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On the Curvature Tensor in
n-dimensional Semi-symmetric Einstein *g-manifold
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Kangweon National University, Chuncheon, 200-701, Korea

I. n-dimensional *g-manifold X,

A connection I'y, is said to be semi-symmetric if its torsion tensor Sy p" is of the form

Sap’ = 265X, (1-1)

for an arbitrary vector X. A connection, which is semi-symmetric, and is satisfied by the
system of equations

Dwtg)\p - _QSﬁaugAa’ (1_2)

is called a SE-connection.
A generalized n-dimensional manifold X,,, on which the differential structure is imposed

by the tensor *¢** by means of a SE-connection, is called an n-dimensional *g-SE-manifold,
denoted by *¢SEX,,.

In the next we state a theorem, proof of which is given by [1].

Theorem 1. If there exists a SE-conneclion FA“", 1t must of the form
F)\u” = *{,\u’/} + SA;LV + U;‘lp.’ (1'3)

where

v (l)v
UAﬁl:_*hAl‘X . (1-4)

I1. The SE-curvature tensor in *xg — SEX,

Since we have found the SE-connection in the form (1-3), we may define the representation
of the SE-curvature tensor R, %, defined by

p def
pr)\ = 2(3[#F[X|w] + I‘a.iurl)({lw])’ (2-1)

as a function of Xy, *¢*” and their first two derivatives by substituting (1-3) into (2-1).
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Theorem 2. In *¢-SEX,, the SE-curvature tensor R} may be given by

Ruux = *Houn + Rou X+ Byl (2-2)
where
*H,ux = 2000+ {p) ++ b+ 8D (2-3a)
Iliwul\l = 283Xy + &,V X + VL UGp) (2-3b)
RouX = A8, X X + #hyoUpgU”) (2-3¢)

Proof: Substituting (1-3) into (2-1) and making use of (2-3), we have
R,5 = 205 (" } + XupbX — 601Xx + UZpn) + 2( {agy } + 8aXu — Xabp,
+ U () + XS - 655 + UShn)
=*H,,x + 26501, Xy + 2(6[,00,) X — 6, {3} Xo) (2-4)
+ 28 Udp +° (S e + "o UGN)
+ 2080, Xy Xx ~ Xabf, Ugin + Ua U

Crealy the sum of the second, third and fourth terms on the right hand side of (2-4) is equal
to Iliw s> Substituting (1-4) into the fifth term of (2-4), it is equal to R Hence our proof

is completed.

Theorem 3. In *3-SEX,,, we have the following identities:
R‘wui = R{wu]‘:\ (2"5)

Riuux) = 40(6u X} (2-6)

Proof: (2—5) follows immediately from (2-1). In order to prove (2-6), we use (2-2) to
obtain

prK] = *H[wuyk] + R{w:)\] + }2?'{wy;:]' (2‘7)
In virtue of (2-2), we have
*Hiown = Blowny =0, Ilzﬁvw\] = 48(,0. Xy (2-8)
Our identity (2-6) follows by substitution of (2-8) into (2-7).

The following two theorems are direct consequences of Hlavaty’s results [3 p. 129]

»
2D[‘”D#]T::::::: == ZT;::::V'E"“"“")"”PR Vo

q wpg
a=1
. (2-9)
V... v @ Vy... ¥
+ ZTA|...Ap-)f)\g.},lf.Aqu#A: + 25(0[4 DO’TAI...)\:
Bf=1
DiR,5 = —25, PR (2-10)

which hold on a manifold to which an Einstein’s connection is connected.
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Theorem 4 (Generalized Ricci’s identity). The SE-curvature tensor R,,5 in *g-
SEX,, satisfies the following identities:

P
VieVp _ Vi Vae1€Vag1--Vp pra
2D[wl,)ulTx,...xq = ZT,\,‘... Ay flwpe
a=1

. (2-11)
+ Z T::.f..,\‘,_,e,\,,“?)\,Rfm,\, - 4X[wDu]T::.‘.'.';:
f=1
Proof: Making use of (1-2), we have (2-11) as a direct consequence of (2-9).

Theorem 5 (Generalized Bianchi’s identity). In *9-SEX,, we have the following
tdentilies:
D[wau]”A = —4X[€ * Hw“]l:\ + M[&‘,V]K, (2-12)

where

1
ngWﬂ: = (85 Xe0, X, + X6,V X + XeVuUi) + #hau X, Ue UV (2-13)

Proof: In virtue of (1-2) and (2-2), (2-9) may be rewritten as
DR, 5 = —250, * Hygh — 250 Rty — 258, Rud)
€ Ywuln {ew ul8A {ew ulBA Ew 'y BlBA

Y ) ; (2-14)
= —4X[w * Hﬂf}* - 4X[511iwy]l bt 4X[f§w,u];\‘

In virtue of (2-3)b and (2-3)¢, the last two terms on the right side of (2-14) may be written
as

Xkllpril)‘ = 2(5KX[€(9“X“,] + XK&,,V‘,,]XA + X(EV,‘U:]A) (2-15a)
v # (1)11 % v
X[Eézwu])\ = =2XUp hupp XV = 2°hy X UU (2-15b)

We substitute (2-15)a, b into (2-14) and make use of (2-13) to complete the proof of (2-12).
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