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ON THE ACTION OF HECKE OPERATORS ON THE
DRINFEL’D CUSP FORMS OF SMALL WEIGHTS

SunG HAN BAE

0. Introduction

In the classical theory of modular forms for SL(2,Z) there exists a
basis consisting of eigenforms of Hecke algebra for the space of cusp forms
of given weight, and their eigenvalues are real algebraic numbers([6], [7}).
The proof uses Petersson inner product. But in the Drinfel’'d modular
theory we still do not have the analogous statements. To have something
like Petersson inner product we have to develop integration theory for
function field of positive characteristic, which is not settled yet.

In this note, however, we will calculate the action of Hecke operators
for the ideals of degree 1 or 2 on the Drinfel’d cusp forms of weight 2¢%—2
which is the next simplest case other than those of weight ¢> — 1 and for
ideals of degree 1 on those of weight 3¢* — 3. Then we obtain common
eigenforms of the Hecke operators for the ideals of degree 1 or 2, and see
that their eigenvalues are real algebraic. These would give some evidence
for the existence of the statement analogous to the classical theory.

1. Notations, Definitions and Basic Properties

Let K = F(T) be the rational function field over a finite field F,
and A = F4[T] be its ring of integers. We assume that char K > 3 for
simplicity. Denote by Ko, = F((T)) the completion of K at co and by
C the completion of algebraic closure of K.

DEFINITION 1.1. An element z € C is said to be real if z € K.

In this note we always mean by a Drinfel’ld module the Drinfel’d
module of rank 2 over C on A unless otherwise stated. It is known
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that the set of Drinfel’d modules is parametrized by 2 = C — K, and
GL(2,A) acts on §) as linear fractional transformations. Since {2 can
be given the structure of rigid analytic space, we have the notion of
holomorphicity and so we can consider modular forms for GL(2, A).

A Drinfel’d module ¢ is given by
¢r =T + gr + A7?

where 7 maps z to z9. Then it is known that g(resp. A) is a modular
form of weight ¢ — 1 (resp. g% — 1), and the algebra of modular forms is
the algebra generated by § and A over C.

Let L = 7 A be the rank 1 lattice associated to the Carlitz module p
given by pr=T+ 1.

Let #(z) = ey (7z) where e(2) = z[[)¢r (1 — £). Then modular
forms have t-expansions. For all of these we refer to [1], [2], or [3].

Let a be an ideal of A. Then we can define the Hecke operator T on
the set M} of modular forms of weight k. In fact, Tos = TqTp where a
and b are two ideals of A. Therefore we need only consider T}, where p
is a prime ideal of A. In our case T}, has a simple forms as follows :

For f € M; and p = (p), where p is a monic irreducible polynomial
of degree d, then

(12) Tpf(z) =p*f(px)+ Y, f((z+b)/p)-
debgebA<d

As in the classical case, Ty f is cuspidal if f is.
Let A be an F-lattice in C and Sk = Ska = Y 5ea(z + A)~F. Then

we have

PROPOSITION 1.3. ([2], (3.4)) Let A be an F,-lattice in C. Then
there exists a polynomial G = G 5, called the k-th Goss polynomial of
A, with the following properties

(i) Sk = Gi(t) wheret =t) = S1,a
(i1) Gk(){) = X(Gr-1(X) + a1Gir—o(X) + --- + aiGr—gi +--+),
k—¢>0

(1) Gy is monic of degree k

(iv) Gx(0)=0
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(v) Kk <gq, then Gi(X) = X*
(vi) Gpi = (Gi)? where p = char(F,)
(vii) X2G%(X) = kGr41(X).

Here a;’s are given by ex(z) = 35, @i27 .

We can express the action of T, on the t-expansions of a modular form
of weight k using Goss polynomials as follows (see [2], (7.3)) ;

Let Ap = Kerpp, and G;; the i-th Goss polynomial of Ap. Then

(1.4) Ty (z a,'ti) = pk Z a,'t; + Z a,-Gi,p(pt),
where t,(z) = t(pz) = tIPl/f,(t). Here f, is defined by
Fo(X) = pp(X )Xo,

Our main interest in this note is the set of cusp forms of weight
24q% — 2 (resp. 3¢% — 3), which is a 2-dimensional vector space with basis
{9971 A, A2} (resp. a 3-dimensional vector space with basis {g2912A, g?*!
AZ,A3}) ([2], [3]), where g = #!79G and A = 7!~ T A.

We need some informations about the coefficients of ¢ and A in the
t-expansions.

PROPOSITION 1.5. ([2], (5.10)) (i) The only powers of t divisible by
g — 1 occur in the t-expansions of g and A.

(ii) Let Y a;s* be the expansion of g or A, where s = t971. Then
a; #0 only if i =0 or 1 mod gq.

The first few terms of g and A are
(1.6)
g=1-[1]s - [1]3“2""‘*'1 + [l]s"2 - [l]zs"2+1 + higher terms
A= st st =1 — s 7 408 — (1] - [1)7)s"
(1.7)

- [1]‘13"2’“’ + [1]"4"15)"’2"“’+l + higher terms

where (1] =T9-T.
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2. Some Lemmas
LEMMA 2.1. Gy(4—1) is a polynomial in X971,

Proof. We will prove this by induction. Since G4—1 = X971, we are
done for k = 1. Assume that G(,_;) is a polynomial in X9~! for j < k.

ie—
Then
Ciip-1) = X(Z aile(q—l)—q‘H)
1120
g" -1
= X(Z Qi C"m;1 (q-—l)—l) where m;, = k- py 1
i1 >0
B Xz(z Z Ol"‘a"zc""-'l(<1—1)—<1‘2 —1)
1120220
2 qiz -1
=X Z Z ailaisziliz(q—l)—2 where My i, = My — |
1201220

=X9”1(Z Yoo Y aal--'aiq-lamn--w,-x(q—l)—(q—l))

208220 iy >0

Since m;, ---14-1 < k, we are done. O

Let Y a;s* be the s-expansion of g9t!A or A? for the case of weight
2¢? — 2. Then by Proposition 1.5, a; # O only if ¢ = 0, 1 or 2 modg. By
(1.6) and (1.7),

gTTA = —s 4 [1]s? 4+ 0(s%) and
A? = 52 4 0(s?).

Hence to express Ty(g?t! A) and T,(A?) as linear combinations of g971A
and A?, we need only the coefficients of s and s? of Ty (3 ais*). The first
summand in the right hand side of (1.4) does not contribute. Therefore
we only need the coefficients of X9~ and X292 in G;(4—1). Similarly
we only need the coefficients of s, s? and s* of Ty(3 a;s*) for the case
of weight 3¢% — 3.
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LEMMA 2.2. Ifi =0 mod ¢, G(4—1) has no X971, and X29~2 terms.
Proof. Let i =rq. Then

Gig-1(X) = Gr(q—l)q(X)
= (Gr(g-1)(X))".
Hence G;(4—1)(X) has no terms other than X™?. [

LEMMA 2.3. Ifi = 1mod ¢, Giy—1) has no X771, X292 apnd X313
terms except for: = 1.

Proof. Let i =rq+1and r > 0. Then

Gi(?"l)(X) = G(rq+1—-r)q_1(X).

Hence by Proposition 1.2, (vii)

XZG:'(q—l)(X) = "G(rq+l-r)q(X)
= ~(Grg+1-+(X))*.
But it is easy to see that X? divides Gyn(X) for m > 1, so Gi(g—1)(X)

does not contain X9~ and X29-2 terms. Since char K > 3, G(g—1)(X)
has no X373 term. 0O

LEMMA 2.4. Leti =rq+2. Then
(1) the coefficient of X9~ in G,y is

k-1 _
— 20 ifr = 2———-—-—-1, k>1
qg—1
0 otherwise
(ii) the coefficient of X?972 in Gy(4—y) is
k-1
aj ifr=1 , k>0
g—1
0 otherwise

(iii) the coefficient of X373 in Gy(,_y) is 0.
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Proof. From ([2], (3.8))

Z Z(_) atxitl

j<m-1

where i = (%0,%1,.-.,%s), ] = to+é1+- - +is, m—1=to+i19+---+159°
ol =alall--.ak a.nd (%) = 7Y/ (o! -+ isY).
Let m = (rqg +2)(¢ — 1) and j = ¢ — 2. Then the coefficient X! is

S (77

where

(1) i+ +---+is=qg—2and

(2) io+iig+---+1.0" =(rg+2-r)g-3.
From (2), i¢ = —3 mod q. Therefore ig must be ¢ — 3. Hence iz = 1
for a umque k > 1, and other ’s are 0. Taking account of these we get
r=2_"=1and (1)-

g—1
Now let § = 2¢ — 3. Then again ¢ = —3 mod ¢ and

fo+ir+---+i,=2¢-3.

Hence 19 = ¢ — 3 or 2¢ — 3. If iy = 2¢q — 3, then other i’s are 0 and so
r = 0. Conversely if r = 0, then ig = 2¢ — 3. So the coefficient of X292
in Ga4-2 is 1, which is ag by definition.

Assume tg = ¢ — 3. Then ¢; + - +is = q. If iy,...,%, are less
then g, then (2¢ — 3)!/(¢ — 3)!é!---i,! =0in C. Therefore i = ¢ for

a unique k and other i’s are 0. And in this case r = = "11 , k> 0. But
((:.S:;)) =i mod ¢. Thus we get (ii).

Let j = 3¢—4. As before g = —3 mod ¢ and so 79 = ¢—3 or 2¢—3. If
19 = 2g—3, then other #’s are less than ¢. therefore ((2q 394 )y=0.1If

—3,81,..0y0a)

ig = q¢ — 3, then ((q—3,31—:.4i.,i, )) ("_—2)@;}2: 2q, {3¢-4) The numerator

is divisible by ¢? but the denominator is divisible only by ¢ if ¢ is a
prime, since ¢; + --- + 1, = 2¢ — 1. The same is true for ¢ a power of a
prime. Therefore the coefficient of X373 is 0 in this case also. [
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LEMMA 2.5. Let : = rq+ 3. Then
(i) the coefficient of X971 in Gyq—y) is

2
3a;

6ak1 ag,

k=1 _
ifr= 2qq—12, E>0

ki—1 k-1 _
ifr=1 :ql 2, ki1 >k >0
otherwise

(ii) the coefficient of X272 in Gy4-y) is

0

q
— day, ap,

1Ngk-1 —
ifp o @t 1) 2

(iii) the coefficient of X377% in Gy(4-y) is

sults.

O

, k>0
g-1 g
k1 ka—1 __
ifr=1"114 2 kitk>0
q—1
k=1 _
fr=l 1 E>0
g—1
otherwise
ifr=0
kq ky __
r=T 10" =2  p S0
g-1
k—-—
#r=21"1 k>0
g-—1
k——
fr=20"2 E>0
g—1
otherwise

75

Proof. Same methods as the proof of lemma (2.4) will give the re-
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3. Some computations when degp =1 or 2

First we write a table of the coefficients of s, s2, s?+2 and s7 *9+2 of
g7 1A and A2, .

(3.1) gitiA A?
coefficients of s -1 0
s [1] 1
sI+? [ — [t 2(1]
s¥ +a+2 [1]3 — 4[1]9+! 4 [1]2¢H? —4[1]7+1 4 2[q]?

Let p = (T + ¢) where ¢ € F,. Then

!

z 1 1
ep,(2) =2 H (1 - ‘X) = mPT+c(z) =z+ T+ czq.
AEA,

From Lemma, (2.2), (2.3) and (2.4), we get

(3.2) coefficient of X ¢! coefficient of X272 2

Gg—1 1 0
-

Ga(q- 1
A1) T+c

1 q
G(g+2)(4-1) 0 (T+c )
others 0 0

Using (1.4), (3.1) and (3.2) we get
Tr+o(9 ' A) = {—(T + )" + 21T + ¢)* *}s + {[a)(T + ¢)***
+ (T + ¢)?7% — [1}71(T + ¢)?"2}s® + higher terms
= {(T+ )" 4+ 20T + )7 2}g" A + {[1)(T + ¢)?12
+ [T + )77 = (T + )" — 2[1%(T + )7 72}A?
=(T+ )" [{(T + o) + 21]}¢*'A
+{[LJ(T + )7 = (T + ) - 1)* - [1]**")}A
= (T + )2 [{(T +c) + 2}g" ' A+ {[1)* - [1]? - [1])*+}A?
= (T + ¢)*"2{(2[1) + T +c)g?+'A — [1)7H1 A2}
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Tir+e)(A?) = 2T + )72 + {2(T + )T 1] + (T + ¢)* 7%}
=T +¢)! g™ A + (T + c)72A%
= (T + )" 2{2¢7"'A + (T + ¢)*A*}.

Hence the matrix form for Ty is

(T 2,)

Let f = Ag?*'A 4+ BA? be an eigenvector of M. If we compute X = 4
by elementary linear algebra, then X is a root of the equation

(3.4) 1) X2 +(TT—-T)X +2 =0,

which is independent of c. And X' = A/(T + ¢)?72, where ) is an eigen-
value of M;, satisfies

A —{(T+ )+ 2N = (T + )} +201]H = 0.

But if we use the fact that [1] = T9 — T, A satisfies
(3.5)
N2 (3T9 =T +2C)N +(2T9 +9 - 2T9+1 4 T9H 4 3¢T9— ¢T + %) = 0.

Applying the trivial case of Hensel’s lemma ([5], p41), A’ is real, and so
is A.
Now let p = (T? + aT + b), where T? + aT + b is irreducible. Then

1 1
er, = 2 H (1-—") = s PT2+aT+b(2)
P e A T2 4+aT+ b
_ TI+T+a’ 7 1 ¢
=it arts TT raT4b

Again from lemmas (2.2), (2.3) and (2.4), we get
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(3.6) coefficient of X7~! coefficient of X2¢—2
G T 0
TV FT¥a
G I S
He-1) T?+aT +b . ! .
1 T°+T+a
G _ G S oLl
(g+2)(¢-1) T2 4 aT +b (T2+aT+b)
1 q
G2 - 0 e
(g% +9+2)(¢-1) (Tz +aT + (,)
others 0 0

As before, letting p = T2 + aT + b,

Ty(g7t1A) = p*2[{p + 2[1(T7 + T + a) + 2([1]* — ()T} 'A
+{[1p* + (1 = [ NTT + T + @) + (P - 4{1)7+*
+[1%) — p[1] - 20T + T + o) — 2([1F° - [1]77*)}A%]
= pt2[(—2T9 9 + 279+ 4 6727 — 6T9! + 2T + T7
—aT + b)g?t A + (=377 + T - a)[1]**!

and

Ty(A?) =p? 2 {2(3T7 — T +a)g’' A
4 (2T + 4 2T+ 4 372 — 271" +aT9 + b)A?}

The matrix form for T) is

—9T9"+9 4 9T +16T2%
M2 — pq"z —6’1‘«"“'l + 20.T3 + T2 - aT + b:
—(3T7 = T + a)[1]**!

2(3T¢ - T + a)
—9T9+4 4 9T 13720 _ 9T+ 4 T + b

If we compute the eigenvector AgH1A + BA? of M as before, we find
that X = -’g- also satisfies

X2+ (T -T)X +2=0

which is same as in the degree 1 case. Again by the trivial case of Hensel’s
lemma, the eigenvalues are real.

We now consider the case of weight 3¢2—3 and p = (T +¢). The space
of cusp forms of weight 3¢ — 3 is generated by {g29t2A, g1 A% A%}
over C. Then from the lemmas (2.2), (2.3), (2.4) and (2.5) we get
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(3.7) coefficient of X7-! coefficient of X2¢-2 coefficient of X33
Gy-1 1 . 0 0
G -
2g-1) 2F 1 0
Ga(g-1 3 ( L )1 - L 1
-1 T+ec T+ec
q
Gig+2)(g-1) 0 (T}l- c) 0
[ q
Gg+3)(g-1 0 -3 ( ! ) 2- 1
(g+3)(¢-1) T+e¢ TH+e
%
G2g+3)(9-1) 0 0 (Ti )
c
others 0 0 0

Hence we need the coefficient of s, s%, s

3 g9%2 59+3 and s293 of

g2t2A, g7t A? and A3 to compute Ty where p = (T +¢). The coeffi-
cients are given by

(3.8) g%1t2A gIttA? A3
coeflicients of s -1 0 0
52 201 1 0
§3 —[1}% -1 -1
592 3[1)° - 4f1)et? 4q[1) - 1)} 3
si+s 2[1]""'2 -1 e+t —2[1)* -3[1]
szq+3 2[1]q+3 — [1 2942 2[1]q+2 -0 3 ___3[1]2

Then using (1.4), (3.7) and (3.8) we get

Ty(g21+2A) = (T + )73 [{(T + ) + 4[1(T + ¢) + 3[1]*}¢***A
— {4[1]q+1(T +¢)+ 6[1]q+2}gq+1A2 + [1]2q+2A3]
Ty(¢9H AY) = (T + ) *[{2AT + ) + 3[1]}¢2912A + {(T + ¢)**
+ 30T +¢)f — (1T +¢) - 3[1]7H1}g7+1A%
— [1]q+1(T +c)qA3]
Ty(A®) = (T + ) 3[3g" A + 6(T + c)1g9TIA? + (T + ¢)*1AY

Then the matrix form for (1) with respect to the basis {g*7F2N, g7 A2, A%}
is
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(T + ) + 4[1(T + ¢) + 3[1?, 2T + ¢) +3[1), 3
M=T+ope-s| ~2UFRT+I+3),  (T+ )+ + 3T +e)? 6(T + )t
~[A(T + o) - 3[*,
[1]7e+2, T+, (T

Let f = g272A 4+ X g9t A? + Y A3 be an eigenvector of M;. Then X
(resp. Y) satisfies the equation

{4T + )* 1 + 6(T + ¢)29[1] + 4[1]UT + ¢)? + 12[1)7H(T + ¢) + 9[1]7+2
=3[4T + ¢)™1} - {2X° + (21] + 1)) X? + 8{1THY + 41} } =0

(resp.

AT + 6 + BT + )% + [T + ) + B[ (T + )7} - {~6Y
[ - 3l Y+ 2gPTY + [P} =0)

Therefore one may conjecture that

CONJECTURE. For each k there exists a basis consisting of eigenforms
in the space of Drinfel’d cusp forms of weight k and their eigenvalues are
real algebraic.
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