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Abstract- This paper describes a new method of calculating expected energy genera-
tion and loss of load probability (L.O.L.P} for electric power system operation and ex-
pansion planning. The method represents an equivalent load duration curve (E.L.D.C) as
a mixture of comulants approximation (M.0.C.A), which is the general case of mixture
of normals approximation (M.O.N.A). By regarding a load distribution as many normal
distributions-rather than one normal distribution-and representing each of them in terms of
Gram-Charlier expansion, we could improve the accuracy of results. We developed an algo-
rithm which automatically determines the number of distribution and demarcation points.
In modeling of a supply system, we made subsets of generators according to the number
of generator outage: since the calculation of each subset’s moment needs to be processed
rapidly, we further developed specific recursive formulae. The method is applied to the
test systems and the results are compared with those of cumulant, M.O.N.A. and Booth-
Baleriaux method. It is verified that the M.O.C.A method is faster and more accurate than
any other method.



1. Introduction

The more complex power systems grow, the
more important an accurate representation of
probabilistic production cost simulation. Since the
production is performed many times in capacity
expansion planning and screening studies in order
to determine the best scenario, the computing time
and accuracy are major concerns. Many research
works have been done for these purposes, re-
presenting the E.L.D.C and convolution procedures
in various ways. They can be categorized by exact
and approximate methods as follows.

Exact method

— Booth-Baleriaux method
Approximate method

— Piece-wise linear approximation method

— Fourier Series approach

— Fourier, Hartley, Z transformation method

-— Segmentation algorithm

— Equivalent Energy Function algorithm

— Monte-Carlo simulation method

— Cumulant-Based technique

-— Mixture of Normals Approximation method

Exact method represents E.L.D.C on a uniformly
spaced grid. As generators are convolved, E.L.D.C
is evaluated successively at each grid point. We
can get accurate results. However, the computing
time in convolution process increases exponential-
ly as the power system grows[1],

Approximate methods represent E.L.D.C analyt-
ically by using various transformation techniques
or series approaches[2], Among approximate
methods, the cumulant method is widely used
because of its speed and reasonable accuracy

(3, 4, 5].

But, this method has some drawbacks [2, 6] ;
{(a) the expansion are liable to yield inaccurate
results when the system is small and/or the forced
outage rates (F.O.R) of an individual unit has small
values close to zero ; (b) negative probability esti-
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mates are sometimes obtained ; (¢} an addition of
successive higher order cumulant terms in the
expansion does not necessarily improve the accu-
racy of the expansion. These are due to the follow-
ing two properties{7]: (1) Edgeworth/Gram-
Charlier expansion is useful especially when the
basic r.v. is close to normal. (2) The central limit
theorem is a large sample properties.

To solve these problems, we propose the M.O.C.
A method. In this method, the system load is
modelled as r.v. which can be interpreted in terms
of partitioning the load into various categories(8,
9]. For each load category, system load r.v is
approximated by a mixture of cumulants. We can
consider the load shape of multi-modal character-
istics with this method. The demarcation point of
each load category is calculated automatically by
using least square method which minimizes the
square of the errors between the model and the
actual load data[10,

Each generating unit of a supply system is
modelled as r.v of generation outage capacity
according to the number of generator outage, as
generators are convolved to the system. For each
generator’s outage subset, r.v is also approximated
by a mixture of cumulants. And the r.v of each
load category and generator outage subsets are
combined individually to get the cumulants of
mixed-E.L.D.C.

This method has been applied to, and validated
for, the test systems such as IEEE Reliability Test
System (IEEE R.T.S)[11], EPRI Scaled-down
Synthetic Utility D System[12] and Texas Electric
System|[6],

2. Formulation

In the probabilistic production simulation, the
system load of the study period is represented as
r. v-1.. And its cumuative probability distribution
function is represented as Eq.(2.1)

Fi(x)=1—-G(x) (2.1)

where,
G(x) ; Inverted load duration curve.
=Prob{L >x}
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Generators are also modelled as r.v of outage
capacity. Effective load L, is defined as Eq.(2.2),

Li=L+ :Z‘,I(C,-—A,-) (2.2)

where,
C;; Capacity of i-th generator in the merit
order.
A.; Available capacity of ;-th generator in the
merit order.

The. ELD.C£.(x) is derived as Eq.(2.3),
L (X) =Prob{L:>x} (2.3)

The expected energy served of £-th generator (E.
E.S,) can be derived by Eq. (2. 4), From 4y
(x), which represents the EL.D.C after all the
generators are convolved, expected unserved ener-
gy (E.U.E)and L.O.L.P can be expressed as Eq.
(2.5) and Eq.(2.6), respectively.

Ck
EES:=(1-q) T [ £ailx)de 2.4)
EUE=T [ £u(x)dx (2.5)
L.O.L.P=Prob{ £x(x)>Cx} (2.6)
where,
Cr= x:ﬁ; C:
T ; Total load duration hour during the study
period.

N ; Total number of generator in the system.

Probability

[T
o8 -
l71

as -

s
a3
1

a4

[Mw]
(a) L.D.C of R.T.S.

3. Mixture of Cumulants Approximation
Method

The mixture of cumulants approximation meth-
od consists of three steps: first, system load r.v is
approximated by a mixture of cumulants ; second,
the r.v of generation outage capacity is also ap-
proximated by a mixture of cumulants ; finally the
mixture of two cumulants are combined to get the
M.O.C.A of ELD.C. Here, we use the Gram-
Charlier A-type expansion using 4-cumulants in
the representation of E.L.D.C. The algorithm for
determining the optimal demarcation points of
load categories is proposed by using least square
method. And the number of generator outage sub-
set is decided automatically according to the in-
dividual unit’s F.O.R value. Two-state generator
model is used for simplicity of calculation.

3.1 System Load Pepresentation

The load duration curve(L.D.C)is obtained by
rearranging the hourly load decreasing order of
magnitude. Then, the load is categorized by peak,
intermediate, base load populations and so forth.
Each categorized load populations can be regard-
ed as a uni-modal distribution. The system L.D.C is
considered to be a multi-modal distribution. By
modelling the system L.D.C as a multi-modal dis-
tribution, we can obtain better accuracy on
probability than any other approximate methods,
expecially in the tail of E.L.D.C. The various

Frequency
13
11 4
1" ﬁ
10 -

-

Load level[MW]

(b) Frequency histogram of load by load level.

Fig. 1 The concept of multi-model distribution.
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reliability indices are calculated exactly. Fig. 1(a)

shows the L.D.C of IEEE R.T.S. And Fig. 1(b)

illustrates the concept of multi-modal distribution.
The system load is approximated by Eq.(3.1)

£5(x)= £ [1-G.CE] 3.1

where, K . The number of load population.

a. . Weighting factor of k-th load population.

G.C.E=Gram-Charlier A-Type Expansion.

N(Z)=expl — Zi*/2)/ 2x)

Ze=(x— ptx)i Ok

sz . Mean of k-th load population.

gt - Variance of k-th load population.

Ghe : Standardized Skewness of k-th load population.

Gsr © Standardized Kurtosis of £-th load population.

N p-th derivatives of standard normal distribution.

Eq. 3.1
distributiors. The necessary steps for calculating

expresses L.D.C as a mixture of many

the equation can be shown as follows:

Step. 1 Categorize chronological load into K
load populations. Here, the demarcation point of
individual load category is calculatd automati-
cally as follows.

(1) Devide the system load into segments with
same MW-increment. And calculate the
moments for each segment-load duration hour and

first

load magnitude -as Eq. (3.2)
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«_ Sum of load duration hour about KX-th segment
I'="""Sum of load number about X-th segment

«_ Sum of load magnitude about K-th segment
M2 ="Gum of load number about K-th segment

(K=1, 2,--NS}

m

(3.2)
where, NS ; Total number of segment.

{(2) Based on a calculated set of data {m{,mf},
we construct a functional relationship between the
dependent variable (mf)and the independent var-
iable (m%) with least square method. In order to
keep the original load shape, interpolation is per-
formed between the data. In this paper, we use the
chebyshev-polynomial curve fitting method with
Lagrangian interpolation in regression analysis,
because normal equation method become unsatis-
factory when the resultant normal equations are ill
-conditioned.

(37 Differentiate the least-squared polynomial
in previous calculation and solve the equation. We
solve the algebraic equation by Bairstow method.
{The extremal values are: X;=14, X,=2.0,
X;=2.6). Demarcation points are decided among
these solutions. In the least squared polynomial,
the coefficient of the highest order is negative
signed ; and the power of the highest order term is
even-numbered. Thus, the demarcation points are
the minimum values (minimum value is X;=2.0%).

Frequency
T : i Y=-10, 6X4+85, 5X3
. . 3 N -252.5X3+321.9X
». ] ; ol
» T -l -146.9
[} 1] me ® L *
1 TR Iy : 5 Y'=X3-6, 1X2+12X
o] sIBmume M : '
t{ oomemw v owmmer s :. - -7.6
+ SN § SR W ; . Xi=1.4  X2=2.0 %
H smmnmmm—— E— » i

» * X3=2.6
s OBl UDBUURD S OB AN

(a) Original load (b) Modified load

with segment

Fig. 2 Calculation procedure

(c) Interpolation & (d) Decision of

approximation demarcation point

of demarcation point.
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Fig. 2 shows the example of the above mentioned
procedures about IEEE R.T.S.

Step. 2 Calculate load cumulant for each load
population by Eq.(3.3).

LKf=LM{

LK#= LM~ (L/Wlk)2

LK#= LM§—3LMFLM{+ 2(LMF

LK{= LM4k+ 6LMzk(LM1k)2_ 4LM3kLM1k
- 3( LM = 3(LKE)

(3.3)

where,

LMF=(1/T" :vgkl(Lf)'

N*; Number of load of £-th load population.
T*; Total duration hour of /-th load population.
*. Hourly load of 4-th
time t.

load population at

Step. 3 Evaluate @, in Eq. (3.4), Here, a: is

weighting factor of 4-th load population. ¢, means

the fraction of the period for which the loads

belong to 4-th load population.

Load duration hour of k-th load population
Total load duration hour of study period

(3.4)

Qi

k
where, 3 &, =1, @ >0
k=1

3.2 Supply System Representation

Whenever the generator is convolved to the
system, we make the subset of generator accord-
ing to the number of generator outage and cal-
culate the generator cumulant for each subset. The
weighting factor for each subset ¢.,., is calculated
by Eq. (3.5). Here, ¢,.; means the probability that
7 generators are down-state when » generators are
convolved to the system.

@no— Pn -LOX pn (35)
P =@n i X Pnt @ro1-1X g, 0<j< ¥

@Pnr = Pn-1,r-1 X qn

where, p,; Availability of »-th generator.
gn ; F.O.R of n-th generator.
r=n+l.

Mixture of Cumulants Approximation®oll 28 WX Algaolsdol st AP

In Eq. (3.5) » means that » or more units have
failed out of a group of x units. As units are
convolved, the probability that many units are
simultaneously down-state becomes very small. In
this paper, we aggregate the subsets of these » or
more units, which are down-state to one subset for
the purpose of reducing calculation burden.

Next, we calculate the moment for each subset.
When » generators are convolved to the system,
the number of events in subset (j+1)is .C,. The
calculation burden for each subset increases
exponentially. In order to overcome these prob-
lems, we derived formulae from the first to fourth
moments for each subset. The moments for each
subset are calculated as Eq.(3.6),

i=0 (3.6)
tnr1,0=0
0% ns1,0=0
Vns,0=10
Xn+10=0
0<j<r

frs1,0= Prbnerfingt @n1@nei{ i1+ Crir) [@nir;
Cane1,;= @ iPnst{OPniF 1)+ Onsc1@nail0%nio1 +
(ttnir ConrPl/ @rsrs— tns1
Uns1s= @nibnetlUni+30%n+ 1805) F @nsc1Gnn
[y t36% ., (trs1+ Crer)
F(ttno1+ Cna1)*]/ @rsrs =36 s sttner
‘“,U3n+w
Tn 157 Pribros(Xns+ AUnitin s+ 60 n 88+ 0.5)
+ 0us1@nei[Xnso1 F4n1{ttn -1+ Crat)
+60’2n,j~1(#n.j—1 + CIHI)Z +(/Jn,j~l + Cn+1)¢]/¢7n+1.1
=4 Vnarittniri =60 e itnrr— Mt

j=r
tartr =@ ptnr + @ne1 Crir) + @nr-1@na1
(ptnr-1F Cre)l/ @nsrr
G nrtr = (@ P+ Drertlfnr + @nor (pnr + Crs ]
+ @nr-1Gn+1 [Uzn.r—l+(ﬂn.r—l+ Cn+l)2]]
/¢n+1.r—#2n+1,r
Vartr = @nelVnr+ pnci(305 rptnr + 150, r)
+gns1{30%nr (tnr+ Crnit) +{ttnr + Cni1)¥}]
+ @nrt@riil ¥nr +30%n -1 (ttnr 1+ Casr)
+(tnr 1t Coet)*]/ Pnorir = 3(0%wsrr + t2n40,r)
,Un+1.r+2/13n b7

1]



Xnitr =L @n [ Xnr T Prs1{dVn rttn,r +60%n rtin,
+ i)t aner dvnr(pnr+ Crsn)
+60%0,r(ptnr + Crar)* +(ftnr + Crun)}]
+ @nro1@nefXnr 1+ 4vnr1(ttnr 1+ Crer)
+60%n -1l ttnr -1+ Crar)?
+ ey + Cn+1)4}]/¢71+1,r74Vn+1,r/17|¢1,1

— va 2 4
60 n+l,rf nel,r — Mty

Then the cumulant for each subset are calculated
by Eq. 3.7+,

GCls= ftn, (3.7)
GC2,=0%n,;— ()
GC3ny= Uns—36%nittns+ 20 pn ;)
GClny = X+ 6% ptns P =4 bms
=3 ptn i)' = 3(GC2, )

where,
GCin;; i-th cumulant of subset jwhen »
generators are convolved to the

system.

3.3 Representation of E.L.D.C and Expected
Energy, Reliability Index Calculation

‘ E.L.D.E is obtained by combining the r.v of each
load category and the generator outage subset as
Eq. (3.8)

K 7 Zs
ELDCn)=1-2X 2 f?kqpn.j[/
k=1i=0 —oa
N(Z)dZs+(G1,5/3 1 YN®(Zs)
~(G2.5/4 1 YN®(Zs)—(10/6 1)
(GL.HEN®(Zs)] (3.8)

where,
ELDC(n) ;ELD.C when » generators are
convolved to the system.
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—
z+=X el = g

N(Z)=(1/V2r) X exp(— Z%/2)
NW)(z)= N-th derivative of the Normal.

The procedure of obtaining E.L.D.C are summar-
ized in the following :

Step. 1 Calculate system equivalent load
cumulant by adding load cumulant and generator
cumulant.
ELKin = LK*i+ GCipn,; (3.9
where, 1=1,2,3,4
7=0,12,r
k=123, K

Step. 2 Calculate coefficients of Gram-Charlier
expansion.

tnf=ELK1,%; Mean for each subset about
k-th load population.

o*n¥=FELK?2,%; Variance for each subset
about £-th load population.

Glnf=ELK3,%/ (0.5 ; Standardized skewness

for each subset about £-th load
population.

G2.5=ELK4,/(ELK?2,%?; Standardized
kurtosis for each subset about k-th
load population,

Step. 3 Represent E.L.D.C as Eq. (3.8),

The expected energy of each generator and
system reliability indices are calculated by Eq. (2.
4), Eq. (25) and Eq. (26),

4. Case Study

The proposed M.O.C.A method is applied to the
EPRI scaled-down synthetic utility D system,
IEEE R.T.S and Texas electric system. Table 1.
presents the basic characteristics of these three
test systems. The test results are compared with

Table 1 IEEE R.T.S, EPRI-D and Texas Electric System characteristics.

IEEE R.T.S ERPI-D TEXAS

Installed Cap. 34056MW 11420MW 4466 MW

Peak Load 2850MW 8740MW 3350MW
No. of Units 32 60 27




BESE R 408 158 1991%F 18

Probability

e System L.D.C

b=

a7+ Demarcation Weighting
LT =1 K .

w point (ax)
] K= 1 1102~2000 0.5618
[ LR

o1 A 2 2001~ 2348 0.2624
o1 4 K=3 \\E

° 3 2350~ 2850 0.1758
[ PR A R A S A

[
(a) System L.D.C by superpositijon
of each load population.

(b) Location of Demarcation point for each
load population.

Fig.3 The concept of L.D.C by M.O.C.A.

Table 2 The effects of the number of load category and demarcation point for the IEEE R.T.S system.

Case K Weighting factor Initial Engergy €7 ¥ max €7 Vmean €r¥s mean
@ 2 0.56, 0.44 4163695 —.01608 —.00543 00061
@ 0.82, 0.18 4163862 —.01418 —.00544 .00062
@ 3 0.34, 0.28, 0.38 4163696 —.01523 —.00543 .00061
@ 4 0.22, 0.24, 0.16, 0.38 4163698 —.01510 —.00543 .00061
® 0.56, 0.19, 0.13, 0.12 4163704 —.01667 —.00544 .00062
S
®* 3 0.56, 0.26, 0.18 4163709 —.01665 — . 00544 .00060

Booth-Baleriaux, Cumulant and M.O.N.A method.
Fig.3 shaws configulation of L.D.C about IEEE R.

T.S. The number of load population and demarta-

tion points are shown in Fig. 3(b)

As shown in Fig. 3(a), the system L.D.C by M.O.
C.A is represented by superposition of individual
load population with weighting .. Because the
individual load population is decided in a way
similiar to normal distribution, the L.D.C by M.O.
C.A. method is well approximated to the actual L.
DC.

In order to examine the validity of the proposed
procedure for the decision of number of load cate-
gory and demarcation points, we compare the
various indices-initial unserved energy, maximum
error (e¥#max), AVErage error (e7vmean) and square
average error(errs_meen) by changing the number
of load category and demarcation points. Table 2.
shows the results for the IEEE R.T.S, In table 2,

Mixture of Cumulants A pproximationoll )3t W& Alg@o)4dof Ha AT

case 1, 2, 3, 4 and 5 show the result of calculation
with the number of load population and demarca-
tion points on off-line basis. In the other hand, case
6 shows the result of the method proposed in this
paper.

In table 2, e7¥maxs €77means €77s—mean is defined
as Eq.(4.1), (4.2) and (4.3). )

erri=err{x:),i=12-1
err(x)=L{x)— L*x)

where,
I . The number of data point.
#(x) . Approximated value of L.D.C or EL.D.

C at the point of x.
£*(x) ; Benchmark value of L.D.C or E.L.D.C

at the point of x
eryme = {signerr,™*} &7 7 max (4.1}

where,
errmax=Max{Abs(err:); 1<i< [}
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Table 3 The effect of number of generator outage subset.

EESS,.,
30
B No. of | E.U.E | Normalized
20 ,M subset time
J
1(!- 2 885 1.0
4 3 + 768 1.3
- 10 4: O | 779 1.8
|
-2To PR 12 187 20 27 5% L 778 2.0

No. of unit

Table 4 The expected unserved energy and reliability index for the test systems.

METHOD INDICES IEEE R.T.S EPRI-D TEXAS Time ]
Booth EUE 831 742 39499 5.2
LOLP 0.002894 0.0000043 0.002099
Cumulant EUE 678 948 129243 1.0
LOLP (0.002361 0.0000140 0.005119
M.O.N A EUE 1035 6766 4567 1.2
LOLP 0.002607 0.0000012 0.002021
M.O.CA EUE 778 748 3597 1.3
LOLP 0.002884 0.0000038 0.002087
imax ; The value of the index 7 for which err; is EES%erf= (EES*— EES o0 )
maximum. JEESpoom * 100 4.4

1K erriterria

€¥ ¥ mean = 7 J_JI (4.21
{uniformly spaced grid case;
- Ll erriterr.? o
U??s—mf-un17 “~ "*47*2’""“ 4.3
=

{uniformly spaced grid case)

Table 2. makes it clear that values of indices in
the number of load population and demarcation
points determined on off-line basis and the result
of the proposed method do not reveal any
significant disparity between them. Consequently,
this fact testifies the validity of the proposed
algorithm which determines the number of load
population and demarcation points.

Table 3. illustrates the %
energy served (FES. 5 for each generator. %
We use the
expected energy of Booth Baleriaux method

error of expected

error is calculated as Eq, (4, 4),

(EES;o0: £y as a benchmark value.

8

In table 3, there is no significant difference in the
E.U.E values. The more number of subset, the
less % error of each units. But the computer
time increases linearly according to the number of
generator outage subset. The number of generator
outage subset is decided by the weighting factor of
the subset. The weighting factor is calculated by
the individual unit’s F.O.R value as Eq.(3.5). From
Table 3, we decided the number of generator
outage subset so that the weighting factor is less
than, or equal to, 107°(In this case, the number of
subset is 5}, Finally, we compare the expected
unserved energy, reliability index and computer
time. Table 4. shows the results,

In table 4, the point of reference is Booth-
Baleriaux method. When applied to different test
systems, the EUE and L.O.L.P values of M.\O.N.A

and Cumulant methods expose obvious inaccuracy
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compared with the values of Booth-Baleriaux
method. Meanwhile, the result of M.O.C.A method
corresponds to that of Booth-Baleriaux method. In
terms of computer time, M.O.C.A method is a little
bit slower than cumulant method, but it is four
times as fast as Booth-Baleriaux method. The
testing results fully demonstrates the M.O.C.A
method’s robustness and reliability. It’s performan-
ce is good both in pathological and well-behaved
systems.

5. Conclusion

This paper has described a newly developed
production costing simulation method by using the
mixture of cumulants approximation. The main
results are summarized as follows.

(1) In this study, mixtures of cumlant are used to
represent L.D.C and E.L.D.C; in order to do
that, the formulae for the moment of gener-
ator’s outage subset are derived. By applying
these formulae to the moment calculation of
generator outage subset, we can reduce
computational burden, Also, the algorithm
for the decision of number of load category
and demarcation points is proposed by using
least square approximation method.

We evaluate the proposed method by apply-

ing it to the various test systems. The test

results show that the M.O.C.A method is

considerablely reliable and stable both path-

ological and well-behaved system.

(3) M.O.C.A method is characterized by a combi-
nation of high accuracy and considerably
reduced computing time.

~
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