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STABILIZABILITY AND CONTROL PROPERTIES
FOR AN EVOLUTION EQUATION

Kwang Pak Park and Jin Mun Jeong

1. Introduction
The main results of this paper are to derive an estimate for A13 

where s £ R and A is the realization of an elliptic operators with 

Dirichlet boundary condition and concerned with some controll results 

of the following equation

r u，(t) + 4u(t)=室用).Q<t<T

l 如=0 、 、、 ，

where —A is the infinitesimal generator of an analytic semigroup in 

a complex Banach space X. The space X is colled ^-convex if there 

exists a real valued function $ on X x X having the properties

6(") is convex for each x E X

6(z,g) = 5(y,x)

5(z,y) <\x + y\ if I x |< 1 <| y !

and 5(0,0) > 0.

For example, the sobolev space LP(Q) and lp are ^-convex for 1 < 

p < oo, while L'(RJR) and lp are not.

In [9], R. Seely established a similar results by estimating for the Lp 

norms of the complex power ABZ where AB is an elliptic operator A 

whose domain is defined by well posed boundary condition Bu = 0.

From the R. Seely's estimate of ABx^iy for x < 0,we now can derive 

the estimate of A13 fo호 s E TZ where A is generlized second order 

elliptic operator and for any f £ £r(0,T; 乙호(Q)) and 1 < r < oo the 

equation (1.1) has a solution u G Ty1)r(0, T; W^iP) A Zr(0,T; 2^(^))
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where VFm,p(Q) is the set of all functions whose derivative up to degree 

m in distribution sen압e belong to Z/(Q) and the closure of in 

0賞(Q) is denoted by WmiP(Q).

In section 3, we consider a necessary and sufficient condition for 

controllability for the general evolution equation in reflexive Banach 

space X. The criteria for controllability can be stated in terms of A*, 

the adjoint operator of the infinitesimal generator A.

We also derive to the relation between stabilizability of solution and 

the controllability for the equation (1.1).

In section 4, we give the example of retarded systemJn this case 

many author5s have discussed these concepts for retarded and neutral 

systems [3,5,7].

In this note, we deal with also the stabilizability of retarded case, 

and the relation between stabilizable and controllable.

2. The group property of Als

Let H be a bounded domain in TV1 with smooth boundary dG.

If we set

(2.1)
“4=支武(%釘+史陽;

：J=1 1 3 i=l 1

where atj = a?I G C1(Q) and a17(x) is positive definite uniformly in 

飢 bt € Ci(Q) and c G £°°(Q), then the dual operator A! of A is

Tl
人=-2 a宀一 -£ 即.) + c 

J J ox,ax. J dxi
3=1 1 3 <=i 1

Let Ap be Lp(Q)-realization with boundary value problem, that is, 

(2-3)

(2-2)
n d2

=

' WF(Q)「)W(杈(Q) ={uC0，P(Q)： 이跚 =0} 

yif 1 < p < oo

{u；ue W 顷(Q), Au € 乙 1(Q) forl<q< *},

I 再 p = 1

and Apu = Au for u E P(Ap), then ~Ap generates an analytic semi

groups in LP(Q).
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Similarly, we define

Z)(4 , =T卩丄 + * = 1 

p p

Aptu =

for u € then —Apf also generates an analytic semigroup in

” (Q).

We consider the regular Dirichlet boundary problem,now.

An elliptic Dirichlet boundary value problem is regular problem if 

its system has the smoothness assumptions on the domain and the 

coefficient introduced above all.

For the sake of simplicity,we assume that 0 G and 0 G

Since —Ap generates an analytic semigroup, there exists w € (0, *) 

such that

(2.4) E — (A : w < arg A < 2tt — r} C p(Ap).

We can define

(A„)z = ~ f Rez < 0

2?rz Jr

where the path「runs in the 호esolvent set of Ap from ooeie to ooe-ld , 

w < 6 < TV.

In [(a)], it is established that there exists a constant c such that

II A^~iy ||p < cey^y\ x < Q where c depands on Api p and 7 is the 

constant in (2.4).

Lemma 2.1. 4；七 s £ R is a bounded, if and only if is a 

bounded for any e > 0.

Proof. Let A13 be a bounded for any s C R. It is known that there 

exists a constant Af > 0 such that

II " II < M

for 0 < £ < 1.
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For any x G Z)(4) and a > 0.

A~ax - x = A^A^Ax - x = (4-a-i - A~x}Ax 一> 0

as a ——► 1 (a X 1).

This shows that A~a ——> I strongly as a ——> 0, the호efore it follows 

that for any € > 0.

II L II < M

for the sufficiently large constant M > 0.

We have

II /L+“ II 니I A"€Ais If < M II AiS II

where || || < Af

Hence, /「어■” is a bounded for each £ > 0.

Conversely, for any e > 0, let |{ A~s+ts || be bounded,

that is 4—6口 fl < c. For any x E QQ4")

A~£^l3x = A"£Alsx —-> Ai3x

as e —> 0. For x E Lp and y € T>(Ats)

II A~c'+i9x - A~e^sx II <|| A~e，+t3(x - y) II

+ I) A-f，+i3y 一 A~£+tay || + ||，「다%/ - z) ||

< 2에 — g II + II A~e，+tsy - 4一다七 || •

Hence the sequence ( A~£^iSx } is Cauchy sequence, there is z E Lp 

such that A~e^lsx ——> z as e ——> 0.

Since A~€^tsx = Al3A~ex ——> z and A~e ——> x it follows from 

closedness of A that x G and Atsx = z. Therefore AIS is a

bounded in view of closed graph theorem.

LEMMA 2.2. For any s € 72, there exist a constant c such that

[| Als ||p < ce13,where c depand on Ap ,p and y

This Lemma follows from Lemma 2.1 and remarks before Lemma 

2.1.
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REMARK 1. For any —oo < s < oo, let be a bounded and 
一 Ais Att 

a? — "p "P •

If is strongly continuous, then there exists constants c > 0 and

7 > 0 such that
II A13 [I < ce시M

in view of properties of groups of bounded operators.

REMARK 2. In the case where Ap is not invertible, R.Seely proved 

that
A-rApf = f-pof, f e P(AP)

lim f = f - Pof, f E Lp, Re z < 0

where Pq = 去』시(入一亀丿尸”必 be the projection on the generalized 

null space of Ap,and also proved that

Sz ~ + Pq ts a semigroup and

Sz ——> I stronly as z ——> 0

while Lemma 2.1 is noted in terms of

Il Sls II < 源기이.

The allowable Banach spaces in this note are the ^-convex space. We 

know that the space X is convex if and only if the Hilbert transform 

is a bounded operator on £호(R, X\ 1 < q < oo.

From the ^-convexity of and Lemma 2.2 we obtain the fol

lowing theorem by using results of G.Dore and A.Venni.

THEOREM 2.1. Let Ap be an operator defined by (2.3), then for any 

f € Zr(0,T : L호(Q)) the Cauch problem

(u'(t) + 4阳)=f(t)

\ u(0) = 0

has a unique solution

u G WM(0, T : Lp(Q)) n Lr(0, T : iy2'p(Q) n WLp(Q)),

1 < p < oo 

and

u e Wx-r(0,T : L1(Q))nLr(0,T： iy2,i(Q)「汀卩i，q(Q)),
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REMARK 3. Let -]1 be a complex interpolace space, 
then 卩矿2,p(q)n 昭;(Q), L?(Q)]i = W^'p.

As is seen in [11,Lemma 5.5.1],we have

WL2(o, T : •자‘(Q)) Cl 乙2(o, t : n w切(Q))

CC(\0,T]:W^p)

匸以[0攵]:(风4호)尊卩(。))捉)

where Z)(") = W2^(Q) n 0扩(Q)

3. The relation between stabilizability of solution of (3.1) 
and controllability

Let U be complex Banach spaces.

We consider the following equation

(3.1) / £u(t) = Apu(t) + $/(i)

(z(0) = u0

where Ap is the operator in section 2 and 鱼 G B(u, TV^,P(Q)).

We assume

(3.2) <7(j4r) A (A : ReX = 0}=农

Set 0』=cr(ylp) D (A : ReA > 0}, cr_ = a(Ap) A {A : ReX < 0)

We assume also that

(3.3) 04 = {為，…,Ajv)

(3.4) —wq = sup(i?eX : A € cr-} < 0 

and for each j = 1, • * • , JV, the spectral projection 

(3-5) 

入J



Stabihzability and control properties for an evolution equation 109

is the projection on generalized null space of Ap with finite rank, where 

I爲 is a small circle centered at such that it surrounds no point of 

a(Ap) except A7.

If Ap has a compact resolvent, then above assumptions is hold.

If 人丿 C <丁+ j — 1," * , AT, then we have the Laurent expansion at

X = is

“W Qx
(A _ 4尸=支(A - Ajn+l 

ri 드 0 v 卩
+ /?o(A)

where Q% = P\}, = (4 — Xj)P\3 and Ro(人) is 나退 analytic part

of (A 一 A)"1 at A — A7, hence X3 is a pole of (A — A)-1 whose order is 

denoted by K、.

Moreover the order of a pole 又 of (z — 4；)is equal to K\.

The above operator Q\} is defind by

s = 土丄 (u — A)(A — A)-1du

We have Q：'

We put X\3

=0, ImQxj C Im PXj. 

=Im P\3.

Let $/ E 乙2(0)8 :卩卩*'(Q)) and u(t) be the mild solution of the 

equation. (3.1) i.e.,

u。)= 5(t)u0 + f S(t — s)野(s)ds. 

0

We define the sets of attainability R and the unobservable N by

R = { / S(£ — s)血《s) : t > 0, u G £2(0,oo : 17)} C E卩 

Jo

1V=lier$*S*(f) C Lp/(Q)

t>o
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DEFINITION 3.1.
(1) For any A G , S(t) = etAf is X — controllable, if (기(R) D

Xx ,
(2) For any A G , S*(t) = etAf is X — observable if N H X]= 

{0}

The following Lemma is proved in [7. Theorem 7.2].

LEMMA 3.1. For any A G a+

Zp(fi) = Ker(A - &>)心 © Zm(A - Ap)K\

Xx = ImPx = Ker(X - Ap)IG

Lp'(Q) = Ker(A -为,)心 ® Zm(A - Ap<)K\

X{ = ImP{ = Ker(X - &>，)心.

If A is a pole of (z — A)-1 then above Lemma is also hold.

LEMMA 3.2. The following statements are equivalent ;

For any A G cr+

(i)S(t)  A — controllable

(ij)S*(Z) is A — observable

Proof. By the Hahn-Banach theorem,the necessary and sufficuently 

condition for (1) is that R1- C X；.

From the Lemma 3.1 and duality theorem

X； = (/mP人)丄=KerPl = Zm(A - 4"巳 

r丄=([]{/' s(t 一 s)eu(s)ds: u e 乙2(o, 8: u)})丄

t>n

>0n

>0N
 

/......... t
 
/---
—.I t
 
7* 

= 

- 

=

(j S(t — s徑u(s)ds : u E L2(0,oo : U)}J~

Ke海丄S」(Z)
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Hence in view of Lemina 3.1.

Nnx{-= im(A - A，，)'" n X： = {0}

LEMMA 3.3. The following statements are equivalent ;

(i)S*(t) is A — observable

Kerb(Q7))nX【={0}

J=1

Proof. For each f G X& then g = P：g and

s*(t)f = S*(t、)P[g = £ / e气z - A^gdz 

e(f )t(z - &，，)一以修xt

(2 — A)n(z — Apt) 'gdz)}

71=0

_ 珞_] n
# E RQ渺 

n=0

Hence, if / G N Cl X& in view of above result we can see

_ 尸I
eAt £ 奋①*(Q7)"g = °，^>o- 

n=0 '

Therefore g W (，、|；為一'Ker$-L(Qi )n) n (X?), here we used that 

e* ESo-1 W*(Q=,方=0, t > 0 if and only if 

e*(Q，)"g = o, n = o,--- ,ka-i.

Now we consider the stabilizability problem for (3.1). A necessary 

and sufficient consider for stabilizability is given by [5. proposition 

3.1].

The following theorem is the relation between the properties of con

trollability and stabilizability for solution of (3.1).
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THEOREM 3.1. The following statements are equivalent;

(i) For 히?y g € 邛(Q), there exists f £ L2(0,oo : U) such that the 

mild solution of (3.1) belongs to £2(0, oo : 一가’(Q))

(ii) S(t) is Xj-controllable j = 1,••- ,N

(iii) S*(t) is X3-observable j = 1,.. . , N,

Proof. It follows from [5. proposition 3.1] that the necessary and 

sufficient condition (i) is that for j = 1,• • • ,7V.

{x* E X云:e*(4p，- = 0, K = 0, . . . , _ 1} = {0}.

If a：* € X： , then P£ x* = x* and

①*(勺，-XJG* = e*Q4p，-爲')Kp迎;*

By virirue ofXemma 3.3 (i) is equivalent to (iii)

Hence this theorem follows from Lemma 3.2.

4・ Application for retarded system
In this section we are interested in the retaxed functional differential 

equation

(4.1)

{
du(t) z
”瓦 =AQu(t) + Aiu(t — A) + / a(s)A2U(t + s、)ds + $o/(^)

“(0)=9°, ”(s) = 9‘(s) a.e s e [-7i,0), h > Q

where g =(时,矿)e 昭*(Q) x £2(-A,0:俨以⑵ n 珂杈(Q)),

f e 二2(0,8: U), $0 e 3(c, 珂杈(Q)), 4, e b(p(ap),^(£1))이id 

」4()= Ap.

In particular, if p=l, then g e x L2(—A,0 : W^,2(Q) Cl

W(W(Q)) for 1 < 9 < n/n - 1.

Let Zp = W*p(Q) x L2(—h, 0 : T)(Ap)) with norm

f0 i
II g l【2= (I 9° lw投(Q) + / I 9(s) It>(ap) ds)知 g g Zp.
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Let &«)； Zp ——> M be the solution semigroup for (4.1) defined

SA(t)g = (u(t;g), 인(t — 0) : g)). for any g E Z where u(£;g) is the 

mild solution of (4.1) (See [5]).

We can rewrite (4.1) as

(4.2) / 知。=4瑚 + 以

I c(0) = g = (g°,g')

in the space Z, where &(t) = etA and $ is the operator defined by 

$f = (W,o)

In what follows we consider the operator A with the assumptions

(3.2) - (3.4), but Ap need not be satisfied in this case.

In the remainder of this section by P\ and Q\ we denote the operator 

mentioned in section with Ap replaced by A.

It is easily seen that the whole contents of section 3 in vailed for the 

system (4.2) as m seen in [8] with this remark we have ;

THEOREM 4.1. The following statments are equivalent;

(i) For any g £ Z、there exists f G L2(0, oo : U) such that the mild 

solution u of (4.1) satisfies

I {I "(*) IVV11P(Q) + / 1 히(t + s) |z)(Ap) ds}dt < 8

(ii) KeriXj 一 Apl)QKer^ = {0}, j = 1, •…,N.

Proof. From Theorem 3.1, it follows that (i) is equivalent to the fact 

that S%(£)is Aj -observable, j = 1,…JV

We have only to prove that the condition (ii) is equivalent that S너") 

is 入厂observable。

Let (ii) be hold and

K* — 1

火(「)Ke*(QM)J)nZ如 Z& = ImP&Z

then © G Ker(X 一 Ap，)'、，and ©*(Q； )© = 0 for j = 0, • • • , K\ — 1 

here we used that (Q^ V = (=4# — X】P： for 0 < j < K〉、— 1 and

P抑_ 0. 」 '
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We put 如=(Aj — AQKMp then 枷 € Ker(X3 — Ap»\

=矿(一 = o
In view of (ii) we have 妪=0.

Let ©2 = (X — AQKMy then 妫 € Ker(X — Apf) and 

◎W2 = $*(A — AQKx_2§ = 2, hence we have 但=0. 

Continuing this procedure, we conclude that © = 0. 

Conversely, let </> E Ker(\3 — Apt) D Ker^* and

(「)急Ker^(Q\} )>) n 纭{0} then </> € 纭 and Apl</> =爲* 

Hence, since © €

由*S*(t” =鱼*(M) = e戏鱼W = 0, t>0.

therefore </> e Kere*S*(t)DZ云=Kere*(Q£)J)ClZ& = {0}.
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