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ON PERTURBATIONS OF NONLINEAR 
INTEGRODIFFERENTIAL EQUATIONS 

Thabet Ahmed Abdou and Abdel- Hadi Alem Ahmed 

1. A symptotic P rop erties of Solut ions 

1n 1961 , V.M. Elekseev [lJ developed a va따tion of constants formula 
which has led to the development of many interesting results on the be 
haviour of solutions of pertt뼈ξd nonlinear differential equatious. 1n [3J, 
F. Brauer has developed a formula analogous to the Alekseev formula for 
solutions of perturbed nonlinear integrodiffereutial and integral equations. 
Recently, S.R. Bernfeld and M.E. Lord [2J obtained another variation of 
constants formula for perturbed nonlinear integrodifferential and integral 
equations by assuming the existence of the inverse of the fundamental 
matrix corresponding to the unperturbed systems and applied it to some 
important problems in the theory of integral equations. 1n this section we 
wish to study the behavioural relationships between the solutions of the 
integrodifferential systems 

x(t) = f(t , x(t)값(씩(s))ds) ， x(to) = xo , (1.1) 

and its perturbed system 

y(t) = f(때μ뼈뼈(μι때때tι따때’새씨y씨때뼈(μ에t) ，’피값I값k서(tιtιμ샤꽤꽤，샤써잭혜s이쟁째팎，새씨짜폐폐ν씨ψ뼈빼(μ에씨s야씨째))μ)d빠d 
y씨(“t“에o야) Xo ,’ (1μ1. 2잉 ) 

by using the variant of the variation of constants formula developed by 
Bernfeld and Lord in [2J and the integral inequality recently established 
by B.G . Pachpatte in [7J. ln equations (1.1) and (1.2) , x , y ,lr. , h,f,g and 
Zo are the elements of Rn , ann• d imensional Euclidean space. LetJ be the 
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interval 0 ~ t < ∞ and C[x, yJ denote the space of continuous functions 
from X to Y where X and Y are convenient spaces. We shall assume 
that k, h E C[I x I x R’‘,RnJ and f ,9 E C[I x Rn x Rn ,RnJ. We use 
x(t) = x(t, to, xo) to denote the solution of (1.1) passing through the point 
(to, xo) and y(t) = y(t, to, xo) to denote a solution of (1.2) passing through 
the point (to, xo) for to 2: O. The symbol I . I will denote some conv히lÌent 
norm on Rn as well as a corresponding consistent matrix norm. 

Recently, many results concerning the behaviour of solutions of some 
special forms of equation (1.1) and (1지 have been investigated by Brauer 
[3], Bernfeld and Lord [2], Corduneanu [4,5J, Grossman and Miller [6], and 
Pachpatte[8,9,10,11]. 

1n particular, if we impose on f and 9 various meanings, it is apparent 
that equations (1.1) and (1.2) have a great divers따’ For example, if f 
and 9 in (1.1) and (1.2) are of the form 

f(t ,u, I k(t ,s,u)ds) = F(t ,u) + I k(t ,s,u)ds, 
“ to J t。

and 

9(t , u파 h(t,s,u)ds) = G(t ,u) + H싸)+ 파(t ， s, u)ds , 

then equations (1.1) and (1.2) reduces to the i따egrodifferential equations 
considered by Brauer in [3] and Bernfeld and Lord in [2]. 
1n the special case when k(t , s, u) = 0 and h(t , s, u) = 0, then equat ions 
(1.1) and (1.2) reduces to the ordinary differential equations studied by 
many authors in the literature 

Preliminaries. ln our subsequent discussion our interest lies in the fol­
lowing de fì.nitions in terms of the behaviour of solutions of (1.1). For 
similar definitions the reader is referred to [8, 9, 10, 11]. 

Definition 1.1. The solution x(t , to, xo) of (1. 1) is said to be globally 
uniformly stable if there exists a constant M > 0 such that 

Ix( t, to , xo)1 ~ Mlxol , for all t 2: to 2: 0 and Ixol < ∞ 

Definition 1.2. The solution x(t, to, xo) of (1.1) is said to be exponentially 
asymptotically stable if there exist constants M > 0, a > 0 such that 
Ix(t ,to,xo)1 ~ Mlxole-a(t-to) , for all t 2: to 2: 0, Ixol is sufficiently small. 
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Definit ion 1.3. The solution x(t , to, xo) of (1.1) is said to be uniformly 
slowly growing, if and only if for every Q > 0 there exists a constant 
M> 0, possibly depending on Q , such that Ix(t , to ,xo)1 :":: M lxo le-<>('-'o) , 
for all t ~ to ~ 0 aDd Ixo l < ∞. 

1n order to establish our main results in this sectioD we require tbe 
following integral inequality recently estab!ished by Pachpatte ; 

Lemma 1.1. (Pachpalte rψ · 
Let u띠(t) ，껴a(t에t) and b(“떠t샤) be rea띠1-μ-아va띠lued nonn 

defined on 1,’ for uψvhich the inequalitν 

u(t) :,,:: Uo + I a(s)u(s)ds + I a(s)( I b(T)U(T )dT)ds ,t E 1, 
Jto Jto Jto 

holds, where Uo is a nonnegative constant. Then 

U(t) :":: uo[l + 과(s) e째(ja세 

Variation of constant s formula 
In this section we present a slight variant of the nODlinear variation 

of constants formula developed by Bernfeld and Lord [2] for perturbed 
integrodifferential system (1.2) which is useful to es tablish our main res비ts 

in the next section 

Theorem 1.1. Suppose thal the system 

x(t) = f (t) + I H (t ,s ,x(s) , I k(S ,T,X( T))dT)ds (1. 3) 
“ to Jto 

x(to) = f (to), admits unique solutions and that φ (t ， to, xo) exists and is 
continuous for all t ~ 10 and thal φ 1 (t , to, xo) exists for all t 즈 to. Then 
any solutioπ y(t) of: 

ν씨ψ뼈(μ에t) = f(t쩨(“씨t”) + l멜H쩌(“tιμ따싸，펴내꽤sι쟁뼈웹，씨씨짜y씨ψ(μ싸s 

+ I G(t , s, y(s) , I h(S ,T, y(T))dT)ds ,y(to) = f(to) 
Jto Jto 

satisfies the r엉 latioη 

y(t) = x(t , to, Xo + I φ-l( s ， lo ， v(s)) [G(s ， s ， y(s ) ， I h(S ,T,Y(T))dT ) 
J~ Jto 

+ I G,(S ,T,y(T) , I h( T， U ， y(u))du)d서ds) ， ( 1.5) 
Jto J ω 
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as far as v( t) exists to the π:ght ofto, and v(t ) is determined bν 

v(t ) = φ-1 (싸v(s))[G(t ， t , y (t )파 h(째(r ))dr) (1.6) 

+ l Gt(t,s , y싸 J: h(s ,r ,y(r) )dr )ds ], v(to ) = f(to ) 

From 

y씨ψ씨삐빼(“ι떠때tιμ씨， t씨t“h따꽤oι“때째’J째폐x때떠o비) = x쳐x(t ，떠(tι따tιμ’， t“b따뼈oα따때， x쩌z때떠o 

g띠ψ(μSι쟁，새씨y삐ψ(μs ， to ， xo) ， 1: h(s ,r,y(r ,to,xo) )dr )ds 

We 띠so have the integral representation for solution of (1.4) as 

y(t) = x(t ) + 멜(s ， to, v(s))φ -1(S꾀(s))[G(웹(s) ， (1. 8) 

한(s， T, y(T))dt) + j ; Gs(s, 7 , y써삼(띠 y(n))dn)값]ds 

Proof Let x(t , to, xo) be any solution of 

.1:( t ) = 끼t) + H(t샤(t ) ，값(따(r ))dr ) (1. 9) 

+ l Ht(t, s , x(s), 값(s ， r,x(r))dr )ds, x( to ) = f (to ) 

e성sting for t 2': to. Determining a function v( t ) so that : 

y(t) = x(t , to, v(t )), v(to ) = Xo (1.10) 

is a solution of 

y(t) = j(t) + H(째(t) ，젠(째(r) )이) 

+ j; Ht(t , s , y(s), 값(s ， r,y(r ))dr )ds (1.1 1) 

+G(t, t, y(t), I h(째(r)dr) 

+j;Gt (Ls， y(s) ， j셋째(r ))dr )ds ， y(to) = f (to ) 
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Differentiating (1.10) with respect to t and using the definition of 
φ (t ， to , xo) we get : 

ν (t) = x(t , to , v(t)) + φ(t ， to , v(t))v(t) 

From (1. 11), we obtain 

Then 

y(t) = f(t) + H(t , t , x(“t ，μ’」씨↓싸씨toιψ뼈0ιμ씨써’끼끼떼ν이얘(“싸t 

+ I Ht(t, s , z(s, to , u(s)) , I k(s , T, z(T, to, ν(T) )dT )ds 

+G(따(선OJ(t)) ， j。t h(t끽(T))dT) 

+ l Gt(t, sl(s, to, u(s패 h(S ， T ， X(때= x(t) + iI> (t , to씨(t))v(t) 

φ때v(s))v(t) = G(“μt ，μμ’， t ,’ ν씨ψ뼈(“떠t) ，파파I파h(tιb띠째’π끼7π따’내씨떼떼떼ν씨ψ뼈삐(T꺼(T) )꺼이) )dμd 

+ I Gt(t, sJ(s), I h(s , TJ빼 

v(t) = φiI> -1헤-→거1(뼈U띠ψ써빼빼(s에써써S샤씨써))끼) [따G(ιt ，μ찌때’」↓싸쩨tι싸때’새씨y바(쐐t 

+lGα，( tιt ，μ씨꽤’껴예Sζ째’J씨ν씨(s야)，’ I폈흙h시(ιsι，π꺼찌째7τ따때’새씨ψ떼째y씨ψ떼씨(T에씨T샤새))d껴dTd뻐s야]. (1.12찌 lη찌 2야 ) 

So이lution of (1μ1.1 2야) then determine v(t). Consequently, if v(t) is a solution 
of (1.12) then y(t) given by (1.10) is a solution of (1.1 1). From (1.1 2) , v(t) 
must satisfy the integral equation 

v(t) = f{to뼈(t따떠to에o야) + ;，:흙φ향-카치1끼념(μSιμ’」씨↓찌씨t“κψ씨0ιμ씨，씨씨떼써써U씨ψ써폐(s에씨폐s야씨써))씨)[빠[ 

+ I Gs(s , 7 , y(T) , I h(hT，내u ， y씨째씨빼y씨ψ뼈뼈(ω띠빼u띠씨))μd야때u띠)d써T너] 

whiκch e얹st뻐ab비li얘she않s (μ1. 5야). No야tiκce that y(“띠t야) exists for those values of t 으 to 
for which v(t) exists. From (1. 7) we get : 

x(t , to, v(t)) = x(t , to, xo) + 폈(t ， to, v(s))v(s)ds 
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slllce ν (t) = X(t , to , V(t)) . 

Then 

ú(t) = φ-1(t ， to, V(S))[G(째( t)파 h(때(r))dr) 

+ I Gt(t, s , y(s) , I h(s , T, y(T))dT)dsl 

y(t) = x치짜(야써t 

1:짚센:만셋h시(μs ，π꺼찌펴T끼깨때，찌씨y삐뼈뼈(r꺼에T샤이))써dr삐T샤) + j: Gs(s,T, y(T), I h(찌 ν(u-) )dμ)dr]ds 

This completes the proof. 

Theorem 1.2. Suppose that the system μ.1) admits unique solutions 
x(t ,to ,xo) . Suppose, also, that φ (t ， to, xo) 三 옳(t ， to ， xo) exists and is 
continuous for all t 즈 to, and that φ l(t ,to ,XO) exists for all t 으 to. Jf 
v(t) is a solution of : 

ú(t) = φ l(t , to , v(t))g(t , y(t)파 h(꽤(s))ds ， v(t o ) = Xo (1.1 3) 

then any solution y(t , to, xo) of (1 잉 satisηes the πlation : 

ν때 xo) x치ψ#떼(“ι띠tιμ’， to ’， x야o + I뀔φ<Þ-→1(안(“s ， t씨싸꾀씨t애ιψ씨oαμ씨，씨씨U씨ψ써(μ헤s야))얘)얘g(μsι쟁’찌씨y씨ψ패빠(μκ따꽤Sι상’， t 
￡ h(s, ℃ Y(T, to , xo))dT)ds) 

as far as v(t) exists to the right ofto. 

Proof The proof of this theorem follows by the similar argument as in the 
proof of Th∞rem 1.1, with suitable modifications and hence we omit the 
details. 

Theorem 1.3. Uπder the assumptioη of Theorem 1.2, the following 1‘-ela­
tion is also valid ‘ 

ν (t ， to , xo) = x태(t ， toκ따쐐쐐oαμ에씨， x쩌폐Xo헤o야) + 1:멜φ“U이ψ써(μ에s야))<Þφ향-냐펴1 

×갱쩨g띠(μsι따，찌씨y삐ψ때빼減(μι떠셈Sι씩쐐， t써to ，따꽤oωμ때’껴쩌폐x야헤0야)L， l h(s, T, y(7, to, xo))dT)ds 
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Proof For to ::::: s ::::: t we have 

옳(t， to ， v씨 
Integrating from to to t we get 

x(t , to, v(t)) = x(t , to, xo) + 흙(t ， to ， v(s))v(s)ds 

Let v(t) be a soJution of: 

ψ (t) = φ -1(t ， to, v(t)씨 y(t)파 h(t ,s,y(s) )ds ,v(to) = Xo 

Since y(t , to , xo) = x(t , to , v(t)) , v(to) = xo. Then 

y(t , to, xo) x(t , to , xo) + 궐(t ， to, v(s))φ I(S , to, v(s)) 

g(s, y(s, to , zo), I h(s, T, y(T, to, zo)dT)ds 

Before proceeding further , we present a representation formula relating 
the solutions of (1.3) and its perturbed system (1.4) , where to E 1 , 1 E 
C[l,Rn ],k ,h E C[l xlxRn ， Rπ] ， and H,G,H"G, E C [lx1xRn x R n, Rn] 
The integraJ equation (1.3) is equivaJent to 

t쳐쇄씨(t에t) = I(배t 

+ J~H，κ떠t (tιμ따씩썩，껴셰잭폐sζ원꽤， x껴z치파썩(μ에s샤)，1.，파값J.:값뺀:간셋k서(μs ，π낀끽펴T，짜찌’J쇠z석ψ혜쩨(T꺼세T샤ψ))dT삐T샤)d따#따sι쉰， x쳐례따뼈(t뻐씨t야에o야) = I(t 

and (1.4) is equivalent to 

ν (t) = I(t) + H(째(t)냈(때(T))dT) 

+ I Ht(t s , ν (s ), 값(S ， T ， Y(T))dT)ds (1.1 6) 

+G(t, t, y(i), l h(t, 7 , y(T))dT) 

+j;Gt(t， s ， y써 
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Now solution of (1.15) are dependent on the initial data and we write 
x(t; to , xo) to denote solut ion of (1괴) and note that the trajectory x(t ; to, l (to) ) 
produces a solution of the integral equation ( 1.3). As in T heorem 1.2, we 
adapt the notation 

φ(t ， to , xo) 르 옳(t ， to, xo). This completes the proof. 
In this section we shall use our representation formula (1.7) and the in 

teg망ra허line여quality given in Lemma 1.1’ to study the stablili ty, boundedness, 
and asymptotic behaviour of the solut ions of perturbed integrodifferential 
equation 3.1.2, under some suitable condi tions on the solutions of (1. 1) 
and (1.13) and the perturbation terms involved in (1.2) 

Theorem 1.4. Let the solution x(t) 01 (1 .1) be un‘tmψfψ07πrm니lωy s뼈lωouψ/J때’ 
ing. As앓sur‘lme the hypothesis 01 Theorem 1.3, hold, and the solution v(t) 01 
(3.1.13) satisfies the condition: 

|φ (t ， to, v(s))φ- l(s ， t o ， v(s))1 ~ Ne-a('-s) ,O ~ s ~ t < ∞ (1.1 7) 

ψhere N aηd a are positive constantι sμppose that 9 aπdhin(1.잉 sat앙:fy 

Ig(t , y, u)1 ~ p(t)[lyl + lull , t E 1 

Ih(t ,s,y)1 ~ ea(' -s)q(s) 1ν I ， O~s ~ t< ∞ 

where p, q E C[I, R+j aηd J,"; p( s )ds < ∞，J，':q(s)ds < ∞ 
solutions 01 (1.2) are slowly growing 

Proof Using (1.1 7); (1.18) , and (1.1 9) in 

y(t) = x(t) + 행때 v( s))φ-1 (s , to , v(s ))g(s , y(s) , 

l h(s, T, y(T))dT)ds 

together with uniform!y slow Iy growing. 

ly (t)1 ~ M찌|따xo비le-ε-a이야싸뻐(μLμt←“-'0이)냐+ l NMMweεe-a얘a“바(μ에씨s야셰)[빠[ 

펌'1.:짚뀔q이(꺼에7샤새) 1뻐|ψy씨ψ삐뼈(r어에샤T샤데) 1맘eaT dt샤} 

The above inequality can be rewritten as : 

Iy“띠뼈) 

+ ;，:갔행q이(r꺼빼T꺼) 

(1.18) 

(1.19) 

Theη all 
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Now applying lemma (1.1), in which u(t) is replaced by l y ( t)le이 thell 
multiplying by e- at

’ 
we get : 

|y(t)! S M|zo1e-a(t to)I1 + j NP(s) exp따Np(r) + q(r)]dr)ds] 

ly(t)1 .::; Mîxole-a (t얘)I1 + I Np(s) exp(l[Np(T) + q(T삐ds] 

Let J( = Jt~ Np(s) exp(재 [Np(r) + q(r)]dr)ds. 
Then j; Arp(s) exp(l[Np(T) + q(7)]dTds S k 

ly(t)1 < Ml xole-a(t-tol[l + k] 

The ab。、re estimate yields the desired result if we choose M and Ixo l small 
enough. This completes the proo f. 

Theorem 1.5. Let the solution x(t) oJ (1 .1) be globally unψ，'mly stable 
Assume the hνpothesis oJ Theorem (1 .3), holds, and the solution v(t) oJ 
(1 .13) satisfies the condition 

| φ (t ， t o ， v(s)) <þ- 1 (s ， t o ， v(s))I'::; N ,O'::; s'::; t < ∞ (1. 2이 

where N > 0 is a constant . Suppose that 9, and h in (3.1.잉 satisJy 

Ig(t ,y,u)l.::; p(t) [lyl + lull ,t E 1 

Ih(t , s, y)1 .::; q(s)lyl , 0'::; s .::; t < ∞ 

where p,q E C[I ,R+] and 

(1.21 ) 

(1.22) 

Jt': p(s )ds < ∞ and J: q(s) ds < ∞. Then all solution oJ (1 잉 are 
bounded on 1. 

Theorem 1.6. Let the solution x(t) oJ (1.1) be exponentially asymptically 
slable. A ssume the hypothesis Theorem 3.1.3’ holds, and the solution v( t) 
oJ μ 13) satisfies the condition 

|φ (t ， to, ν(s) )φ -l(S ， to, ν(s))I'::; Ne-a(t-') , 0'::; 8'::; t < ∞ (1.23) 

where N and a are positive constants. Suppose that 9 and h in (1 .2) 
satisf:ν 

19(t, y, u)1 .::; p(t)[ lyl + lulL t E 1 (1.24) 

Ih(t ,s,y)l.::; e"(t-'lq(8)1ν 1， 0 '::;8'::;t< ∞ (1.25 ) 
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ψheπ p ,q E C[I ,R+] and f;양 p(s )ds < ∞， f;양 q(s) ds < ∞ Then all 

solutions of (1 .2) approach zero as t • ∞ 

The proof of Theorems 1.5 and 1.6, follows by the sim ilar argument as in 
the proof of Theorem 1.4, with sui table modifìcations and hence we omi t 
the details. 

We remark that our result in this section can be modifìed very easily 
to the study of behaviour of solutions of (1.3) and (1.4) by using the 
modifìed version of lemma 1.1, under some suitable conditions on the 
functions involved in (1.4). 

1n concluding this section , we note that although the result on the 
stability of the solutions of some special forms of (1. 1) and (1.2) have 
been considered in a recent section by Bernfeld and Lord [2], the results 
presented here are of interest because of the weak assumpt ions on the 
functions involved and the approach to the problem is different from those 
of Bernfeld and Lord [2] 
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