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Abstract

Many of the analyses of the transient radionuclide migration are approximated by an
one—dimensional geometry and/or planar geometry. To validate these approximations, one
should prove that these are reasonable and proper approximations. In this paper, the approx-
imation which was in the study of the transport through backfill into a fissure is tried to
validate. In that analysis, a cylindrical geometry was approximated by a planar geometry. The
numerical illustrations show that the planar approximation agrees very well with the result of
the cylindrical geometry for a ratio of the backfill outer radius to the waste form radius closed
to unity. Even for a larger ratio of the two radii, the numerical difference is relatively small.
Also the planar approximation which was used in the analysis gives conservative estimates.
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1. Introduction

Fractures(fissures) in the emplacement rock of a
geologic repository of nuclear waste may intersect
boreholes for waste packages, providing conduc-
tive pathways for the hydrogeologic transport of
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radionuclides. This paper is concemed with the
release of radionuclides from a waste form, sur-
rounded by the backfill, which in tumn is imbedded
in a low porosity fissured rock formation. Frac-
tures have permeabilities several orders of magni-
tude larger than the rock matrix itself. Thus water
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flowing in the fissures provides a main hyd-
rogeologic pathway for the transport of the nuc-
lide into the far field region, see Figure 1. In that
sense, one can assume the low porosity rock mat-
rix surrounding the backfill is impervious to spe-
cies transport. Therefore the nuclide released from
a waste form diffuses through the water saturated
backfill to a fissure intersecting the latter.

In previous study[1, 2], we assume a fixed
concentration, i.e., solubility—limited concentra-
tion, at the surface of the waste form. The bound-
ary condition at the backfill-fissure interface, i.e.,
“fissure opening” S; (dotted area in Figure 1), is
given by a mass balance of the diffusive flux from
the backfill with the advective—diffusive transport
of the species by the flowing water from the sur-
face element S;. The general form of this bound-
ary condition is
h{e—¢o),
0, on remainder of back-

fill-rock interface (1)

on S
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Figure 1. Schematic view of a bore hole intersected

by a fissure in the nuclear waste reposi-

tory.

where ¢ is the species concentration on Sy, ¢« is
its concentration in the water far from the backfill,
which without loss of generality will be taken
equal to zero. h is the mass transfer coefficient,
assumed constant over the entire surface Sy Dy is
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the diffusion coeffcient of the species in the water
saturated backfill, and € the porosity of the back-
fill.

On account of the assumed independence of
the boundary conditions with the cylindrical—polar
coordinate angle &, it suffices to analyze the
problem in a sector of the canister and backfill,
and one half of the fissure opening as shown in
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Figure 2. A sector of the backfill and one half of
the fissure opening.

Figure 2. The latter produces a plane of symmetry
on which the ¥&=0. This sector problem in turn
can be simplified, if the ratio of the canister radius
to backfill radius is of order unity. This implies a
thin backfill region and the sector degenerates into
a rectangular parallelopiped which can be de-
scribed in a rectangular coordinate system. One of
the coordinates, say z, is the replacement of the
variable # and thus need not be considered due
to the assumed independence of the boundary
conditions with # . The resultant two—dimensional
geometry is shown in Figure 3 with associated
side conditions.

It is convenient to non—dimensionalize the spe-
cies concentration &(x, y, t) with help of the species
concentration & prescribed on the surface of the
waste form (0<x<a, y=d) and additionally set

&lx,y,t D
oy =220 p—t @

where K is the species’ retardation coefficient in
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Figure 3. The planar geometry approximation.

the backfill.
The governing equation for c=cl(x, y, t) then reads
ac 3%  o%
St=D( 5t ) Ae
t>0, 0<x<a, 0<y<d, t>0 (3)

with the side conditions

clx,y,0)=0, 0<x<a, 0<y<d (4)
acl0yt aclayt)

ax — ax =0, 0<y<d t>0 (5)
clx,d,t)=1, 0<x<a, t>0 (6)

h

aclx0,f) *E—G‘—C(X,O,t), 0<x<b

ay |’ L0

0, b<x<a (7)

The boundary condition(7) is patterned after the
equation(1). One should note that this problem is

a mixed boundary condition problem on backfill/

C(X, Y, T) :c_o.s_ll(_A_Y). + 2i(_1)i+1

cosh(A)

1=0

n=0

0

rock interface which is mathematically quite in-
volved. In order to simplify the analysis, the spa-

tial dependence of c¢(x,0,t) on 0<x<b is replaced
by an average concentration [c(t)]o,. Then the

boundary condition can be written

h

actx0t) _ prolelt]ay, 0<x<b
av |7 = ¢ (x,t), £>0

0, b<x<a
(7

where [c(t)] 4, is defined by
1 b

[c(®]a="5 |, cbc0dx. ®)

Note that, however, [c(t)],, is still an unknown
function of time.

We now introduce the following dimensionless
variables

X=zfa, Y=y/d

% = %id, jin = pna, d=d/a, b=1b/a

A = /Ad®K /Dy, Modified Thiele modulus (9)

= -Q_—!—t—, Modified Fourier modulus
Kd?
Sh hd
- D ,e’ Modified sherwood modulus
where
. 2i+1
== =0l
p=2" p=0,1, .. (10)
a

Then the solution can be written [2]

77 .-tAz e"THANT cos(3,Y) +

) o

+ 2Sh i on cos(ﬂ,,X)f-iE—;(:‘ﬁ—"b— 2:(—1)"‘*’1 sin(%;{1 — Y])x

n i=0

T .
x/ e—(Fi+33d7+A%) (T="le(7)]avdr,

0<X<1, 0<Y<1, T>0 (11
where
8o=1; 6,=2,n=1,2, ... (12)

Thus this solution is computed by solving a linear



Volterra integral equation.

The solution for cylindrical geometry can be
derived with same procedures but contains one
more variables, the inner radus. As one notice,
this solution will be more complicated than the
solution(12). Here we solve the early time solu-
tions and steady state solutions for both geomet-
ries and compare with each others.

2. Early Time Solution for Cylindrical Geometry

The goveming equations for c=c(r,z,t) in cyl-
indrical geometry is
dc 3¢ 1 8¢ ¢
E-DHTWE+W
- Ac ,

rn<r<r,

0<z<a, t>0 (13)

with the initial condition
e(r,2,0) =0, rp <r < rp,
0 <z<a (14)
and boundary conditions
8c(r,0,1) - 8e(r,a,t) -0
oz oz ’

rr<r<<r, t>0 (15
c(r,zt) =1,
0<:<a, t>0 (16)
A
dc(ra,z,t) _ J = Drella s
or -

0,
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0<z<b
= ¢P(zt) ,t >0
b<:z<a (17)
where
1
(e(D]aw = 3 /0 ¢(ra,z,t) dz . (18)

In early times, most nuclides which diffuse into
the backfill are used to fill up the backfill, thus the
outer boundary condition imposed by the pre-
sence of the fissure, does not affect the concentra-
tion profile. The early time behavior can be pre-
dicted by solving the problem with an outer
boundary condition of zero flux. Thus the diffu-
sion path of the nuclide follows the r direction and
the concentration is independent of the z direction
at early times.

The goveming equation can be simplified as

follows :

dc d%c 1dc

E—D[mﬂ-;é—;]-/\c(l,” ,
n<r<r, t>0 (19)

with the initial condition

e(r,0) =0, rp <r < r (20)
and boundary conditions
c(rl,t) =1, t>0 21)
Oelrat) _ g | 45 0. 22)
or

The early time solution{1] for cylindrical geomet-

y is

o0
o(rit) = 1+ Y An Ug(Bar) e O+ PO 4

n=1

+ D An Us(Bnar)

n=l

n<rrn, t20 (23)
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where

Jg(ﬂnr'.’)
An = - 5 : 5
" T Gara) - 2By &Y

Uo(Bar) = Yo(Bar1)Jo(Bar)
= Jo(Bar1)Yo(3ar) 25)
and £, is the n—th root of

Yo(Bnr1)J1(Bara)
~ Jo(8nr1)Y1(Bar2) = 0. (26)

The solution of the early time solution for pla-

nar geometry can be easily find with similar proc-
edures, and the solution is the form of the first
two terms of the time dependent solution (12).

3. Steady State Solutions
3.1. Planar Geometry

The governing equation for ¢=c(x,y) under steady
state conditions reads,

8¢ 8%c
D(W-{-g;z-) —Xc =0,

0<z<a, 0<y<d (27

with the boundary conditions

9c(0,y) _ 0Oc(a,y) -

ez, d)y =1, 0 <z <a (29)
Oc(z,0) _
dy -
Fj‘;[c],,.,, 0<z<b
= = ¥(z) (30
0, b<z<a
1 b
[elay = 3/ c(z,0) dz . (31)
0

The solution of this equation system yields,
c(z y) — COSh('YOy)
"7 cosh(od)

cos(pnz) X

= . sinh(yn[y — d])
+ 'Z% n avy cosh(7n)

x /d Y(z') cos(pnz’) dz',
0

0 <z<a, 0<y<d. (32)
with
nw 2 2 A
l“n=T) 7n-/“n=51
n=201,... (33)

Equation(32) can be expressed with the detailed

Oz = oz 0, form of the boundary condition function ¢ (x) de-
fined in {30) and the dimensionless variables de-
0 <y<d (28) fined in equation(9) as follows
sh(AY — in(fin X
o(X,Y) = E_H — Shidlay Y 8n cos(iinX) —ﬂ’-‘(“—)—- x
cos (‘ ) n=0 fin /(ﬁnd)zAz
sinh ( (ind)? + A2 [1 - Y])
X ,0<X <1, 0<Y < 1. (34)

cosh (ﬂ(ﬁnJ)'-’ + A2>
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This solution can be also derived form the time
dependent solution(12) with some mathematical
procedures.

3.2. Cylindrical Geometry

The steady state governing equation for c=c{r,z) is

8% 9% 138c
D(a;z'*fﬁr—z*:s:)"‘c”'
0<z<a, ry <r<r (35

with the boundary conditions

dc(r,0) dc(r,a) =0
3z oz '
n<r<r2 (3
e(r,2) =1, 0<2<a (37
Oc(ra,z)
ar -
"77’.,1'["]4"' 0<z<b
= = ¥(z) (38)
0, b<z<a
where
1
[clav = ' / ¢(ra, 2)dz . 39
)

The solution[1] of this equation system yields,
after some minor simplifications, to

1
o(rz) = Ko(v/A/Dm1)

sin(pnb)
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g'(kr) = Il(k?‘) Ko(er)
+ K;(kr) Io(lcrl) 42)
with
= nT o2 = A
Hn = 2 ' Tn Bn = B,
n=201,... {43)

4. Numericai Hlustrations

Figures 4 through 6 show comparisons of the
normalized concentrations of the cylindrical
geometry and the planar geometry for different
ro/ry ratios and Sh=1 at early times. In each
figure the solid lines represent the normalized
concentration for the planar geometry versus time
with y/d as a parameter, and the dashed lines
represent the normalized concentration for the
cylindrical geometry versus time with (r;—r)/(r,—
r)) as a parameter. The same values of y/d and (r,
—n/lrz—n),ie,
corresponding locations
geometries. For the ratio of ro/ry close to 1, the

v/d=(rs—1)/(ro—r;) mean the
in the two different

results of these two geometries agree with each
other at early times. However as the time increase
and/or the ratio of ry/r; increase, the difference in
the normalized concentration for the two geomet-
ries increases. For the same ry/r; ratio, the differ-
ence becomes small near the waste surface. Even

[Ko(\/:\/“b-") — Ky(y/3]Dry) LV Dr). ]

'(\/'\/Drz)
9(v/ui + 2/ Dr)

hic)ay hnd
T D &

s " na/u2 + MDD ¢'(\/uI + A/ Dra)

0<z2<a,

where

g(kr) = Io(kr) No(kr;)

— Ko(kr) Io(kry)

cos(pnz) ,

n<r<sn (40)

(41)
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Figure 4. Comparison of the early time behavior of
the cylindrical geometry and the planar
geometry for r,/r=1.1,
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Figure 5. Comparison of the early time behavior of
the cylindrical geometry and the planar

geometry for r,/r;=1.2.
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Figure 6. Comparison of the early time behavior of
the cylindrical geometry and the planar
geometry for ry/r,;=1.6.

for a larger value of ry/r; ratio, the difference is
relatively small, see Figure 6. This ratio of rp/r;=
1.6 is close to a possible waste form—backfill de-
sign (e.g. 25cm waste canister radius and 15cm
backfill layer).

Figures 7 to 9 show the comparison of the
steady concentration profiles of the cylindrical
geometry and the planar geometry for different
ra/r, ratios and for Sh= 1. In the figures solid
lines represent the normalized concentration pro-
file for planer geometry versus x/a with v/d as a
parameter, and the dashed lines represent the

Y= ) = 0.
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Figure 7. Comparison of the steady state concen-
tration of the cylindrical geometry and
the planar geometry for rp/r;=1.1 and
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Figure 8. Comparison of the steady state concen-
tration of the cylindrical geometry and
the planar geometry for r,/r;=1.2 and
Sh=1.
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Figure 9. Comparison of the steady state concen-
tration of the cylindrical geometry and
the planar geometry for r,/r;=1.6 and
Sh=1.

normalized concentration profiles for cylindrical
geometry versus z/a with (r,—1n/(r,—ry) as a pa-
rameter. In the two geometries, the same values
of (x/a, y/d) and (z/a, (r,—n/(r,—r,)) represent
the comresponding locations. As one expects, for a
ratio of ro/ry close to 1 the difference in the nor-
malized concentration between two gometries is
small, i.e., the planar geometry can be a good
approximation of the cylindrical geometry. For the
same rz/r; ratio, the difference increases near the
backfill and the fissure interface. Figure 9 shows
the comparison of a ry/r; ratio of 1.6, which is
relatively large. The results from the two geomet-
ries differ. but the difference is less than 5%.
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5. Conclusions

A cylindrical geometry is often approximated by
a planar geometry in the study of the radionuclide
transport through backfill into a fissure. In this
paper, the planar approximation is tested and
analyzed. The numerical illustrations show that the
planar appro-ximation agrees very well with the
result of the cylindrical geometry for a ratio of the
backfill outer radius to the waste form radius close
to unity. Even for a larger ratio of the two radii,
the numerical difference is relatively small. Alsa
the planar approximation which was used in the
calculations (2] gives conservative estimates.
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