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WEAK CONVERGENCE TO FIXED
POINTS OF ALMOST-ORBITS OF 
NONLIPSCHITZIAN SEMIGROUPS

Tae-Hwa Kim, Man-Dong Hur and Nak-Eun Cho

1. Introduction
Let G be a semitopological semigroup, i.e., G is a semigroup with 

a HausdorfF topology such that for each a E G the mappings s i a • s 
and $ I s ・ q from G to G are continuous. G is called right reversible 
if any two closed left ideals of G have nonvoid intersection. In this 
case, (G, >：) is a directed system when the binary relation u 二”on G 
is defined by

t >2 s if and only if {s} U Gs 2 {t} U Gt, s丄 £ G・

Right reversible semitopological semigroups include all commutative 
semigroups and all semitopological semigroups which are right 
amenable as discrete semigroups (see [4, p.33티). Left reversibility of 
G is defined similarly. G is called reversible if it is both left and right 
reversible.

Let G be a semitopological semigroup with a binary relation :,, 
which directs G. Let (7 be a nonempty closed convex subset of a real 
Banach space E and let a family S = {S(t) : t £ G} be a (continuous) 
representation, of G as continuous mappings on C into C〉i.e., S(ts)x = 
S(t)S(s)z for all 七、s £ G and x € C, and for every z G C, the 
mapping t i S(t)x from G into C is continuous. In this paper, we 
also consider a non-Lipschitzian semigroup of continuous mappings : a 
representation S = {S(t) : t G G} of G on C is said to be a semigroup 
of asymptotically nonexpansive type (simply, a.n.t.) on C if, for each 
x € C,

inf sup sup(||S(/> - S(t)g|| - \\x - y||) < 0.
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Immediately, we can see that the semigroups of a.n.t. include all semi
groups of nonexpansive mappings with directed systems. 8 = {S(t): 
£ £ G} is called reversible [resp., right(left) reversible] if G is reversible 
[resp,, right (left) reversible]. For a mapping S : C —> C, we define 
S(n) = Sn for each n G G = TV, where N denotes the set of natural 
numbers. Then, when the semigroup S = (S(n) : n € G} is of 
the mapping S : C t C is simply said to be of a.n.t. In particular, 
if 夺 = {S(t) : t G(구} is a Lipschitzian representation of G with an 
additional condition, i.e., limsup kt < 1 (see [7]), and if C is bounded, 

t 一
then it is obviously of a.n.t. And we say that a function u : G —> C 
is an almost-orbit of S = {S0) : t E G} (see [1], [7]) if G is right 
reversible and

lim( sup ||u(s<) — S(5)u(t)|| ) = 0.
t s£G

In [7], Takahashi-Zhang established the weak convergence of an 
almost-orbit of a noncommutative Lipschitzian semigroup in a Banach 
space. And in [6], Lau-Takahashi proved the nonlinear ergodic theo
rems for a noncommutative nonexpansive semigroup in the space. In 
this paper, we shall establish the weak convergence to a fixed point 
of an almost-orbit {u(Z) : i G G} of the right reversible semigroup 
夺={S(t) : t E G} of a.n.t. in a uniformly convex Banach space with 
a Frechet differentiable norm, which extends the result according to 
Takahashi-Zhang [7].

2. Preliminaries and some lemmas
Let C be a nonempty closed convex subset of a real Banach space E 

and let G be a semitopological semigroup with a binary relation “ 二" 
which directs G. A family S = {S(£) : t € G} of continuous mappings 
from C into itself is said to be a (continuous) representation of G on 
C if £¥ satisfies the following:

(a) S(£s)z = S(t)S(s)x for all £ G and x E C;
(b) for every x G C, the mapping t i S(t)x from G into C is 

continuous. A representation 今={S(£) : t E G} of G on C is said 
to be a semigroup of asymptotically nonexpansive type (simply, a.n.t.) 
on C if, for each x E (7,

(2.1) inf sup sup(||S(i)x - S(i)y|| - ||x - ?/||) < 0.
하£G 牛 3/GC
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Immediately, we can see that the semigroups of a.n.t. indude all semi
groups of nonexpansive mappings with directed systems. In particular, 
if 今 ={S") : £ e G} is a Lipschitzian representation of G with an ad
ditional condition, i.e., lim sup kt < 1 (see [7]), and if C is bounded, 

t , 一
then it is obviously of a.n.t.

Let G be a semitopological semigroup, i.e., G is a semigroup with 
a HausdorfF topology such that for each a E G the mappings s i a • s 
and s I s • a from G to G are continuous. G is called right reversible 
if any two closed left ideals of G have nonvoid intersection. In this 
case, (G, >^) is a directed system when the binary relation " 二” on G 
is defined by

t 5 if and only if {s} U Gs 그 {£} U Gt、sj弋 G.

Right reversible semitopological semigroups include all commutative 
semigroups and all semitopological sem igronps whirlrare right 
amenable as discrete semigroups (see [4, p.335]). Left reversibility of 
G is defined similarly. G is called reversible if it is both left and right 
reversible.

In particular, if G is right reversible, and if S = {S(£): t € G} is 
a semigroup of a.n.t. on (7, then A function u : G C is called an 
almost-orbit of S =： {S(t) : t € G} if

(2.2) lim( sup ||u(sf) 一 S(s)u(圳| ) = 0.

With each x G -E, we associate the set

(2.3) J(x) = {z* e E* :< x, x* >= 메2 = ||x*||2}.

Using the Hahn-Banach theorem it is immediately clear that J(x)冃二 0 
for any x E E. The multivalued operator J : E t 2* is called the 
duality mapping of E. The norm of E is said to be Gateaux difFentiable 
(and E is said to be smooth) if for each E S,

lim IB +切II 一 II이I 
t—>0 t

exists, where S denotes the unit sphere of E. It is said to be Frechet 
differentiable if, for each x € S, this limit (2.4) is attained uniformly for 

(2-4)
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g £ S・ Then it is well-known that if E is smooth, the duality mapping 
J is single-valued. We also know that if E has a Frechet differentiable 
norm, then J is norm to norm continuous.

In order to measure the degree of strict convexity (rotundity) of E) 
we define its modulus of convexity 8 : [0,2] —> [0,1] by

(2.5) 5(时 =inf{l - ?||z + g|| : II께 WL, ||y|| < 1, and |[s -y|| > e}.
乙

The characteristic of convexity of E is also defined by

(2.6) eo =公(E) = sup{e : 6(e) = 0).

It is well-known (see [이) that 난圮 modulus of convexity 8 satisfies the 
following properties:

(2-7)

'(a) 8 is increasing on [0,2], and moreover strictly 
increasing on [公，2];

(b) 6 i요 continuoTis on [0^) (but 교ot necessarily at
< (c) 5(2) = 1 if and only if E is strictly convex;

(d) 及0) = 0 and lim 5(e) ~ 1 —

(e) lla - 에 < r, ||a - i/|| < r and j|a: - y|| > e
、 => lh - |(® + !/)|| < r(l - 5(e/r)).

A Banach space E is said to be uniformly convex if 3(&) > 0 for 
all positive e; equivalently eo = 0. Obviously, any uniformly convex 
space is both strictly convex and reflexive. By properties above, we 
can see that if E is uniformly convex, then 8 is strictly increasing and 
continuous on [0,2] (see [2]).

It is easy that if G is right reversible and u = {u(/) : t £ G} is 
an almost-orbit of the semigroup S = {S(t) : t e G} of then 
F(S) 으 E(0), where E(u) = {y € C : lim ||u(t) — y|| exists} and F(S) 
denotes the set of all common fixed points of

LEMMA 2.1. Let C be a nonempty closed convex of a uniformly 
convex Banach space E. Let G be right reversible and let Q = {S(t): 
/ G G) be a semigroup of a.n.t. on C. Let u = (u(/) : t e G) 
be an almost-orbit of 字 Suppose F(S)丰 0 and let y e F0) and 
0 < a < p <1. Then, for any e > 0, there is tn £ G such that

+ (1 - A)y) 一(人S(贝⑴ + (1 - *)|| < E 
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for all >： to and X E ［。"이 .

Proof. Let e > 0,c = min(2A(l — A) : a < A < ^} and let r = 
lim||u(t) — g||. If r = 0, since 令=(S(t) : t € G} is of a.n.t. on C, 
there exists t0 € G such that

||y — S(t)z|| < |加 一 히| + j

and

l|uQ)f/|| < I for t >2 to and z E C,

Hence, for ?二 and 0 < A < 1,

||S0)(M(s) + (1 — A)y) —(AS(f)u(s) + (1 — 시;)|| 

<||S0)(M(s) + (1 — x)g) ~ y|| + 시|S(t)M(s) — y|| 

<2(A||u(5)一 y\\ + -) < 6.

Now, let r > 0. Then we can choose d > 0 so small that

r e，
(r + rf) 1 - c5(——) = ro < r, 

L r + a J

where 8 is the modulus of convexity of E. On taking a > Q with 
a < min(^, 흐글上}, there exists to E G such that

(2.8) r ~ a < ||u(i) - y|| < r + a,

(2.9) ||y - S(t)끼I < llv - z|| + z』,

and
(2.10) I国(崩)一S(s)u(圳I < a, 

for all t f0, s E G and z £ C. Suppose that

||S(i)(Au(s) + (1 — A)y) —(AS(i)ti(s) + (1 — A)y)|| > e 
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for some syt > t9 and A G [a,^]. Put z = Au(s) + (1 — A)y, u — 
(1 — A)(5(i)z — y) and v = i(S(t)u(s) — S(i)z). Then, by (2.8) and 
(2.9), we have

II메 < (1 - 人)(II，- z|| + jd)

= (1 一 시(세"(s) - 训 + jd)

<(1_入)(冷+ ?)+})

< A(1 — A)(r + d)
and
II애 V 시"L - A)(r + d).

We also have that
ll« 一 이I = l|S0)z -(AS(i)u(s) + (1 - A)y)|| > £

and Au 4- (1 — A)tr=^ A(L— A)(S(t)u(s) — g). So, by uniform convexity 
of 玖 we have

入 (1 一 시 l|SQ)u(s) — vll — l|M + (1 — 시에

< A(1 - 시(r + d) 1 - 2A(1 - 시以；二爾)

Y A(1 — 시匚 ,

and hence ||S(t)u(s) — g|| < ro. Then, it follows from (2.10) that
||u(£s) - g|| < ||u(ts) - S0)”(s)|| + ||S0)”(s) - y\\

<a + r0 < r - a,
which contradicts to (2.8) and the proof is complete.

For x^y E Ey we denote by [x,y] the set {Xx + (1 — A)y ： 0 < A < 1}. 
The following lemma was proved by Lau-Takahashi [6, Lemma 3].

LEMMA 2.2. Let C be a nonempty closed convex subset of a uni
formly convex Banach space E with a Frechet diiferentiable norm and 
let {xa} be a bounded net in C. Let z g Qco{xa : a ； g}, y g (7 and

8 * —
{;&} a net of elements in C with ya e [y,a:a] and

lll/a - 헤 = min{ \\u 一 기I : " € [饥 w」}.

^en y = z.
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3. Weak convergence theorem
In this section, we study the weak convergence of an almost-orbit 

(u(t) : t € G} of S = {S0) : t E G} in a uniformly convex Banach 
space E with a Frechet differentiable norm. By using Lemma 2.1 and 
Lemma 2.2, we obtain the similar result as Theorem 2 of ［이 for the 
semigroup S = {S0) : t £ G} of asymptotically nonexpansive type.

THEOREM 3.1. Let E be a uniformly convex Banach space with a 
Frechet differentiable norm and let C be a nonempty closed convex 
subset of E・ Let G be right reversible and let S = {S(i) : t € (구} be 
a semigroup of a.n.t. on C. Suppose that u = (u(i) : t E G} is an 
almost-orbit off* and P(^)寸二 0. Then the set Q : t >： (罚 

s
consists of at most one point.

Proof. Let W(u) = Q cd(u(t) : t s). Suppose that f, g C W(u) O 
3

F(^s) -and f 公止 如= (/ + g)/2_0고d 尸=11교! ||由(£)_ yjj by
2.1. Since h G P7(u), we have ||/z — g』< r. For each s E G)choose 
ps € ［u(5), 이 such that

IIm — g|| = min{||y-g|| : y € (u(s), 이}.

By the definition of ps, we have ||ps < ||(p$+"z)/2 - g|| < |仇 一g|| 
for all s £ G. If liminf ||p5 — g|| = ||/i —^||, then (ps} converges strongly s
to h. Hence, by Lemma 2.2, we have h = g. This contradicts § 丰 g. 
To complete the proof, we suppose that

liminf 版 一 g|| < 阳一 g||. 3
Then the호e exist c > 0 and ta E G such that ta a and

IS奴 一에+ c < ||/z — g|| for every a E G.

Put pt^ = + (1 — a、)h，for every a. Then there is 0 >。and
7 < 1 such that (3 < aa < y for every a. By (2.1),(2.2), and Lemma
2.1, there exists(y0 E G such that

- s(s)히］ < - +- 히|,

W(st) — S(s)u(圳I < 
o 

and
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||S(s)(知(t) + (1-X)h) - (入S(s)u(t) + (1-시/II < I，

for all y a0, z EC and A E 加点].Fbr s 二 a0, since tQ(o > a0, the 
above inequalities imply that

\\pstao - g|| 冬aa°u(sta。)4-(1 - aqh 一 g||
<aao ||u(stao) - S(s)u(tao)||4-

11綽)0站。-(aaoS(s)u(taJ + (1 - aa„)A)|| + ||S(s)所。- g|| 
니仇 - ML

Let /3O = a0tQo and t 爲. Then,since G is right reversible, t G 
{们} U G0s we may assume t G G^o, Let {七} be a net in G such that 
t^0 一스 i. Then, t = sfao, s = lirnf^ao € Gao and hence s >： a0. 

Therefore, we obtain ||pt — g|| < ||/i 一 g|| for all t >： 队 So, we have 
Pt h for all f >： /3O. Now let t?二 and 恥=k(h—pt)+pt for all k > 1. 
Then ]|吹一g|| > ||£ —g|| for all > 1 and hence (/i —ujt, J(g — h)〉> 0 
for all fc > 1, where J is the duality mapping of X and (x, f) denotes 
the value of / G X* at x € X. Then, since pt E [u(t), /i], it easily 
follows that (h — u(f), J(g — h)) < 0 for all t >7 (3O. Immediately, we 
obtain (h — y, J(g — A)) < 0 for all y £ cd{u(i) : t ?二(3o}y and hence 
h = g. This contradicts f 手 g and so the proof is complete.

As a direct consequence, we present the following weak convergence 
of an almost-orbit (u(t) : t E G).

THEOREM 3.2. Let E be a uniformly convex Banach space with a 
Frechet differentiable norm and let C be a nonempty closed convex 
subset of E. Let G be right reversible and S = {S0) : t E G} be a 
semigroup of ant. on C. Suppose that F(S)丰 0 and let (u(t) : t € G} 
be an almost-orbit of If cuw(u) C F(S), then the net {u(t) : t G 심} 
converges weakly to an element of F(S).

Proof. Be similar to Theorem 3 of [7].
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