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1. INTRODUCTION

In this paper, we prove some existence theorem for positive solutions of the elliptic nonlin-
ear partial differential equation arising from conformal deformation of Riemannian metrics.

On compact manifolds of dimension n > 3 and with metric go, the problem of conformal
deformation of metric is to find conditions on the function K(z) so that K (z) is the scalar
curvature of a conformally related metric g; = u"~%go, where u is a positive function on M.

If M admits k = 0 as the scalar curvature of gy, then this is equivalent to the problem of
solving the elliptic equation

4(n-1)
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where A is the Laplacian in the go metric, (See [KW1], [KW2], [A] or [N]). Altough throuhout
this paper we will assume that all data (M, metric g, and curvature, etc.) are smooth, this
is merely for convenience. Our proofs go through with little or no change if one makes
minimal smoothness hypotheses. For example, without changing any proofs we need only
assume that the curvature candidate K is Holder continuous. In this case, the resulting
metric with curvature K has Holder continuous second derivatives.

In [KW1], J. L. Kazdan and F. W. Warner have studied the necessary conditions of the
solvability of (1), i.e., K changes sign and K < 0. In this paper, we shall prove the following,
i.e., if K satisfies the necessary conditions, then there exists an upper (weak) solution of

(1).

Au+ Kus3 =0, u>0, (1)

2. MAIN RESULT

Let (M, g) be a complete connected manifold of dimension n > 3, which is not necessarily
orientable. We denote the volume element of this metric by the gradient by V, and the
mean value of a function f on M is written by f, that is,
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We let Hs,p(M) denote the Sobolev space of functions on M whose derivatives through
order s are in L,(M).

It turns out that (1) is easier to analyze if we free it from geometry and consider instead
Au+ Hu® =0, u>0, (2)

where H is an arbitrary function and @ > 1 is a constant.
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Lemma 1. Let (M, g) be a compact Riemannian manifold. There ezists a weak solution
w € H12(M) of Aw = f if and only if f = 0. The solution w is unique up to a constant.
Moreover, if f € C*(M), then w € C™(M).

Proof: See Theorem 4.7 in [A].

Lemma 2. If a positive solution u of (2) ezists and H # 0, then H must change sign
and H < 0.

Proof: See Lemma 2.5 and Proposition 5.3 in [KW1].

Theorem (Existence of an upper (weak) solution). Let H(# 0) belong to C°(M)
such that H changes sign and H < 0. Then there exists an upper solution uy > 0 of (2),
that is,

Auy + Hul <0.

Proof: Taking the change of variable u; =e?,
Auy + Hul = ' (Vv + |v)?) + He® < 0.
Hence it is sufficient to find v satisfying
Vv + [v]® + He®™ <0,

where ¢ =a — 1 > 0 is a constant. _

But Lemma 1 implies that there exists a solution w of Aw=H — H. We can pick a > 0
so small that jec** — 1| < Tﬂ_ and «|Vw|? < —“—“-— Let e = @. Put v = aw + \.
Then

Av+|Voff + He® = Alow + ) + [V(aw + V)| + He®*w+eA
= aAw + o?*|Vw|? + aHe**¥
—aH —aH + a2|Vw|2 + aHeow
= aH + o?|Vw]® + aH (e - 1)
<aH+ aﬂVw]2 + of|Hjoo Jec*™ — 1|-

_ aH oH
<aH - — - —
*TT T
aH
——T<0

Thus u; = e¥ = e*¥*2 is an upper(weak) solution of (2).

Added in Proof: From the above theorem, if H < 0, then we can always have an upper
solution of (2). Hence in order to show that (2) has a solution, it suffices to find a lower
(weak) solution u«_ such that 0 < u_ < uy and Au_ 4+ Hu? > 0. But as the author knows,
this is still an open problem.

Remark: Many authers have studied the existence of a positive solution of (1) on the
noncompact manifolds of dimension n > 3. (See [GS], [N] and [AM])
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