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WEAK CONVERGENCE TO FIXED
POINTS OF ALMOST-ORBITS OF
NONLIPSCHITZIAN SEMIGROUPS

TAE-HwA KiM, MAN-DoONG HUR AND Nak-EuN CHO

1. Introduction

Let G be a semitopological semigroup, i.e., G is a semigroup with
a Hausdorff topology such that for each ¢ € G the mappings s+ a- s
and s+ s-a from G to G are continuous. G is called right reversible
if any two closed left ideals of G have nonvoid intersection. In this
case, (G,>) is a directed system when the binary relation “ > on G
1s defined by

t>s ifandonlyif {s}UGsD {t}UGt, s,teqG.

Right reversible semitopological scmigroups include all commutative
semigroups and all semitopological semigroups which are right
amenable as discrete semigroups (see [4, p.335]). Left reversibility of
G is defined similarly. G is called reversible if it is both left and right
reversible.

Let G be a semitopological semigroup with a binary relation “>”
which directs G. Let C be a nonempty closed convex subset of a real
Banach space E and let a family § = {5(t) : t € G} be a {continuous)
representation of G as continuous mappings on C into C, i.e., S(ts)z =
S(t)S(s)x for all t,s € G and 2 € C, and for every z € C, the
mapping ¢ — S(t)x from G into C is continuous. In this paper, we
also consider a non-Lipschitzian semigroup of continuous mappings : a
representation & = {S(¢) :t € G} of G on C is said to be a semigroup
of asymptotically nonexpansive type (simply, a.n.t.) on C if, for each
z € C,

inf supsup (|S(t)z ~ S(Oll - llz ~ yll) <0
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Immediately, we can see that the semigroups of a.n.t. include all semi-
groups of nonexpansive mappings with directed systems. $ = {S(¢) :
t € G} is called reversible [resp., right(left) reversible] if G is reversible
[resp., right(left) reversible]. For a mapping S : C — C, we define
S(n) = S™ for each n € G = N, where N denotes the set of natural
numbers. Then, when the semigroup ¥ = {S(n) : n € G} is of an.t,,
the mapping S : C — C is simply said to be of a.n.t. In particular,
if & = {S(t) : t € G} is a Lipschitzian representation of G with an
additional condition, i.e., limsup k; < 1 (see {7]), and if C' is bounded,
t

then it is obviously of a.n.t. And we say that a function v : G — C
is an almost-orbit of & = {S(¢) : t € G} (see [1], {7}) if G is right
reversible and

lm( sup llu(st) — S(s)u(¥)]| ) = 0.

In [7], Takahashi-Zhang established the weak convergence of an
almost-orbit of a noncommutative Lipschitzian semigroup in 2 Banach
space. And in [6], Lau-Takahashi proved the nonlinear ergodic theo-
rems for a noncommutative nonexpansive semigroup in the space. In
this paper, we shall establish the weak convergence to a fixed point
of an almost-orbit {u(t) : t € G} of the night reversible semigroup
S = {S(t): t € G} of an.t. in a uniformly convex Banach space with
a Fréchet differentiable norm, which extends the result according to
Takahashi-Zhang [7}.

2. Preliminaries and some lemmas

Let C be a nonempty closed convex subset of a real Banach space £
and let G be a semitopological semigroup with a binary relation “ >
which directs G. A family & = {S(¢) : t € G} of continuous mappings
from C into itself is said to be a (continuous) representation of G' on
C if & satisfies the following:

(a) S(ts)z = S(1)S(s)z forall t,s € G and z € C;

(b) for every 2 € C, the mapping t  S(¢t)z from G into C is
continuous. A representation § = {5(t)} : ¢t € G} of G on C is said
to be a semigroup of asymptotically nonexpansive type (simply, a.n.t.)
on C if, for each z € C,

(2.1) inf sup sup(||S(¢)z — S(t)yll - iz — uil) < 0.
s€G t>s y€C
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Immediately, we can see that the semigroups of a.n.t. indude all semi-
groups of nonexpansive mappings with directed systems. In particular,
if & = {S(¢#) : t € G} is a Lipschitzian representation of G with an ad-
ditional condition, i.e., limsupk, < 1 (see [7]}, and if C is bounded,

then it is obviously of a.n.tf

Let G be a semitopological semigroup, i.e., G is a semigroup with
a Hausdorff topology such that for each a € G the mappings s +— a-s
and s + s - a from G to G are continuous. G is called right reversible
if any two closed left ideals of G have nonvoid intersection. In this

case, (G, =) is a directed system when the binary relation “ =” on G
is defined by

t>s ifandonlyif {s}UGs2 {t}JUGt, s,t€G.

Right reversible semitopological semigroups include all commutative
semigroups and all semitopological semigronps which are right
amenable as discrete semigroups (see [4, p-335]). Left reversibility of
G is defined similarly. G is called reversible if it is both left and right
reversible.

In particular, if G is right reversible, and if § = {S(¢) : t € G} is
a semigroup of an.t. on C, then A function u : G — C is called an
almost-orbit of & = {S(¢):t € G} if

(2.2) lign( sup |fu(st) — S(s)u(d)]] )=0.
With each z € E, we associate the set
(23)  J@)={z* € B < z,a" >= all? = "}

Using the Hahn-Banach theorem it is immediately clear that J(z) # 0
for any z € E. The multivalued operator J : E — 2% is called the
duality mapping of E. The norm of E is said to be Gateaux diffentiable
(and E is said to be smooth) if for each z,y € S,

{0 t

exists, where 5 denotes the unit sphere of E. It is said to be Fréchet
differentiable if, for each z € S, this limit (2.4} is attained uniformly for
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y € S. Then it is well-known that if E is smooth, the duality mapping
J 1s single-valued. We also know that if E has a Fréchet differentiable
norm, then J is norm to norm continuous.

In order to measure the degree of strict convexity (rotundity) of E,
we define its modulus of convexity §: [0,2] — [0,1] by

) 1
(2.5) 8(e) =mf{l - Sllz+yl: =l <1, Iyl <1, and |lz—y[f > €}.
The characteristic of convexity ¢, of E is also defined by
(2.6) e, = €,(E) = sup{e : §(¢) = 0}.

It is well-known (see [3]) that the modulus of convexity § satisfies the
following properties:

( {(a) 6 is increasing on [0,2], and moreover strictly
increasing on [g,, 2);

(b) 6 is continuous on {0,2) {but not necessarily at & = 2);

(2.7) { (¢) 6(2) = 1 if and only if E is strictly convex;

(d) 6(0) = 0 and Jim 8(e) =1~ 3¢5

(e) la—z| <rfla-yl| <randfz -yl >¢
L = lle— e+ )l Sr(1-6(e/r)).

A Banach space E is said to be uniformly convex if §(¢) > 0 for
all positive ¢; equivalently £, = 0. Obviously, any uniformly convex
space is both strictly convex and reflexive. By properties above, we
can see that if £ is uniformly convex, then § is strictly increasing and
continuous on {0,2] (see [2}).

It is easy that if G is right reversible and v = {u(t) : ¢t € G} is
an almost-orbit of the semigroup S = {S(¢) : t € G} of a.n.t., then
F(S) C E(u), where E(u)={y € C: lim |u(?) — yl| exists} and F(S)

denotes the set of all common fixed points of S.

LEMMA 2.1. Let C be a nonempty closed convex of a uniformly
convex Banach space E. Let G be right reversible and let & = {S(t) :
t € G} be a semigroup of ant. on C. Let u = {u(t) : t € G}
be an almost-orbit of §. Suppose F(S) # § and let y € F() and
0 <a < pB <l Then, for any € > 0, there is t, € G such that

HS()(Au(s) + (1 = Xy) — (AS(H)u(s) + (1~ My)ll < ¢
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forallt,s >t and X € [a, §].

Proof. Let ¢ > 0,c = min{2A\(1 — A) : o £ X £ f} and let r =
1i§n|lu(t) ~yl|l. fr =0, since ¥ ={St):t € G}isof ant. onC,
there exists £, € G such that

€
ly = Szl <lly = =li+
and
() — yil < % fort =t and z € C.

Hence, for s,t =t and 0 < A <1,

1S (Auls) + (1 = Ayy) — (AS(H)uls) + (1 - M)
<|SE Auls) + (1 — Ay) —yl| + AlS{B)uls) — ol
<2(Mfuls) — yl| + Z) <e.

Now, let r > 0. Then we can choose d > 0 so small that

£
r+d

(r+d)[1—c:6( )1=r°<r,

where § is the modulus of convexity of E. On faking ¢ > 0 with
a < min{%, ="}, there exists {, € G such that

(2.8} r—a< |u(t) -yl <r+a,
(29) ly = S®)=1l < lly ~ 2l + 74,
and

(2.10) lu(st) — S(s)u(t)}l < o,

forallt > {,, s € G and z € C. Suppose that

||S(t)()\u(s) + (1~ /\)y) — (/\S(t)u(s) +(1 - A)y) || >
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for some s, = ¢, and A € [e,8]. Put z = Au(s}+ (1 — Ny, v =
gl —)/\)(S(t)z —y) and v = M S(t)u(s) — S(t)z). Then, by (2.8) and
2.9), we have

el < (2 = 2)(lly - 2ll + )
= (1= V) (Alu(s) - vll + 59)

d
<=M +3)+7d)
<M1=-M(r+4d)
and
lof] < M1 = X)(r + d).
We also have that
llu— vl = }S(t)z — (AS()uls) + (1 - Nyl 2
and A + (1 — Ajv= A(1 — A){S{zju(s) — y). So, by uniform convexity
of E, we have
M1 = AS(Eu(s) — yll = 1Au + (1= Al
<AL= A)(r +d) 1= 20(1 = )
<AL= M),
and hence ||S(t)u(s) — y|| < r,. Then, it follows from (2.10) that
llults) =yl < |lu(ts) — Sl + 1S (Buls) -yl
<a+r, <r-—a,
which contradicts to (2.8) and the proof is complete.

For z,y € E, we denote by [z,y] theset {dz+(1-A)y: 0 <A <1},
The following lemma was proved by Lau-Takahashi [6, Lemma 3].

r:dﬂ

LEMMA 2.2. Let C be a nonempty closed convex subset of a uni-
formly convex Banach space E with a Fréchet differentiable norm and
let {x_} be a bounded net in C. Let z € (\eo{z, : a = B}, y € C and

g

{y.} a net of elements in C withy_ € [y,z ] and

fy. — 2l = min{ [lu — 2]} : u € [y, 2,]}.
Ify, -y, theny = z.



Weak convergence to fixed points of almost-orbits 15

3. Weak convergence theorem

In this section, we study the weak convergence of an almost-orbit
{u(t) : t € G} of & = {S(t) : t € G} in a uniformly convex Banach
space E with a Fréchet differentiable norm. By using Lemma 2.1 and
Lemma 2.2, we obtain the similar result as Theorem 2 of [6] for the
semigroup & = {S(t) : t € G} of asymptotically nonexpansive type.

THEOREM 3.1. Let E be a uniformly convex Banach space with a
Fréchet differentiable norm and let C be a nonempty closed convex
subset of E. Let G be right reversible and let & = {S{t} : t € G} be
a semigroup of an.t. on C. Suppose that u = {u(t) : t € G} is an
almost-orbit of & and F(S) # 0. Then the set [Jeo{u(t) : t = s}NF(S)

£
consists of at most one point.

Proof. Let W(u) = (eo{u(t) :t > s}. Suppose that f,g € W(u)n

$
F(SYand f#g. Put h={f+¢)/2 and r =lm u{s}— g{| by hemma

s
2.1. Since h € W(u), we have ||k — g]] < r. For each s € G, choose
Ps € [u{s), k] such that

fips — gll = min{|ly — gll : y € [us), A}

By the definition of p,, we have {fps —gll < ll(ps +h)/2—4gl| < ||h — g}
for all s € G. If lim inf ||p; — gl = [{h—gl|, then {p,} converges strongly

to h. Hence, by Lemma 2.2, we have h = ¢g. This contradicts f # g.
To complete the proof, we suppose that

timinf |lp, — gf| < [12— ol.
Then there exist ¢ > 0 and ¢t_ € G such that {, = a and
lpe, —gll + ¢ < {{h — g} for every o € G.

Put p; = a,u(t,)+ (1 - a,)h for every a. Then thereis § > 0 and
¥ < 1 such that § < a, < 4 for every a. By (2.1),(2.2), and Lemma
2.1, there exists a, € G such that

lg = ()2l < 5+ llg - I,

(st = S(syu(®)]l < 3,

and
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IS()u(t) + (1 = M)h) = (AS(s)ut) + (1 = MAY| < 3,

for all 5,1 = s, 2z € C' and A € [4,4]. For s = a,, since 5, = g, the
above inequalities imply that

IPsta, — 9ll Sllaa, u(sta,) + (1~ aa, )k — g
<aq, flulsta,) — S(s)ulta )i+
[15(s)pta, — (@a, S(s)ulta,) + (1 — as )B)|| + [|S(s)pe,, — 9l
<[|B— gll-

Let 8, = a,ts, and £ = B,. Then,since G is right reversible, ¢ €
{B,} UGB,, we may assume t € GB,. Let {,} be a net in & such that
t,8, — t. Then, t = sty,, s = liéntﬁao ¢ Ga, and hence s » a,.

Therefore, we obtain {lp, —g|| < {h — g|| for all ¢ > §,. So, we have
pt # hiorallt > 8,. Nowlet ¢t > 8, and uy = k(h—p;)+pe forall k > 1.
Then [jug—g|| > jh—gj| for all = > 1 and hence {(h—uy, J(g—h)) >0
for all £ > 1, where J is the duality mapping of X and {z, f} denotes
the value of f € X* at ¢ € X. Then, since p; € [u(t), k], it easily
follows that (A — u(t),J(g — h)} < 0 for all £ > B,. Immediately, we
obtain {h—y,J(g—h)} <0 forall y € T6{u(t): t = 8.}, and hence
h = g. This contradicts f # g and so the proof is complete.

As a direct consequence, we present the following weak convergence
of an almost-orbit {u(t):t € G}.

THEOREM 3.2. Let E be a uniformly convex Banach space with a
Fréchet differentiable norm and let C be a nonempty closed convex
subset of E. Let G be right reversible and & = {S(t) : t € G} be a
semigroup of a.n.t. on C. Suppose that F(S) # @ and let {u(t) : t € G}
be an almost-orbit of . If wy,{u) C F(S), then the net {u(t) : t € G}
converges weakly to an element of F(S).

Proof. Be similar to Theorem 3 of [7].
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