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Abstract

The hydrodynamic stability equations are formulated for buoyancy-induced flows adjacent to
a vertical, planar, isothermal surface in cold pure water. The resulting stability equartions, when
reduced to ordinary differential equation by a similarity transformation, constitute a two-point
boundary-value(eigenvalue) problem, which was numerically solved for various values of the
density extremum parameter R=(T»—~ Tw) / (To— Tw). These stability equations have been
solved using a computer code designed to accurately solve two-point boundary-value problems.
The present numerical study includes neutral stability results for the region of the flows corre-
sponding to 0.0 < R <0.15, where the outside buoyancy force reversals arise. The results show that
a small amount of outside buoyancy force reversal causes the critical Grashof number G* to
increase significantly. A further increase of the outside buoyancy force reversal causes the critical
Grashof number to decrease. But the dimensionless frequency parameter B* at G* is
systematically decreased. When the stability results of the present work are compared to the
experimental data, the numerical results agree in a qualitative way with the experimental data.
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Fig. 1 Density-temperature profiles for 1 atm and
salinities of 35%., 20%., and 0%., as calculat-
ed by density relation of Gebhart and Mollen-
dorf(ls)
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Fig. 4 Distributions of vertical velocity component £,
(») of the base flows. The arrow indicates
increasing R for R=¢.0, 0.05, 0.10,
0.11667 and 0.15

1.001
Bs
0.804
0.60-1

0404

0.20- 7~

0.00

=

; r 5
0 1 2 3 4 5 %
1

Fig. 5 Distributions of normalized temperature &,
(n) of the base flow. The arrow indicates
increasing R for R=0.0, 0.05, 0.10,
0.11667 and 0.15

[ itndn waszz g5 2932 23090
Aefe9, (Fig. 4o]4 Re) F7lol wE &= 734
3 57 Frhee Rl 44 BUASHA AL,
AR HAReE <9l R=0299) £ (73
o) AY Az Rol A% @ fi8 %ol A% AR
h) Hel UE d4 Re] 0414 0.18 F7Hel
w44 45 A¥e) #34 $A+ Table 1o
Ash ol AAFel A8 4 L& H(»=0F=
z g2 ek

E o9 (.1<R<0.15914+& Re] ZF7hl=
Wzgel UA 9p,=1.0~0.97 ZAH4 =&
Ad Wstsha ot AFAY FE —L(p)E
t}$ AR, (Table1 ¥ Fig. 4 #z) =22} El
-Henawy50e] 78 Fa4e 3387 EAse



Ae gl A

Table 1 The location of point of inflection 7-., and
its strength-£, (7».;) at various values of R

R e.1 = fs (gp.1)
0.0 1.163 0.02847
0.05 1.086 0.02575
0.10 1.004 0.02574
0.116667 0.982 0.02693
0.13333 0.967 0.02925
0.15 0.971 0.03441

odedql 0.1549<R<0.151800) 4 & 73 o=
el o dte] WFHolA 2 B ZEr AsA
o wa} &% FIIJAH FAY WFHo| A
€ 87t & AL e
AdFe 4= TX FA
B} R AEs) ole & WIS 2
Az Qlel, A Ay AL = A
B 9 HF3Ae] 9x9} +5H3t A
Ag BAE o1Fz Ak (F 4 S
@ Fz) AQdF AdME AARNF
o sy &5 EEXIAA tAA Y
2T & gon B =89 HHE (4,2

A oo,

rlo
ol
X

2.2 otHM WA
22140 AY AdAA o] S AL FE 59
2o oy 9 &5 PR vl£3 ot FHA
7l g3 Aol Aed FEHEE THE 4 9
o,
u(x,yt)=us(x,y) +i(x,v1),
vix, y, )=vs(x, ) + T (x, 3, 1),
P(x,y, t)=Po(x,9) + P(x, 9, 1),
T (x, yt)=To(x,y) + T (x, 3, t). (7
A (ML R R4, 2349 F5 A3
Navier-Stokes ¥} 23} oz WA Ao =3k
g Ve 5 BIRFoE AFERL (F, w
=us(¥), v6=0, Go=0:(y)), LAFES A3}
3 FEYHEH APy gAgAde] dA A 2
#]1} Qureshi®”, Higgins®? %-.& 9ty mald)
aAgozH FHFP A Fo]A4 (singularity) FA
7} of71E et aBlnE B Ayl Sol4

Hn 2 mlo

43¢5 JRFAs) Ao Fol B A 635

AE WA} Hdted 4 g LA A &
tom, XYL g o] HFdc)
Gebhart-Mollendorfe] = x 34 4] 09¢-
W L J|ERElA 4 ()9 Fen,

AF" FEHEgL dga 2o
g (0= p) =08gomar| To— Tol*[|0s— R+ )7
+IRI%]. (8)
99 Aol Gyol it Taylor series AN oh
;o] vl 4 gt
|6s—R+81°~16,—R|*=2,+0(8), (9)
714 §— ol 0(F) / § - 00},
=& A9l dvehd ¥3 ma A4 (buoyancy
disturbance coefficient) Z,& t}23} 7o] A2
o},

Zo= 3_(I%b_R_,_q|9b_R|(q-l) (10)

AY A FAE &oldA 257 A8 o
3 e g nzd 54 4, nd 2= 4,

z3 4y PE 714 ‘L"%

G=¢(y) "™ =g, T=—{,

=5 (y) e“""'"",

P=H (y)e" ", an
3}4 (wave number) v B4 4oln I FI4
(wave frequency) B+ Adolw ot-gxl o] A
o H

ap+za1——2—/]£+za1,
E=/§R=27ff,

o714 bar(7)& Adol gle *EE ez,
a, Bx x9 ol [F,
(") 1.

aFEe FALHI] A3 oG53 o] 54
Aol Dot S44= UE A3l

p=4%,  y=2C (12)
ool o8l FAURY TAFEL b3} 2o,
o= s =30

Ho =2, a=ap, p=£D,

(13)

718 52 1Yoz sHm, ENY U
DY xof Wi = #AE FA)eln, mate A
3 EEE W oA Ao 4 (9)~(13) &
At F2sted dojxl xUshE Ay Gt



636 3
A (&, Orr-Sommerfeld WA4) e g3 2
.

X-$5% A

Ui Cl¢—fig=—H+-2= 4"~ a¢
+7ZS), (14.a)
Y-£5% 4AA
g H 1
[f— C]¢——?+m[¢ ¢, (14.b)
S EEER
[fi-CIS— Gip=rpr [S'— S}, (140)

=L
4714 C=-

A XA Grashoff G x9 &Folnz x F,
G7t A =™ a, & TEoF ¥ 449 1R
(eigenvalue) E-olm, fo, Bo= 71¥ fEolM9
ol

FAEE AAZAL 27 2,

$(0)=¢"(0) =S(0) =¢'(c0) =S (o0)
=H (o0) =0, (15)

e FA (14.a)~ 140+ ZHE TAEA,
Aztel Ay 63 B4 Ae|E €bA 4] (complex
-valued, of
homogeneous differential equation) o]=] 7Alz=A
(15)0l 913 % A AAZ A (two-point boun-
dary-value problem) o] c},

sixth-order, linear system

< TR Uy

3.1 cizAlAHY (Simple Shooting Method)
2 odFoj A& Hiebert"¢e) wh&alA o] AlLsl
Ak, olw} L9 3g A3 (asymptotic solution) &
o33 o
(i) ®] A A}3) (inviscid solution)
d=e
Sl=0,
Hi=—(8e™%",
(il) exof £57 Ag=A g A
Po=e" "7,
S:=0,
H,=0. a7
(ifi) =33t £xdto] AgA HA 8 (viscous
coupled solution)

(16)

_ aZ —asm
$5=~ 120G Pr Pr=1 ¢

%

7
Sa=e—asﬂ,
Ha= =y ¢ 18)
o] 714
022=02—idCG,
at=d*—iaPrCG,
Z=—87r alRI*.

A A16)~(18) 2 77F Fatdlel ZAY =
& FEG SAolh o 45 0§ G
B4 (42)~(140F A¥shed By 273
% 7ol AYT 4 glenz, FH s

23" 1898 B¢, S, H) (i=1,2,3)% F
4

A 27 A (15)9 Fahe stAA p=ooc]
A mtEsiojol & ZAER BF ¥4 H2
3 A (16) ~ (18)oll 9 3le] HEFFch ey p=
00l A &= % ¥ (superposition principles) ol 2]+

F=cGi+c: B+ By

7t AA 2AEE UF:AE LHBE Tk
gk, A7A a=1+1iZ ¥3, 44 o T A
A7l 8 AA 241 4(0)=5S0)=0% A&
o Zzel nguE (e, SuH), 68 S,
H), Os(¢s, S Ho) e 27 diidsle A& o
23t 27|FEE AT F =0 =022
A e ¥xg 247 AE3 Fol gsizich ol
g4 3 45+ = GE AAzA 40)=0F
BEA) 7 LRF o BF Tkt A FH <
A A (neutral stability) o] @3t EAl= 2539
55 wE 022 3 A4 FAHAFA AA=AE
wEste A4E e frs FiIle TAlolth &
A% Grashoff G & ZAHAIL @ B
#HE AR F =04 FAY 402 Fhol &
A A |¢(0)]<107°¢ HFdebe Bldch
utof o] @&} AL WdEA|IFA FE dele A=
¢ e A Wiz A
ol £33 ap ST TIA
B E B9 TE nAAINZ G}
A-&3Hi e )
HRFANA oAt
3 %5 SAAF A $AAE
Aggebd A4l 17709 134 v Ry 74
517 H3led A Eslojof Fch T, 7

#5E A4 F FLTLFOSOH Po| B

=



A7HE Bol AAYE +4¢5 A

-splines] A+E& “éf-i ool AAsgichst
715 fEel AR A4Y Asz US T
A & qeE, -:-wr”—‘lEi% B.(¢i, Si H)(i=
1,2,3) % 77 HE4 12709 A 13 u]BulAg 4
€ APl Aok ol AR BAE HFE
9 3l o4 BOUNDS @ o] Runge-Kutta-Fehlberg
integration routine(MTH =2) $} Bulirsch-Stoer
rational extrapolation routinef(MTH =1)¢] A} &
H3, =¥ 71E §5¢ B-splinecz 23}
3ty COLSYS®7} o) &5igit),

3.2 Orthogonal Collocation &}t

WRHAAS AE ok U DEAAY
22 R Fobol web 7.9 Fol ErtseA 2
HAgez Adol Ae EAyAAY, mE H5T
Aetx 2713 HAEF-Ae 33 28} 17,4\_9_1 al
& ARG FHLAR qlsle Aale] ¥Rl
AR A 27)HAlelt A&k, o] F ¥
AREE H3lx, YA 5 4 AAzAd ZTAS
w3l #E 3l7] 93 orthogonal colloca-
tion Wt o] AlL =} 2 oFojiL orthogonal
collocation ¥}¥le] AF¥H Zxz COLSYSE o]&
Yok FoF AL 3 U= W4 Ro] 0=R<
0.1581 F& ddelA w¢ AHAWY AHgol A9
£ 7}53A=t  orthogonal collocation B o 2 &=

BAA Adtel Fbsdohe Aol

lﬂ.l['—‘

AA =4 4 (15) % AgH) 3j4Hz 2y
t\qi’
& (0) =1 (0) = 2 (0) = 1(0)
=Sk (0) =S; (0) =0,
Ba(70) = $1(9=) =Sk (vw) =57 ()
=Hp (7)) = H; () = (19)

ARH oz 4 (199 73‘741 AL "BHEA917) o

$o 2 729 (trivial solution) & s}3ln z=7)&
25t T4 Avigro] 0(1)e] Y& ofel
s ol AAZAL 2 £4T F AEAA Yl
Ao} ShAAAE B LS ol Fate] Ual
o AAzA |g(0)|+]41(0)|=02 107%0lst=4 ut
F3le 2% o BE T3

$2(0) =¢;(0) =Sk (0) =5, (0) =0,

o (7=) =K,
B1 (Fea) = Pr(710) = $1(7e0) = S (705) = S1 ()
= Hp (7=) = H; (1) =0 (20)

A71A4 K& W0°<K<107° Abe]o] Qo] o}y Zho

Z99 Aedeifol B P4 637
= BYch B Kgtel 97 29 nguee g
Fol UR AHA WA Hoz gotel BAS

efsted A zAeok Gk (ke Aol4

P (=) =08 FHE olFE 77} 7e0l HZE o |4
o] 277} [gelhct iAo ol$ 7] wEo)
o},)

A (20) A Pe(70)
9 10°<K<107' W99 e FHsld z
27§ 22 £ o [4971A S}(O)T‘:-
st gkl ]

Holl A dF8 F71A Sl (7. S(0)
7} Bag ez EF3tn (AsEnt deie) 2
H g Aol do} ohd AL AAINYY) W T
o As Wolxal, AL e TEu o] whHE o
= thE £old ubie] giv, Uxt ol Wy
E 249 EE 78 oF 275 A=A (F,
Fig. 9~ Flg 12x3]), of AzA= wHY +3%

=K Al S0 m 00] o}
S EE)
ZAe g

Agsted % A9 o] ohd 2ATE AAY 4
ek AE B, e pe 2AL A4S 4
Ak,

$(0)=¢:(0) =S (0) =S:(0) =

Sz(0) =K, Si(0) =K,

$r(9) = $1( ) = Sz (1) = S1 ()

=Hzp (7)) = H; (9.) =0. (21)

olg{d w e Ak TR e HIA=E A

HAdd4AY, & o A& i EE T A
Foll H8d 4 ek =3 4 QDX S0, S
(0) SHAA dr(9w), ¢1(pe) E HAF 4~ e},

Pl dEd $ER dolA sk dele A
A 27 (19)€ =EseAE 837 98 e
9 271¢ utF #o} ),

mm R 1(0) -4
0<p<oo ( &r( 1(71) =10

max. 10 -
02X J—ﬁj—uﬁ—[i <107, (22)

4714 Me nfAEe] FhgF Anigkolsh,

4 (2209 Fagel AT ¥ohde 4we @
W, 4 0% 2L P HE Tae o,
Fetod Al shh ARAA AAZA $2(0) = $1(0) =
£ TESEobE Belr) AW AFezA Loy
Aol 28 A% 3= COLSYSE A8 £
#9A TOLE 4A3ATL, o 2aqde Ae
solnz 74 37} TOLE H5dctn s4 w=
A g ek AARLE gioh A% 49 AAz



638 3 9 T

AL AT Qe AL F e niHEE +3} Table 2 Neutral stability results for various values of
o, o] m¥Ee 1004, EE 1/10080]dA 2 R at Pr=11.6 and ¢=1.834816
SuEel AL Aotk a2y A3 (normal-
ization) 5] x| 9& $XAFRezE FHA T R a Br G
A #r BgsA fEsdal wEEsst o
o}, o)z LAAL A} s 4 (22)7F A 0.3779 0.035 49.51
A A3 AR 3
&slof, dASA FEAHLE ”"";fm)}ﬁ"} 0.4445 0.040 46.34
2 = B -spline 2 2 AL
71w P 12513 0.5121 0.045 44.85
ot AR Y4 AF2 AEHAL, I 3T
Z23 A4 wAAe AE A4 A4s 37 0.05 0.5981 0.051 44.16
9)8] B-splinee 2 A&A*l, 0.7208 | 0.059 44.97
0.7852 0.063 46.02
al %
4. @% o 1% 0.8517 0.067 47.49
41 232 0.4798 0.0376 48.18
B o PoAe A4 =8E oW 349 0.5185 0.040 47.33
EXg Hd 9= #H4 Rol BHIFJ Zd oAM= 0.10 0.6034 0.045 46.55
(neutral Stablllty Curve) “] -r] % %‘ d 5 0.6924 0.050 46.90
1if; o} .2 3=
(contours of constant ampli 1catlon) g F 5} 0.7573 0.0535 18.00
3otE ulad ye H9e Ad U= HEF R
3,4_ °]7:ﬂ Grashof4 G#Q_]_B] BAS T l:-]] z 0.8268 0.057 49,57
He Tgozg i Ade F3 A A = 9 0.5005 0.037 48.31
Gry-Zout 2= odet, QA Grashofs G F 0.5354 0.039 47.70
A AR YFA SR FE GRHE F3H, 0.1167 0.5712 0.041 47.35
to] [] ﬂa}_o 7L A I > #o‘l O =
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+ B Z713k5uts 7HA s °
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& - =
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A A4 ez AT A 22)F WFA7 0.6992 | 0.0415 49.00
A A A = &=
€ 33 A4 A Axsel OSRSO'_IS'] e 0.7718 0.0444 51.00
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