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EXISTENCE OF SOLUTIONS FOR SINGULAR 
NONLINEAR TWO-POINT BOUNDARY VALUE 

PROBLEMS 

T.S. Do and H.H. Lee 

Introduction 

In t hjs paper we study ex istence questions of solu tions for the singu lar 
nonlinear second-order boundary value problem 

(p(x) y'(x))' = q(X) .f ( X ， ν (x) ， p(x)y'(x)) on (0,1) 

ν(이 = ν(l) rlj맙 p(x)y'(x) = -p(1)y'(1) . (1 ) 

T he problem may be singular because p(O) = 0 is allowed and q is not 
assumed to be continuous at O. The idea of considering such problems 
was motivated by [2-4]. Our analysis consist s in determining a przorí 
bounds on all solutions to related one-parameter family of problems and 
applying the topological transversality theorem of Granas [4] , which reli es 
on the notion of an essential map. By a solution we shall mean a function 
of class C([O, 1]) n C2((0, 1)) that sat isfi es (1). Throughout this paper we 
assume that p E C1(0 , 1], q E C(0 ,1], p,q > Oon (0, 1], q, 1/p E V(O , 1), 
and .f continuous on [0,1] x (-∞， ∞) x (-∞， ∞). 

A Priori Bounds on Y>. . 

We consider tbe farnily of problems 

(p(x)y~(x))’ = Àq(x)f(x ， y>.(x) ， p(x)y~(x)) on (0,1) 

y>.(이 = -y>.( 1), 과맙 p(x)씨(x) = -p( 1 )씨 ( 1 ) ， (2) 
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indexed by the parameter À E [0, 1J. 

Lemma 1. Let pq be bounded and let there exist a constant M > 0 and 
a diffeπntiable funclion 9 > 0 on [M, ∞) such lhat f (x ,y,O) < 0 on 
(0,1) x (-∞， -MJ U [M, ∞) and -g(y):::; f(x ,y,z) fory 즈 M. Deβne 

r1 dt 
G(O = ，휴쏘- for ç > M and Go = ';2 m값혀 '- - _~: \ . Then f!g(,)d, J " , - ... _ .. - -v v - • •• _ .. ,,- Jo p(t) 

(a) .limG(Ç) > Go, then a때 solution ν>. of (2), independeηtly of À, 
t→∞ 

satis껴es ly>.(x)1 :::; Y, x E [0,1], lor a coηstant Y 
(b) if.lim G( ç) = 0 and G( ç) > Go, then there exisls an interval (6 ,6) 

t-• 00 

such that no solulion of (2) has ils maximu 
ils minimum on (α6 ， 6) and Çl < ç < 상， ψhere ç is a zero greater lhan 
M ollhe equalion 

2 J~g(η)때 = “ M )g(Ç) (3) 

Proof If À = 0, then the unique soJution is Yo 三 O. Henæforth we 
assume À E (O, lJ. Let Y>. be a solution for which Y>. has an interior 
maximum y.\(xo) > M at Xo E (0 ,1). Since f(x ,y,O) < 0 for y > M , Y>. 
has neither a locaJ minimum greater than M nor a.n inflection point with 
a horizont a.l ta.ngent a.nd a vaJue greater than M. From the bound a.ry 
condition y>.(O) = -y>.(l) , one end point has a nonpositive value. Thus 
there exists an interval (x ,xo) or (xo,x) satisfying y>.(x) = M a.nd yμ(x) 
a fixed sign there. On (x , xo ), we have Y>.’(x ) > 0 and 

Àqpg(ν>.)Y>.' :::; (PY>.')'py>.'. 

Integration on (x , xo) C (x , xo) and the boundedness of pq yield 

냄과도잃_1_ > 따(x ) 
p(x) ~ 돼꾀와)d7) 

From another integration on (x , xo) , we obtain 

G(ν>.(Xo)) :::; Go ( 4) 

In the same manner we have (4) 。n (Ioj) If 〈많아) > Go, then any 

interior maximum is bounded by a constant Y. Suppose .limG(Ç) = 0 
t→∞ 

Since )~.G(Ç) = 0 and μmG’ (ç ) = ∞， G'(Ç) = 0 has at least one 
ε~M ε→M 
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zero greater than M. Let ç satisfy (3). Then G(Ç) > Go implies that 
YÀ(xo) does not li e between 6 and 6 such tbat G(çd = G(6) = Go 
Since Y>. has no interior minimum less that -M , we now consider an 
end point extremum ‘ Suppose that a solution Y>. has the maximum at 
x = 1 or O. If 따(1) > 0, then Y>. can nol achieve ils rninumum at 
x 0 and Y>. (1) is less than t he absolute value of interior rninimum. 
Thus p(l)씨 (1) = liI%P(I)따(x) = 0 for Yλ to achieve the maximum and 

TTlml띠umum a따t end p야omt얹s ‘As잃sume ν%씨A서(1띠l니) > M.‘ Then there exists a point 
Xo E (0,1) such that YÀ(xo) = M and 씨(x) > 0 on (xo , I) . As in the 
proof of inlerior maximum we arrive at the inequality G(YÀ(I)) < G'o 
The corresponding assertion holds for the case YÀ(이 > M. The lemma 
follows. 

Lemma 2. Suppose there exists a positive conslanl M salisfying yf(x , y , 
이 > 00η (O ， I]x(-∞ ， -M]U[M， ∞) . Then for any solution Y>. of (2) , 
À E [0,1], /y>.(x)/ :'Õ M for x in [0,1]. 

Proof If a solution YÀ of (2) has a local maximum at Xo ε (0,1), then 
YÀ(xo) < M , and YÀ has no local minimum less t han -M. Suppose Y>. 
has the maximum and minumum at end points. As shown in the proof 
of Lemma 1, i댐p(x)씨(x) = p(l)따 (1) = O. If YÀ(I) is the maximum 

greater than M , then li띈 YÀ"(x) > O. This implies that YÀ is decreasing 

near x = 1. Contradiction. Sirnilarly the TIÙnimum less than -M does 
not occur at x = 1. T his implies that /YÀ(I)1 = /YÀ(O) / :'Õ M 

A Pηori Bounds 011 p따 

Lemma 3. Lel Y>. be a solution of (2) that satisfies I씨 < Y for some 
constant Y and let f satisfy 

(a) /f (x ,y,z )/ :'Õ h(/z/) 0η [O ， IJx[-Y， YJx (-∞，∞) ， 뼈ere h( z) is a 
continuous funciioπ on [0, ∞) and 

r∞ 서• r1 

(b) I 二二dz > I q(x)dx or Jo h(z) -- - Jo 

l
。。 z 

L ; _ 
\ 
dz > 2 max p( x ) q( x ) Y if pq is bouηded 

h(z) 
Then the,'e exisls a constaπ1 Z such thal suplp(x)y~(x)/ :'Õ z , 

(0,1 ) 

Proof YÀ is monotone or y~(xo) = 0 for some xo. Considering monotone 
case first , we have on (0,1) that 

(/p씨)’ :'Õ / (p씨)’/ :'Õ q(x)h(lp싸) 
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MuJtiplication by 1/ h(lp싸) and integration over (0 , x) C (0 ,1) yields 
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since li맘p(x)씨 (x) = O. Now suppose 따 vanishes at some point Xo ‘ Then 

every x E [0,1J where v\ 01 0 belongs to an interval (x ,xo) or (xo ,x) 
such that y~ has a fixed sign there. Similarly we obtain (5) again. lf pq 
bounded , by multiplying Ip띠 l/h(lp씨1) instead of 1/ h( Ip띠 1) we have 

l λ z -E-dz < 2111axnoY. Jo h(z)-- ~ -------n 

The result follows 

Existence of Solutions 

We shall prove the existence of solutions of (1) separately for the cases 
(a) and (b) in Lemma 1. 

Theorem 1. Let there exist constants Y and Z such that anν solution yλ 
01 (2) satisfies l}la?'1ω (x)1 :S; Y and suplp(x)따 (x)l :S; Z ， O :S;'\:S;1. Theη 

[0 ,11 ," •• , .' - (O ,Í) 

the problem (1) has a solution. 

Proof From the differential equation itse[f and the continuity of f it 
follows that 

I (p( x)씨(x) )이 
| 1 S N 프 sup If(x ,y , z)l. 

(O~{j I q(x) 1- - ' [0 ,1]X[-YYJx[-Z,ZJ 

For appropriate functions v define 

0 

2 
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개
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” 

” 
= %af |U(x)| , |lul|1 = max (||U|1 。， 펌 Ip(x)v'(x)l) , 

max (ilvlh ’쐐 1 (p( x)ν'(x))'/q(x)l) 

Then we have the Banach spaces (B , 11. 110 ) = {v E C(O,l) : Ilvllo < ∞}， 
(B

"
II . 11,) = {ν E C[O, IJ n C' (O ‘ 1) : I[ vl\1 < ∞}， and (B꾀1 . 112) = 

{V E C[O , lJ n C2 (0 , 1) : IIvl12 < ∞} and set a convex su bset B2 = {ν e 
B2 : v(O) = -v(I) , lin:p(x)ι(x) = -p(l)ν(1)}. Define the mappings 

I • u 

FJ, B, • B by JFJ,v)(x) = ,\f(x ,v(x) ,p(x)v'(x)) , j : B2 • B, by 
JV = v, and L B2 • B by (Lv)(:r) = (p(x)이x ))껴(x) . Clearly F~ 
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is continuous. Let n be a bounded set in Bz . Then jn is un iformly 
bounded and equicontinuous and the Arzela-Ascoli theorem implies that j 
is completely continuous. Now we claim that L -1 exists and is continuous. 
The solution v E Bz of Lv = u for u E B is given uniquely by 

(x) = r -h (‘ q( s )u( s )dsdt 
Jo p(t) Jo 

ll t[1 i1 dt 1 jt dt 1 q(t)u(t)dtl~ I _~:\ - ;:; 
o p(t) 2 Jo p(t) 

」 /1 -L /t q(s)u(s)dsdt 
Jo p(t) Jo 

Hence L is one to one and onto. Since IILvllo :s; IIvlb by the Bounded 
lnverse Theorem L-1 is a continuous Iinear operator. 

Let 
V 三 {v E Bz : IIvll2 < max(Y, Z, N) + l}. 

Then V is an open subset of the convex subset Bz of the Banach spa.ce Bz. 
Now we define our compact homotopy H>. : V • Bz by H>.v = L-1 P>.jv 
H>. is fixed point free on 8V by the construction of V. Since Ho is a 
constant map and thus essential, it follows by the topological transversality 
theorem that H1 is essential, i.e. (1) has a solution 

Our last theorem shows that the existence of such an interval [(b) 
in Lemma 1] is s뼈cient for us to apply the topolog때 transversali ty 
theorem 

Theorem 2. Let lhe following hypotheses hold: 

(H1) There exists an inlerval (6 ,çz) independently of À E [0 ,1), such 
that no solulion y>. of (2) has the ma따xzmUT 

(떠H2잉) For any solution of (.잉 satisfying ly>.1 :s; Y, ~1 < Y < 6 , there 
exists a constaπt Z such lhal suplp(x)y>,'(xll :S; z. 

(0,1 ) 

Then (1) has a solulion 

Proof The proof closely parallels that of Theorem 1 with replacement of 
11 비h ， 11vI12, and V by 

-에
 

” 
max (1IvlloIY，펌 Ip(x)ν' (x lIIZ) , 

max (11이h/쐐 |렐맏11~ ), 11씨 12 

V = {v E Bz : IIvll2 < 1 + t:} 
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for E smáll enough so that Y(l +E) < ~2' Since Z and N have the property 

that sup lp(x)v’(x)1 ~ Z and sup l(p(x)v'(x))'/q(x) 1 ~ N , for any so lution 
(0,1) (0,1) 

Y>. of (2) satisfying ly>.1 ~ Y , 6 < Y < (" it follows that no solution lies 
on ðV, i.e. H >. has no fixed points on ðV 
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