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SPAN OF PRODUCT DOLD MANIFOLDS 

Moo-Young Sohn 

By using γoperation in KO-theory, we estimate the upperbound of 
the number of linearly independent tangent vector fields on a product 
Dold manifold. As corollaries, we have sirnilar results for a product of two 
real or complex projective spaces 

1. Introduction 

The Dold manifold D(m, η) of dimension m + 2n is defined as the 
quotient manifold of Sm x C P(n) by identifying (x , z) with (-x , z) , where 
z is the complex conjugate. D(m,O) and D(O, n) are readily seen to be 
the real projective space RP(m) and the cor뼈ex projedive space CP(n) , 
re잉pectively 

In [8] , J.J. Ucci determined the stable tangent bundle in terrns of 
twocanonicalline bundles and the Grothendieck rings K(D(m, n)) and 
KO(D(m,n)) for the Dold manifoldD(m,n). He applied them to the 
problem of non- immersion and nonembedding for the manifold D( m , η) 
using the methods initiated by M.F. Atiyah [1]. 

In this paper we shall derive an upper bounded of Sl)an of product 
Dold manifold. 

Let rþ( m) be the number of integer s with 0 < s :::; m and s 三 0,1,2 
or 4 mod 8 

F(m, n) = max{s, 2lS] | 2s-1 (m년+1) 궁 o mod 2φ(m) if m ￥ o 
l2[웅 if m = O. 

where [~] denotes the integer part of ~. 
Note that o*(m,O) = o(m) is defined in [7]. 
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Then our result can be stated as fo11ows 

Theorem 3.2. The number 01 linearly independent fields 01 tangent vec 
tors on D(m, n) x D(u , v) does not exceed m +2n+u+2v - max{ S‘ (m , η) ， 
S* (u, v)}. 

Theorem 3.2 can be viewed as an extension of Corollary 4.3 in H 
Suzuki [7]. 1n what follows, M wi l1 mean a smooth c10sed manifold. By 
immersion and embedding we will mean C∞-differentiable ones. A posi
tive integer t will denote either itself or the trivial t• plane bundle over an 
appropriate space and tç = ç EÐ ç EÐ . .. EÐ ç (t-t때es Whitney sum) 

2. Known results for the Dold manifolds 

Let ç be the canonical realline bundle over RP(m) , and let ií be the 
canonical complex line bundle over CP(n ). Define a line bundle ç over 
D(m , n) as follows ’ the total space E( Ç) of ç is obtained from 5 m x 
CP (n) x R by identifyingjx , z , t ) with (-x , z, - t) . For n = 0, ç is ju얀 
the canonicalline bundle .ç over D(m ,O) = RP(m ) which implies i"ç = ç 
We define another real 2- plane bundle ç over D(m , n) whose total space 
E(1]) is 5 m x 5 2n+1 X C mudulo the identification (x , p , ψ) ~ (x,Àp,Àw) ~ 
(-x ， 자，자꼬) ~ (-x , (5, w) , À E 51 C C. For m = 0,1] is just the canonical 
complex line bundle 규 over D(O,n) = CP(n) considered as a real bundle 
(denoted by re(규)) which implies j껴 = re (규) . 

Now we can describe the tangent bundle T(D(m , n)) of the Dold man. 
ifold D(m, π) [8] 

Theorem 2.1. T(D(m , n )) EÐ ç EÐ 2 = (m + l )ç EÐ (n + 1)1] . 

Let F denote either the real field R or the complex field C and let 
VectF(M) denote the set of isomorphism c1asses of F-vector bundles over 
M. The Whitney sum of vector bundles makes VectF(M ) a serni-group 
and the Grothendieck group ](F(M) is the associated abelian group. The 
tensor product of vector bundles defines a commutative ring structure in 
](F(M). As usual, we use the notation ](O(M) and ]((M) for ](R(M ) 
and ](o(M), respectively. Let Xo be a base point of M , then c1early 
]<O (xo) = Z. We define ](O(M) = ker {i* : ](O(M) • Z} , where i* 
is the homomorphism i땐~ced by the natural inclusion {xo} • M , then 
c1early ](O(M) "" Z EÐ ](O(M). We write x = ç - 1,.1'... = η 2 - x. ln 
[8], J. Ucci has also computed the Grothendieck ring ](O(D(m , n)) 

T heorem 2.2. ](O(D(m, n)) conlains a summand isomorphic to Z2"("‘ )EÐ 
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ZI~1 generated bν x , ν ， y2, · ‘ . ， yl웅J with the relation 2φ(m)x = O. The mu/
tiplicative structure Z2φ(m) EÐ Zl응 is given by x2 = -2x and xν = O. 
Moreover, it can be showη that ν[융 J +1 vanishes 

For x E VecR(M) , the vector bundle À‘ (x) is defined by the exterior 
power operation A‘ (x) , i = 0, 1,2,3, .. .. We define 시(x) = ε열。 À‘ (x )t' , 
where t is an indeterminate. Let A(M) denote the multiplicative group 
of formal power series in t with coeflìcient in κO(M) and with constant 
term 1. Then Àt is a bomomorphism VectR(M) • A(M). Hence we get 
a homomorphism Àt : I<O(M) • A(M) and operators À‘ I<O(M) • 

I<O(M) with λ(x) = ε뚱。 À‘ (x )t‘. The ì - operation in I<O(M) ‘ ìt 
I<O(M) • A(M), ls de6ned by the requirement that 7t(z) = A1느 (x) and 

ìt(X) = ε응。 γ (x)t' for x E I<O(M). Now let T(A강denote the tangent 
bundleover M and put 7'(M) = T(M)-dim(M) E I<O(M) , theoperation 
r ‘ gives us an information about the structure of tangent bundle on M as 
follows: 

Theorem 2.3 If we have r ’(7') 카 o for an i such that 0 ::; i < n , then 
the number of linearly independent fields of tangent νectors 0η M does not 
exceed n - i 

Let D(m,n) ,D(u , ν) be the Dold manifolds and let 

n1 D(m ,n) x D(u ,v) • D(m ,n) , 
n2 D(m, η) x D(u ,v) • D(u , v) , 
n^ D(m ， η) x D(u ,v) • D(m ， n)^D(u ， ν) ， 

be the canonical projection, where D(m , n)^D(u , v) is the Sma.sh product 
of the Dold manifolds D(m ,n) and D(u ,v). The following comes from 
(2.3) of H. Suzuki [7] 

Theorem 2 .4. (i) Thc induced homomorphisms 

n~ I<O(D(m ,n)) • I<O(D(m ,n) x D(u ,v)) , 
n~ KO(D(u ,v)) • I<O(D(m ， η) x D(u ,v)) , 
n~ I<O(D(m , η) ̂  D(μ， ν)) • I<O(D(m ,n) x D(u ,v)) , 

are injective and we have a direct sum decompositioπ 

I<O(D(m , η) x D(u ,v)) = n;(I<O(D(m ,n)) EÐ n~(I<O(D(u ， v)) 

EÐn~(I(Q(D(m ， n) ̂  D(u , ν)) ). 
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(ii) 1f8 E I<O(D(m ,n)) andç E I<O(D(u ,v) ), thenII;'(8)IT:;(() E II~( I<O(D(m ， n)^ 
D(u ,v))) . 

3. Linearly independent tangent vector fields on a product Dold 
manifolds 

Put 지 = r(D(m,n)). Using Theorem 2.1 , we have 

꺼 = rl (D(m, n)) - (m + 2n) 
(m+1)ç+(n+1)η - ç - 2 - m - 2n 

= (m+n+1)x+(n+1)y 

Since 까 is homomorphism, ,,(ií) = η(x){m+n+l) ,,(y){n+l) and since 
,,(x) = 1 + xt , ,,(y) = 1 + yt - t2, yl응]+I = 0, x2 = -2x ,xy = O. 

，，(치) = (1 + xt)m+n+I (l + yt - yt2t +I 

{혈1 (m+~+ 과{l +m힐1 (m+r + l)z t‘}{1 十윌(j파lQjy1)t } 

m+n+l I ‘ < ’ ‘ \ 

- 1 + E {( 2)• I l" .'i " ) x + ε Q;jY’ }t' 

where Q;j is integers and Q;j = 0 for i > n + 1, and the coef!ìcient of t' is 

，'(죄) = (-2치m+? + l) s +j꿇 QijY' 

Now let 乃 = r(D(u , v)) be the tangent bundles and let μ ， À be the lin 
and re않al 2• plane bundle over D( u , v) respectively, and let z μ - 1, 
w = À - 2 - z. Then 

T = r(D(m ,n) x D(u ,v)) - (m + 2n + u + 2v) 

πîh)+ π;( r2) • (m + 2n + u + 2v) 

- πî((m + n + l )x + (n + l)y) + π;((u+v+ l )z+(v+ 1)ψ) 
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By using the property ì' (X+Y ) = γ， (xh， (Y ) and the naturality of operator 
ì" we have 

까(7') = 서(ìt( x )(m+n+1) _f' (Y t+ 1 )τib， ( z) (U+V+1 )꺼(ψ)"+1 ) 

(1+ π~(x )t)m+n+1 (1 + 껴(y)(t - t2 )t+1 (1 + πi(Z)t)U+V+1 
(1+ π;(ω )(t _ t2 ))"+1 

m+n+1 i l /m + n + 1] 
= [1+ ε {(_2);-1 ('" ';' I "1 서(x) + ε Cfij껴 (y )1} t‘ ] 

\ ‘ / j=[범l 

u+v+l 1ft > I ~ ‘ ’ 1\ k 
[1+ ε {(_2 )k- 1( “ 치 T " )r.i (z ) + ε ßklπ;(ωntk] 

\ / l=[똥l 

and so the coefficient of t ' is 

ì S(T ) = (μ찌2낀)Sγ녁s←_1(m 펀 1)씬π셔센바;μ파(야랜z 

+싱a야+ca= g§꿇깊g션딴s얀s←상시꾀-카J낀{(μ깨(←니찌-2찌2야)"γ서a←-카↑1 (앙(m+:섣+ 1) π~ (x ) 꿇 Qab서(y)b } 

{(-2)'-'('-<+ ~+ 1) π;(Z) + d꿇l 싫(ψ)d 

+(-2펙 

Therefore, we have 

Lemma 3.1. If ìS (터) f- 0 oqS(달) f- 0 then ìS(T) f- O. 

By using the function ó"(m , n) defìned in the introduction we have tbe 
following results ‘ 

Theorem 3.2. The number of lin earlν independence fields of tangent 
vectors on D(m , n)xD(u , v) does not exceed m+2n+u+2v-max{ó"(m, n) , 
d*(u , v )} 

P1'Oof We put So = max{ó*(m,n) ,ó"(u,v)} . We can easily check tbat 
o :::: ó*(m, n) :::: m + 2n and 0 :::: ó"(u, v) :::: u + 2v. Hence it follows tbat 
o :::: So :::: m + 2n + u + 2v 
Tbe cofficient of t2 [응 1 is nonzero since Q2[응]，[윈 f- O. Using the defìni tion of 
ó" and Lemma 3.1 , we obtain the result. 
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Corollary 3.3 . The number of linearly independent fields of tange떠 vec
tors on RP(m) x RP(u) does not exceed m + u - max{5(m), 5(u)}. 

Corollary 3 .4 . The nU1 
tωors on RP(m) .x CP(v) does not exceed m+2v - max{5(m) ， 2[윈} . 

Corollary 3.5. The number of linearly independent fields of tangent vec
tors on CP(n ) x CP(v ) does not exceed 2n + 2v - max{2[융]， 2[m. 
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