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THE STRUCTURE OF TOPOLOGICAL 
REGULAR SEMIGROUPS 

Younki Chae 

Throughout , a semigroup wiU mean a topological sellÙgroup , i.e. , a 
Hausdorff space with a continuous associative multiplication. A semigroup 
5 is termed regular if and only if x E x5x for each x in 5 [1] . If 5 is a 
reg비ar sellÙgroup, then for each a E 5 , there exists an element b E 5 such 
that a ~ aba and b ~ bab (b is called an inverse of a). If b is an inverse of a, 
then ab and ba are both idempotents but are not always equal. It is quite 
clear that a regular semigroup 5 is a group if 5 has only one idempotent 
Moreover, every regular I - semigroup is a semilattice and every almost 
point、，vise periodic I-sellÙgroup is also a semilattice [4]. For an element a 
of a regular sellÙgroup 5 , we “, ill adopt the notation 

V(a)~{xE5 I x isaninverseof a} 

1et < be a quasi-order on a set X. For a subset A of X , the following 
n야ations will be standard [2], [3] 

L(A) ~ {y E X Iy::; x for some x E A} , 

M(A) ~ {y E X Ix::; y for some x ε A }, 

I(A) ~ L(A)n M(A). 

A quasi•-o rder ::; on a topological space X is said to be coηtinuous if and 
only if, whenever a t b in X , there are open sets U and V , a ε U, bE V , 
such that if x E U and y E V , then x t y 

By Ward, it has been shown that a quasi- ordered topological space is 
continuous if and only if the graph of the quasi- order is closed [3]. A subset 

R.eceived October 8, 1990 
This work was done under the support of TGRC-KOSEF 

13 



14 Younki Chae 

A of a. qua.si-ordered topologica.l spa.æ X is said to be convex provided 
A = l(A) . X is sa.id to be quasi-locally convex provided, whenever x E X 
and l( x) c U , an open set, there is a. convex open set V such that l (x) c 
VcU ‘ 

As a. genera.liza.tion of the theorem obta.i ned by Nachbin [2J , Wa.rd 
showed tha.t a. compa.ct Ha.usdorff qua.si- ordered topologica.l spa.ce with 
continuous qua.s i- order is qua.s i- loca.lly convex [3] 

Lemma 1. Let :::; be a relation on a regula7‘ semigroup S by x :::; Y if and 
only if x E Sy. Then :::; is a continuous quasi-o여er on S. 

Proof By using Walla.ce’s theorem, the compa.ctness of S gives the proof 
immediately‘ 

All regular semigroups concerned are a.ssumed to have this quasi- order 
By Lemma. 1 together with the fact th a.t L(x) Sx , one obta.in the 
following useful results: 

Lemma 2. Let S be a compact regular semigroup. Th en S is quasi- /ocally 
convex. 

Lemma 3. Let S be a regular semigroup and let a E V(x) . Th en 
(1) L(x) = Sx = Sax = L(ax) , M( x) = M(ax) , and l(x) = l (ax) 
(2) L(x)ax = L(x) ,M(x)a x C M(x) , and l( x)ax c l (x). 

Lemma 4 . Let S be a commutative regular semigroup. Th en 
(1) xy:::; x ,y for x ,y E S. 
(2) If a :::; b and c :::; d, then ac :::; bd 
(3) ax is the identity f07' the ideal L (x) of S . 
(4) l (x) H (ax) , the maximal subgroup of S with identity ax for 

everya E V(x) 
(5) 1f a and b are inverses of x , then ax = bx. 

Proof (1) a.nd (3) 없e obvious. To prove (4), let xa ax e. Then 
e2 = e. Let y E H (e) . Then y’ν = e for some y' E H (e) . Hence 

ν = ye = yax E Sx = L (x) , 

x = xax = xe = xν'y E Sy , i.e. ,y E M (x). 

Now let y E l (x). Then y E eSe a.nd e E YSn Sy, i.e., y E H (x) . 
(5) is immedia.te from (3) a.nd (4) 

Theorem 5. Let S be a regular semigroup in which idempotents commute. 
Th en 
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(1) V(a)V(b) C V( ba) , fo 1' a,b E S 
(2) IfV(a) n V(an) 폼 o fo 1' η > 1, then an = α 
(3) If xn = x fo 1' η > 1 and ifx E V(a) , then an = a 

Proof (1) Let x E V(a) , y E V(b). Since ax and νb are idempotents , 

(xy)(ba)(xy) = x(yb)(ax)y = x(ax)(yb)y = xy , 

(ba)(xν)(ba) = b(ax)(yb)a = b(yb)(ax)a = ba 
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(2) Let x E V(a) n V(an). Then axa = a and xanx = x. Since ax and 
anx are idempotents, 

axa = a(xanx)a = (ax)(anx)a 

= (anx)(ax)a = anxa = an-1(axa) = an 

(3) Since x E V(a) and since V(a)n C V(aη by (1) , 

x = xn E V(a) ’‘ C V(an), i.e ’ 

x E V(a) n V(an) 카 0. 

Hence an = a by (2) 

Lemma 6. Let S be a reg1tla1' semigro 1tp. Then 
(1) V(x) is closed fo 1' each x E S 
(2) L(x) ,M(x) and I(x) are c/osed fo 1' each x E S σ S is compact. 

Proof (1) If y ~ V(x) , x =1 xyx. By the continuity of multiplication, there 
is an open set W such that ν E W and x ~ xWx. Hence {νIx = xyx} is 
closed. Similarly, {νIy = yxy} is closed since y ￥ yxy. I-!ence 

V(x) = {ylx = xyx} n {y ly = yxy} 

is closed. (2) is obvious since S is cornpact 

Definition. A sernigroup S is said to hiwe small propertν at x E S if and 
only if, for any open set U about I(x) , there is an open subsemigroup V 
about I(x) contained in U. We say S has small property if it has small 
p1'operlν at every point of S 

Theorem 7. Let S be a compact comm1ttative 7>eg1tlar semigro1tp and let 
x E S. If L( x) has small property at x , then S has small prope 1'tν at x 

P1'oof Let U be an open set containing I(x) . Since S is compact , by 
Lernrna 6, I( x) is cornpact. Then there is an open set P such that I( x) C 



16 Younki Chae 

P c P' c U , where P ‘ is the closure of P. Since P' is compact , by 
Lemma 2, P' is quasi- locally convex. Then there is a convex open set V 
in P* such that l (x) C V C W . Since L (x) has small property at x , there 
is an open set J< in L( x) such that 

l(x) C J< C V n L(x) , J< 2 C K. 

Let a E V(x). Define a function f: S • L(x) by f(s) = sax. Then f is 
a. continuous homomorphism 

By Lemma. 3, f-l( J<) is a.n open subsemigroup of S containing l (x) 
Now let A = f - l (J<) n V. Then A is open a.nd l(x) C A C U. To show 
A2 C A, let b, c E A. Then bcax E V. Since V is convex, by Lemma. 4, 
bc E V. Therefore S ha.s small property a.t ε 

lf S is a. semil a.ttice, then S is a. commuta.t ive regular semigroup a.nd 
:'S is a. p a.rtía.l order, and hence l(x) = {x} for each x E X. Therefore 
Theorem 7 gives the following corollary which is a. result obt a.ined by 
Lawson 

Corollary 8. Let S be a locally compact topological semilatlice and /et 
x E S. 1f L( x) has small semi/attices at x , then S has small semilattices 

at x [5]. 

Theorem 9. Let S be a compact commutative regular semigroup in which 
l(x) is a compoπent of S for each x E S. Then S has small propertν 

Proof If x E S, then L(x) is a. compact commutative regula.r semigroup 
with the ident따 ax , where a E V(x) . By Wa.lla.ce [6],[8], L(x) h a.s sma.ll 
property a.t x , a.nd Theorem 7 completes the proof 

Theorem 9 is a. generaliza.tion of the following corolla.ry ohta.ined by 
Lawson : 

Corollary 13. 1f S is a /ocallν compact, totally disconnected top%gica/ 
semi-/aitice, theη S has small semilatlices. 
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