A.

z = (ZI, Z2) in C2 is said to be joint residual eigenvalue of A = (AI, A2)
if there exists a non-zero vector x such that Aix = zix(i = 1,2). qr(A)
is the set of joint residual eigenvalues of A.

From the self-adjointness of 10/ we see that for any commuting pair
A = (A b A2 ),

wa(A*) = wO/(A) = {(Zb Z2) : z = (ZI, Z2) E wa(A)}.

REMARK. For any commuting pair A = (A b A2 ), 0 E wa(A) iffthere
eixst a nonsigular pair S = (SI, S2) on H and K = (KI, K 2) C 10/ such
that A = S + K and A + K is a commuting pair.
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THEOREM 4. For any commuting pair A = (Ab A z), wa(A) is a
nonempty compact subset of qT(A).

Proof. That wa(A) is a compact subset of qT(A) follows from the
definition. We claim that uT(A) C wa(A). Let z = (Zb zz) E qT(A).
Then .A - z is singular in B(H)Jla. Let z E wa(A). Then by Remark,
there exist a nonsingular pair S = (S}, 5z ) on Hand K = (Kll Kz) C la
such that A - z = 5 + K and A + K is a commuting pair. Hence
A- z =S, where S is nonsingular in B(H)J10/. This is a contradiction.
Hence z E wa(A) and therefore wa(A) is a nonempty compact subset of
uT(A).

The following theorem is a generalization of Cho and Takaguchi's
Theorem [1,2].

THEOREM 5. For any commuting pair A = (Ab Az ) C B(H), of
operators

Proof. Let z = (ZI, zz) E uT(A)-wa(A). Then since Z rt wa(A), there
exists K = (Kll Kz) C la such that z rt qT(A + K) and A + K is a
commuting pair.
Therefore,

is invertible.
So a(A + K - z)* is invertible. Let

T = a(A+K - Z)*-l. (~f -~2 ).,

Then from the self-adjointness of la, T ~ Ia(H ill H) and a(A - z)* =
a(A + [( - z)*(I - T). Since T ~ Ia(H ill H), the null space of I - T is
nonzero. So there exists a nonzero vector x Ell y E H ill H such that

a(A - z)*(x ill y) = 0 Ell O.
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And since
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we get that z E oAA) if x is nonzero, and we get that z E O'p(A) if y is
nonzero. Thus the proof is complete.
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