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EXTENSIONS OF SOME COMMON
FIXED POINT THEOREMS

YouNG KEUN LEg, JUNG WAN Nam AND SHIN MIN KaNG

1. Introduction

In 1976, G. Jungck {4] initially proved a common fixed point theorem
for commuting mappings, which generalizes the well-known Banach’s
fixed point theorem. This result has been generalized, extended and
improved in various ways by many authors ([3], [5]-[7] and [9]-{13]).

Recently, S. Sessa [11] introduced a generalization of commutativity,
which 1s calledweak commutativity, and prove some common fixed
point theorems for weakly commuting mappings, which generalize the
result of K. M. Das and K. V. Naik [3]. On the other hand, G. Jungck
[5] introduced the concept of more generalized commutativity, so called
compatibility, which is more general than that of weak commutativity.
The utility of compatibility in the context of fixed point theory was
initially demonstrated in extending a theorem of S. Park and J. S.
Bae [10). In general, commuting mappings are weakly commuting and
weakly commuting mappings are compatible, but the converses are
not necessarily true as in the examples of the section 2. By employing
compatible mappings in stead of commuting mappings and using four
mappings as opposed to threc, G. Jungck [6] extended the results of
M. S. Khan and M. Imdad [9], S. L. Singh and S. P. Singh [13] and,
quite recently, also obtained an interesting result concerning with his
concept 1n his consecutive paper [7].

In this paper, we prove some common fixed point theorems for com-
patible mappings, which extend the results of D. E. Anderson, K. L.
Singh and J. H. M. Whitfield [1] and G. Jungck [6], and give some

examples to illustrate our main thcorems.
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2. Preliminaries

In this section, we introduce some definitions and some examples
related to the definitions. Also, we give some lemma for our main
theorems.

For some definitions, terminologies and notations in this paper, we

refer to {1], [5}, {11] and {12].

DEFINITION 2.1. Let A and B be mappings from a metric space
{X,d) into itself. Then the pair (4, B) is said to be asympiotically
regularat zg in X ifim, oo d(zp, Zny1) =0, where {z,} is a sequence
in X defined by ry = ASC(), Tg = BJ}],"' y 2n41 = A.’tgn, Ton42 =
Bignsr, .

DEFINITION 2.2. Let 4 and B be mappings from a metric space
(X,d) into iiself. Then A and B are said to be weakly commuting
mappings on X if d(ABx, BAz) < d(Az,Bz) for all z in X.

Clearly, any commuting mappings are weakly commuting, but the
converse 1s not necessarily true as in the following example:

EXAMPLE 2.3. Let X = [0,1] with the Euclidean metric d. Define
Aand B: X — X by

1 z
Ax = - =
T=3% and Bz 512
for all z in X. Then we have, for any z in X,
P _.z =
(ABz,BAz) yprapeiyurag;ye
2
<
442z
= d( Az, Bz).

Thus, A and B are weakly commuting mappings on X, but they are
not commuting on X since
z T

B == =
Az 4_{_:‘:>4+2$ ABzx

for any non-zero z in X.
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DEFINITION 2.4. Let A and B be mappings from a metric space
(X,d) into itself. Then A and B are said to be compatible mappings
on X if lim, oo d(ABz,, BAz,) = 0 when {z.} 1s a sequence in X
such that lim, . Az, = bm,_, o, Bz, = ¢ for some ¢ in X.

Obviously, weakly commuting mappings are compatible, but the
converse is not necessarily true as in the following example:

EXAMPLE 2.5. Let X = (~o00,00) with the Euclidean metric d.
Define A and B: X — X by

Az =z and Bzr=2-=z

for all z in X. Since d(Az,,Bz,) = |z, — 1”3:?1 +z,+ 2l — 0aff

x, — 1,

lim d(BAz,, ABz,) = lim 6|z, — 1" =0

n—00

as rp — 1. Thus, A and B are compatible on X, but they are not
weakly commuting mappings on X since

d(ABz,BAz) =6 > 2 = d(Az, Br)

for z(=0)in X.

Thus, commuting mappings are also compatible, but the converse is
not necessarily true.

We necd the following lemmas for our main theorems :

LEMMA 2.6. Let A and B be compatible mappings from a metric

space (X, d) into itself. Suppose that At = Bt for some t in X. Then
d(ABt,BAt) = 0.

LEMMA 2.7. Let A and B be compatible mappings from a metric
space (X, d} into itsclf. Suppose that lim, oo Az, = limp oo Bz, =1
for some t in X. Then lim, .o BAz, = At if A is continuous.

3. Fixed point theorems

In this section, we give main theorems and so some corollaries proved
by some authors are obtained.
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Drawing inspiration from the contractive condition of L. B. Ciri¢
[2], let A, B, S and T be mappings from a metnc space (X, d)} into
itsell satisfying the following conditions:

(3.1) A(X)C T(X) and B(X)C S(X),
(3.2) d(Az, By) < hmax{d(Az, Sz),d(By, Ty),
d(Az,Ty),d(By, Sz),d(Sz, Ty)}

for all z,y in X, where 0 < h < 1. Then for an arbitrary point zg in
X, by (3.1), we can choose a point z; in X such that Tz; = Az, and
for this point z;, there exists a point 5 in X such that Sz, = Bz,
and so on. Continuing in this manner, we can define a sequence {yn}
in X such that

\ m .
(3.3} Yon+1 = T Z2p41 = AZon and yo, = ST, = BZoa—1

forn=0,1,2,---.

DEFINITION 3.1. Let A, B, S and T be mappings from a metric
space (X, d) into itself. Then the pair (A, B) is said to be asympiotically
requlor at zo In X with respect to S and T if im, o0 d(Yn, ¥nt41) =0,
where {y,} is the sequence in X defined by (3.3).

If § and T are the identity mappings on X, then Definition 3.1
becomes Definition 2.1.

LEMMA 3.2. Let A, B, § and T be mappings from a metric space
(X, d) into itself satisfying the conditions (3.1) and {3.2). Suppose that

(3.4) the pair (A, B) is asymptotically regular at some point in X
with respect to S and T.

Then the sequence {yn} defined by (3.3) is a Cauchy sequence in X.

Proof. Let the pair (A, B) be asymptotically regular at z in X with
respect to § and T. Then we have

(3‘5) lim d(yfla yn+1} = Oa

where {y,} is the sequence in X defined (3.3).
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In order to show that {y,} is a Cauchy sequence in X, it is sufficient
to show that {y2,} is a Cauchy sequence. Suppose that {y;,} is not a
Cauchy sequence. Then there is an € > 0 such that for each even integer
2k, there exist even integers 2m(k) and 2n(k) with 2m(k) > 2n(k) > 2k
such that

(3.6) d(Yam(k) Yon(x)) > €

For each even integer 2k, let 2m(k) be the least even integer exceeding
2n(k) satisfying (3.6), that is,

(3.7 A Yan(k)s Yomk)~2) S € and  d{y2a(x), Yamr)) > €
Then for each even integer 2k,
€ < d(Y2u(ky, Y2m(k))
< d(Y2n(x)s Y2mexy-2) + AV2m@y—2: Yamxy—1) + dY2mk)—1> Yam(k) )-
Therefore, by (3.5) and (3.7}, we have
(3.8) Jm d{yan), Yamr)) = €
From the triangle inequality, it follows that

|d(y2n(kys V2m(iy-1) = dW2n(rys Y2my)| € d(YzmEy—1, Y2m(xy)
and

1d(Y2n (k)41 Y2mx)—1) — A Yan(k) Yam(r)]

< dyam(ky—15Y2m(ry) + AY2n(eys Yan(k)+1)-
Hence, by (3.5) and (3 8), as k£ — oo,

d(Yanr)s Yomxy-1) — € and  d(y2nz)41: Yamr)-1) = €
Now, by {3.2) and (3.3}, we obtain
d(Yon(r)s Yom(r)) < d(Y2n(r)s Yan(iy41) + A AZ20 k) BTamery-1)
< d(Yan(k)s Y2n(i)+1) + B max{d(yan(ey, Y2n(k)+1)s
d(yZm{k)—lay?.m(k))a d(y2n(k)+1)y2m(k)—1)1

d(Yam(k)s Yon(k))> A Y2n(k)s Yomik)—1) }-
It follows from this fact that

e < hmax{0,0,¢,¢,¢} <€ ask — oo,
which is a contraction. Thercfore, {y,} is a Cauchy sequence in X.

Now, we are ready to give our main theorems :
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THEOREM 3.3. Let A, B, S and T be mappings from a complete
metric space (X, d) into itself satisfying the conditions (3.1}, (3.2) and -
(3.4). Suppose that
(3.9) oneof A, B, S and T is continuous, and
(8.10) the pairs A,S and B, T are compatible on X.

Then A, B, S and T have a unique common fixed point in X.

Proof. Let {y,} be the sequence in X defined by (3.3). By Lemma
3.2, {yn} is a Cauchy sequence and hence it converges to some point
z in X. Consequently, the subsequences {Az2,}, {ST2}, {Bzon-1}
and {T'z,_1} of {y.} also converge to z.

Now, suppose that S is continuous. Since A and S are compatible
on X, Lemma 2.7 gives that

S5%2,, and ASzy, ~» Sz asn — co.
By (3.2), we obtain
d{(ASzy,, Bzoy_ 1) < hmax{d(Angn,Szxg,,),d(Bmgn_l, TZ2n-1),

d(ASz2n, Tran-1), d(Bzon—-1, S z2n),
d(stQR, Tx?n-l)}'

By letting n — oo, we have
d(5z,z) < hmax{0,0,d(Sz,2),d(z, Sz),d(Sz,2)},
so that z = §z. By (3.2), we also obtain
d{Az,Bzo,_1) < hmax{d(Az, Sz),d(Bzon-1,T22n-1),

d(AZ. T$2n—1), d(BJ?zn—l ,5%),
d(Sz, Txgn_l)}.

By letting n — oo, we have
d(Az,z2) < h max{d(Az, 52),0,d(Az,2),d(z,S2),d(Sz,2)},

so that z = Az. Since A(X) C T(X), z € T(X) and hence there exists
a point u in X such that 2 = Az = Tu.

d{z, Bu) = d(Az, Bu)
< hmax{0,d(Bu, Tu),d(Az, Tu),d(Bu, z), d(Sz,Tu)},
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which implies that z = Bu. Since B and T are compatible on X and
Tu = Bu = z, d(TBu,BTu) = 0 by Lemma 2.6 and hence Tz =
TBu = BTu = Bz. Moreover, by (3.2), we obtain
d(z,Tz) = d(Az,Bz)
< hmax{0,d(Bz,Tz),d(z,Tz),d(Bz,z),d(z,T2)},
so that 2 = T'z. Therefore, z is a common fixed point of 4, B, § and
T. Similarly, we can also complete the proof when T is continuous.

Next, suppose that 4 is continuous. Since A and S are compatible
on X, it follows from Lemma 2.7 that

A’zq, and SAz,, — Az asn — oo.
By (3.2), we have

d(A2332m B:c'zn—-l) <h max{d(Azxﬁn, SA$2n)wd(Bx2n—-hT$2n—l)a
d(Azx‘ZnaT‘rQn—l )1 d(BxQR—la SAT'Qn)’
d(SA.Tzn, Tx‘Zn.—]_ )}

By letting n — oo, we obtain
d(Az,z) < hmax{0,0,d(Az,z),d(z, Az),d{ Az, 2)},

so that z = Az. Hence, there exists a point v in X such that z = Az =

Twv.
d(A*z,,, Bv) < hmax{d(Az:t:Zn, SAzy,),d(Bv, Tv),

d(A%z4q, Tv), d(Bv, 5Az,),
d(SAz:zn,Tv)}.

By letting n — o0, we have
d(z,Bv) < hmax{(),d(Bv,Tu), d(Az,Tv),d(Bv,2),d(z,Tv)},

which implies that z = Bv. Since B and T are compatible on X and
Tv = Bv = z, d(TBv,BTv) = 0 by Lemma 2.6 and hence Tz =
TBv = BTv = Bz. Moreover, by (3.2}, we have
d{Az9,,B2z) < h ma.x{d(szn, Szq,),d(Bz,Tz),
d(Az9,,T2),d(Bz,S5x2,),d(Sz9n, Tz)}.
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By letting n — co, we obtain
d(z,Bz) < hmax{0,d(Bz,Tz),d(z,Tz),d(Bz,z),d(z,Tz)},

so that z = Bz. Since B(X) C S(X), there exists a point w in X such
that z = Bz = Sw.

d(Aw,2) = d(Aw, Bz)
< hmax{d(Aw, Sw),0,d( Aw, 2), d(z, Sw),d(Sw,2)},

so that Aw = 2. Since A and S are compatible on X and Aw = Sw = 2z,
d(SAw, ASw) = 0 and hence Sz = SAw = ASw = Az. Therefore, z
is a common fixed point of A, B, § and T'. Similarly, we can also
complete the proof when B is continuous.

Finally, in order to prove the uniqueness of z, suppose that z and
w, z # w, are common fixed points of A, B, § and T. Then, by (3.2),
we obtain

d(z,w) = d(Az, Bw)
< hmax{0,0,d(z,w), d(w, z), d(z,w)}
= hd(z,w),

which is a contraction. Hence z = w. This completes the proof.

The following corollary follows immediately from Theorem 3.3 :

CoROLLARY 3.4. ([1]) Let A and B be mappings from a complete
metric space (X, d) into itsclf satisfying the following condition :

d(Az, By) < hmax{d(Az,z),d(By,y),
d(Az,y),d(By,z),d(z,y)}
for all z,y in X, where 0 < h < 1. Suppose that the pair (A,B) is a

asymptotically regular at some point in X.
Then A and B have a unique common fixed point in X.
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THEOREM 3.5. Let A, B, S and T be mappings from a complete
metric space {X,d) into itself satisfying the conditions (3.1), (3.9),
(3.10) and (3.11) :

(3.11) d(Az, By) < hmax{d(Az, Sz),d(By, Ty),
5 [d(42,Ty) + d(By, §2)1, d(S. Ty)}

forall z,y in X, where ) < h < 1.
Then A, B, S and T have a unique common fixed point in X

Proof. In virtue of Lemma 3.1 in [6], if we replace (3.2) by (3.11),
then the condition of asymptotic regularity can be dropped. As in the
proof of Theorem 3.3, this conclusion follows easily.

REMARK 3.1. Theorems in this paper extend, generalize and im-
prove a number of fixed point theorems for commuting mappings ([3],
ral Inl 174 Y
(4], {8} and [13]).

REMARK 3.2. Theorem 3.5 generalizes the result of G. Jungek [6]
by using any one continuous mapping as opposed to the continuity of

both S and 7.

REMARK 3.3. Quite recently, in [8], G. Jungck, P. P. Murthy and
Y. J. Cho introduced the concept of compatible mappings of type { A)
in metric spaces and obtained some relations between compatible map-
pings and compatible mappings of type {A). Also, they proved that two
concepts of compatibility and compatibility of type (A} are equivalent
under some conditions.

If the given mappings in all the theorems of this section are con-
tinuous, all the theorems in this paper are still true even though the
condition of the compatibility is replaced by the compatibility of type
(A).

4. Examples

In this section, we give some examples to illustrate our main theo-
rems.

In the following example, we show the existence of a common fixed

point of four mappings with one continuous mapping as opposed to the
continuity of both § and T
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EXAMPLE 4.1. Let X =[0,1] with the Euclidean metric d. Define
A B, SandT: X — X by

i

. ?’ S:r::::andT:c:{
z iz #3,

1 if:r:=%,

z ifz#3,

ifz =

Az =0, B:c={

L L ]

for all z in X. Now, A(X) C §5(X) and B(X) C T(X). It is easily
seen that pairs A, S and B, T are commuting on X and hence they are
compatible on X. Further, we have

= 1d(By,Ty) ify=1},
r = %d(By,Ty) ify ?é "21"1
ma.x{d(A:C, Sx),d(By7Ty)$

1
d(Az, By) = { 3
1

<

QO

% [d( Az, Ty) + d(By, Sz)].d(Sz.Ty))

for all z,y in X. Thus, we see that all the hypotheses of Theorem 3.5
is satisfied. Here, zero is a common fixed point of A, B, S and T.

In the following example, we show the existence of a common fixed
point of mappings which are compatible but not commuting :

EXAMPLE 4.2. Let X = [1, 00) with the Euclidean metric d. Define
A B, SandT: X — X by
Az =2, Br=1z% Sz=22°-1 and Te=2z'-1

for all z in X. Now, A(X) = B(X) = S(X) = T(X) = X. Moreover,
since d(Azq, Sz,) = |23 + 1{ed -1 - 0iff z, — 1,

im d(ASzp,SAz,) = lm 623(z5 — 1) =0 asz, — L.
n—oo

n-—=oo
Thus, A and S are compatible on X, but they are not commuting map-

pings at z = 2. Likewise, since d(Bz,, Tz,) = (2% +1) Il‘i - 1] - 0
iff 2z, — 1,

im d(BTz,,TBz,)= lim 2(z! ~1)’=0 asz,— 1.
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Further, we obtain
1
d(Az,By) < 1 d(Sz,Ty)

1
S Z max{d(AJ:, SI)) d(Bt )Ty):

% [d( Az, Ty) + d(By, Sz)],d(Sz,Ty)}

since d(Sz, Ty) = 2|2° — y2| |$3 +y2l > 4d(Az,By) for all z,y in X.
Now, all the hypotheses of Theorem 3.5 except the commutativity of
A and § is satisfied, but A, B, § and T have a unique common fixed
point in X.

We give an cxample showing that Theorem 3.5 is no longer true if
we do not assume that any one of mappings is continuous :

EXAMPLE 4.3. Let X = [0,1] with the Euclidean metric d. Define
A=Band §=T:X - X by
)

5 1Hz=0 1 z=0,
Ar = and Sz =

sz if z #0, 3z iz #£0
for all z in X. A(X)=(0,}] C (0, 3] C S(X). Morcover, we obtain
1 7
d(AS0,540) = %<8~ d(50, A0)

and ASz = SAz = 5 zforall z in X—{0}. So, 4 and § are compatible
on X. Further, we obtain

0 ifz=y=0,
o Ay) = %(1 _)< i§(1 - %—x) - i}az(sy, 52) iz >y=0,
sl—y) <3l =3y)= 1 d(5x,5y) Hy>z2=0,
5z —yl = 1d(Sz, Sy) if z,y # 0,
< }1 max{d(Az, Sz),d(Ay, Sy),

% [d(Az,Sy) + d(Ay, Sz)},d(Sz, Sy)}

for all z,y in X. We find that all the hypotheses of Theorem 3.5
1s satisfied except the continuity of A and S, but none of the given
mappings has a fixed point in X.
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