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Abstract

In selecting the best project in multi-criteria decision making problems, the imperfect informa-

tion of consequence and the vague preference of the deicision maker(DM) would make the decision

analysis more complex together with the conflict of several criteria. In this context, a method

is proposed to deal the fuzzy information mentioned before instead of reducing it to a single

reprasentative value. And, based on the given imprecise information, projects are ranked comple-

tely or partially according to DM’s vague preference.

The procedure consists, for each pair of projects, of calculating the degree of supporting over

all criteria and the degree of opposing with respect to each criterion for their outranking relation.

Together with weights for each criterion, these indices produce fuzzy outranking relations for

each pair of projects. And a complete or partial ranking of projects is obtained according to outran-

king degrees considering the interdependence among projects.

1. Introduction

In multi-criteria decision problems, the existe-
nce of several criteria makes the search for the

best decision considerably difficult because of their

conflicts. Furthermore, the analysis is getting
more difficult in the case of known only imprecise
information ; the imprecise evaluations of projects
for each criterion. It should be noted that the deci-

sion maker(DM) may think two distinct values in-
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different. This means that certain difference bet-
ween two evaluations can be treated insignificant.
And difference between two evaluations on one cri-
terion can result his preference ignorance between
two projects, although one project has higher eva-
luations on the others criteria. These situations
should be reflected on analysis and determination
of the best project.

Many multi-criteria methods have been proposed
to analyze the problems where the evaluations of
actions for each criterion are imprecise. There are
many methods which adopt the fuzzy approach on
the contrary to the scarcity of the probabilistic app-
roach. In d’ Avignon and Vincke[1], the impreci-
sion of data is treated as the probabilistic. Other
methods can be found, which deal the imprecise
information using fuzzy membership function (2,
5, 6, 7, 11, 16]. These did not reflect on the
eventual in_comparability betWeen, projects which
is real 'phenomenon. That is, thelvague nature
of DM’ s preference could not have no regard. As
another side, approaches such as in [4, 11, 14]
take into account of the fuzzy nature of preference
by using the fuzzy outranking concept. But these
are lacking in full reflection of fuzzy evaluation :
rather using the representative of fuzzy evaluation.

A method extended in this paper is presented
which has the following features  first, the impre-
cise data, i.e. evaluations of projects for each cri-
terion, are handled in the form of their member-
ship functions in order to use as much as possible
information. Second, the DM’s preference with
respect to each criterion will be expressed by thre-
sholds which allow the difference of evaluations
to be significant or insignificant. Finally the inter-
dependence among projects is considered in orde-

ring the projects. This inter-dependence should

be considered as for the reason that the outranking
degree for each project is calculated based on the
outranking relation between the considered proje-
cts.

2. Description of the

Concerned Problem

Suppose that the DM has a multi-criteria decision
problem as follows : DM has to decide the best
project in a finite set of m projects, A={A,, Az,
A.} considering n criteria, C={C;, Cs -y Ca}.
For each criterion Ci, every project is assessed
over a scale E,. The interdependence among crite-
ria is assumed to be negligible.

In situations where only the imprecise informa-
tion is known, the assessment of every project with
respect to each criterion results in fuzzy evalua-
tion. Lex Xy be the fuzzy number which represent
the evaluation of project A; according to criterion
C.. In this work, the membership function of Xi
is assumed to have the form of (a.”'8, v8) where
a<p<Ly<8, as shown in Fig. 1. Representing Xu

in this way can facilitate expressing and dealing

u,(x)A

.

a B Y 5 rx

Fig- 1. The Membership Function of Evaluations.
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the imprecise information ; “approximately equal
to 77 may be represented as (6.7, 7.78) and
“nearly between 63 and 68" as (62,764, 67./70).

3. The Fuzzy Outranking Relation

As outranking preference structure is useful to
represent the real preference structure, it will be
used to express DM’s preference for values and
deal the imprecise information[13]. In Roy[14],
the fuzzy outranking was used to reflect the vague-
ness of DM’s preference, which is characterized
by a degree of outranking associating to a pair of
projects in closed interval {0, 1].

The criterion to appraise the outranking of A
by A: is a degree of credibility which is computed
from two conflicting indices . the supporting index
and the opposing index. The supporting and oppo-

sing index translate respectively the same concepts

as do the ‘concordance’ and ‘discordance’ index
of Roy[14]. The difference is the fact that while
his indices deal with punctual evaluations, this

work is concerned with the fuzzy evaluations.

3-1. The Supporting Index

Supporting index measures the belief toward the
proposition that one project outranks the other pro-
ject for a pair of projects. In order to do this,
firstly, for each criterion, a partial supporting in-
dex for this proposition should be derived based
on the fuzzy evaluations for these projects. By the
way, DM may think it insignificant or significant
for a certain difference of evaluations with respect
to a criterion. The maximum allowable difference
which is thought insignificant is called an indiffere-

nce threshold, and the minimum one which is con-

sidered significant is a preference threshold[15].
Since these thresholds can be determined due to
DM’s subjectivity concerning relevance for prefe-
rence of evaluations, these may have the fuzzy
nature. In this work, ‘these thresholds are assumed
to be the fuzzy number of which membership func-
tions are the form (a.”B, v/8) as described be-
fore, and not depend on values[15].

For the propositioin “A; outranks A;” with respect
to a criterion Cy, when the possibility of the differe-
nce between evaluations for A; and A; according
to Ci is greater than the preference threshold for
criterion Cy, s« one could assign a value of 1 to
this partial supporting index. On the other hand,
while this diffe.rence is smaller than the indiffere-
nce threshold for criterion Ci, q. the partial sup-
porting index should have a value of 0. Therefore
the partial supporting index can be defined, for

criterion Ci, as follows :

Us, (a, A,) = {P(X;R—X,yz_sk) +
P(Xik_vxﬂ(SQk)}/z (1)

where “P” denotes the possibility measure[9]. As
the fuzziness of Xi iricreases, the degree of partial
supporing for the propbsition “Ai outranks A’
would be non-decreasing to reflect the imperfection
of information about Xj.

The normalized weight for each criterion, which
stresses the relative importance of the correspon-
ding criterion can play the role of contribution of
each criterion to the belief for the given proposi-
tion. These weights can be obtained either directly
from the DM, or indirectly with the existing proce-
dures.

Combining all these partial supporting indices

with these weights, a supporting index for “A out-
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ranks A;”, denoted by ps(Ai, A), can be defined

as follows :
]Js(An Aj):Ekzlm Us, (Ais A,') T Wi

The basic notion in (2) represents that the more
weight sum of the criteria in proportion to the deg-
ree of partial supporting is, the greater the belief
of outranking of A; by A; is.

3-2. The Opposing Index

The distrust still may exist toward “A; outranks
A even though A; has a relatively higher degree
of supporting than that of A;. When the difference
between evaluations for these projects is too unfa-
vorable at least one criterion, these two projects
may be regarded as incomparable even though the
other criteria confirm the superiority of A; over
A;,. Therefore the difference between evaluations-
which is too significant must be incorporated into
deriving the dergree of outranking between projects
together with the supporting index in this study.
The significance of difference is taken into account
through the notion of veto threshold, Vi suggested
by Roy[13]. And since this threshold also has the
fuzzy nature, it is assumed to be fuzzy number
of the form(a/B, v/ 8.

If, for one or more criteria, opposing index to-
ward the proposition “A; outranks A; is high
enough, the belief towards this proposition is redu-
ced. The opposing index which may cause to re-

duce the belief is expressed as follows -

0 i X XalSe
— {iqk”i)—;:k):—:. . PR, ol
k(Ayv ')— - -~ o~ { X X,mS_V.
blhe W2 i G RS
L1 i Xa— >

where “A 7 denotes the representative for a fuzzy

number[8], which is obtained as :
X= { [xpx(x) dx} /{ [us(x) dx}

By combining the supporting and opposing index,
we can obtain the degree of credibility which re-
veals the degree of outranking between the pair
of each projects according to considered criteria.
We porpose the following formula for the degree
of credibility which is same concept as in ELECTRE
II method[14].

[0 if A=1
!
_ ) a=npslan A i 3 >us(An A)
helhe A4 an a)) hihe &
ps(Ai A if Aa<lus(Ai AD
.................................... (4)

where A=max up,(Ai» A). This results that when
the degree (:f opposing is negligible comparing with
that of supporting, the degree of credibility to the
given proposition is not reduced. And for the high
degree of opposing, the degree of belief is reduced
.n proportion to the degree of opposing. Further-
more, when the degree of opposing with respect
to a certain criterion is the value of 1, this criterion
plays the roles of a perfect opponent to the given

proposition.

4. Ordering the Projects

In the case of pclA;, A)<<uc(A, A), A can be
considered to be at least as good as A; to the degree
of pc(An. A)—ucfA, A) and incomparable to A
with the degree of uc(Ai. A). Thus the strength
of A; in outranking terms against all the other proje-
cts, i-e. the degree of outranking, is described

as:



F 168, F29, 1900, 12 AU A sLslel A RIQFAAE o8¢ iR gAY s 41

usCAD=1—max {0, pc(A, A)—uc(a, A)}

A

By the way, we should take into account the fact
that slight difference of the degree of outranking
has not to be treated significant, since some inac-

curacy may be incorporated into analyzing the fuzzy

information. Therefore, a classifiaction threshold
is incorpoarated into concluding to outranking.
Given a classification threshold A, A; outranks
A only when us(A) —us(A)>A 5 they are treated
as incomparable when | ps(A) —ps(A) | <. Let
Ry be the k™ ranked set which contains one or more

incomparable projects defined as follows .

Re={A | us* (R —ps(A) <A, for all AERY

where ps* (R) =max ps(A), and R*=UL, R,
a;€Rk
and R* is complement of R¥.

We should notice the strong interdependence
among projects while ranking projects as shown
in Eq. (5). This is due to the fact that the degree
of outranking for each project is computed based
on the degree of credibility comparing with the
others. Therefore the interdependence between
the one project and the others which are already
ranked must be ignored. Consider the following :
we are about to determine the k™ ranked projects,
where

us(A) =max {1~ max

AreRk Apdy

10, uclAn A —uclAn A

ps(A)=max {]—max _
AgeRh  AyeA, AeRE

{O, ch(Ak, Ag)’"}lc(Ah Ak)}}'

A; has the higher degree of outranking than that
of A in the case of considering the interdependence

among the already ranked projects, but A; does

when considering only interdependence among the
not-yet ranked projects. Suppose that at the begi-
ning we pay no regard the projects which already
have been ranked, then it is obvious that A; outrai-
nks A Therefore, A, must be ranked as the k"
project from viewpoint of interdependence. In the
process of ranking projects, we will take account
of the interdependence among not-yet ranked pro-
jects.

The iterative procedure of ranking is summari-
zed as follows.

Step 0 Let Ry=¢ and set k=1.

Step 1 Construct R¥ such that R*=U/Z R«

Step 2 If R*=¢, then stop with a partial or comp-

plete ordered set of projects.

Step 3 Calculate the strength of each project in

outranking terms against all projects in
R* using Eq. (5).

Step 4 Find the k" ranked project(s), R., using
Eq.(6). Set k=k+1 and go to step 1.

5. lllustrative Example

Consider the following multi-criteria project se-
lection problem : DM wants to select the best one
among six projects according to three criteria. We
have the DM’ s preference information to criteria
as shown in Table 1: Iindifference, preference,
veto threshold, and weights for each criterion.
He.” She thinks that the more is the better for eva-
luation with respect to each criterion. Evaluation
of each project according to criterion would be gi-
ven by DM as shown in Table 2.

By applying the proposed method, degreee of
credibility for each pair of projects is derived by
synthesizing the supporting and opposing index as
in Table 3. Let the classification threshold A=0.1
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Toble 1. Information to Each Criterion
Criterion Ci C. Cs
weight 0.4 0.5 0.1
qj (4/5, 5/5) (0/1, 1/1) (0.4/0.5, 0.5/0.5)
Sj (4/5, 5/5) (5/6, 6.5/7) (1/1, 1/2)
v; (25/30, 30/35) (50/55, 55/60) (4/5, 5/5)
Table 2. Evaluation of Each Project
C G Cs
Ay (75/80, 80/85) (88/380, 90/95) (4/5, 5/8)
Az (65/65, 65/70) (55/58, 58/60) (0/1, 1/2)
As (80/83, 83/86) (58/60, 60/60) (6/7, 8/9)
Ay (38740, 40/40) {75/78, 80/83’) (8/10, 10/10)
As (50/52/ 54/58) {(70/72, 72/75) (7/8, 8/9)
Asg (90/94, 94/100) (92/95, 85/100) (5/6, 6/6)
Table 3. The Degree of Crdibility for Each Altemative
Ay Az Aj Ay As Ag
IJC(A 1 - ) - 1.0000 0.9458 0.0000 0.8167 0.3381
Uc(Az, L) 0.0000 - 0.0000 0.0000 0.0000 0.0000
uc(Ag, L) 0.2494 1.0000 - 0.3576 0.5000 0.0298 .
uC(Au. .) 0.0000 0.0404 0.0000 - 0.6000 0.0000
uc(A Sy . ) 0.0019 0.6000 0.0001 0.7375 - 0.0000
UC(A 6 - ) 1.0000 1.0000 0.9750 0.4900 0.8250 -

which should be predetermined in ranking process.
In order to determine which project(s) is(are) ran-
ked first, the strength of each alternative in outra-
nking is calculated based on the degree of credibi-

lity against all the others :
us(A) =0.3381,

l-ls(Az) =0,
ps(Az) =0.0548,

us(A,) =0. 5100,
us(As) =0. 0750,
}.ls(Ae) =1.

Therefore the first ranked project is only Ag since
the degree of outranking for As is the value of 1
and the others are less than 0.9 (= ps(A) —M).
Next, it should be excluded the interdependence
between As and the others. Then, the degree of
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outranking for each project, i.e. R*={A;, A. A,
Ass Ast, is newly calculated from the degreen of
credibility :

us(AD =1,
us(As) =0,
us(As) =0.3035,
us(A,) =0.6424,

us(As) =0.0852,

It is worth noting that the degree of outranking
for A, is the greatest one excluding the interdepen-
dence between the already ordered project, i.e.
As, while considering this interrelation A, is. This
is due to the fact that A, is highly dependent on
As than A,. Since As is already ranked project,
the dependence against As should be ignored for
determining the next ranked project._ Therefore,
the second ranked project is A;. After repeating,
this procedure can result the projects ordering as

follows -
AG%A]{A\’!%AS%{AZ! Al

where ‘,{' denotes the outranking relation.

6. Conclusion

Inaccuracy in anticipated consequence of each
project would be caused by the weakness of infor-
mation acquisition. And since the DM’ s apprecia-
tions for the difference between evaluations are
somewhat vague, we should incorporate this fact
into analyzing process. Therefore, under multiple
criteria and fuzzy information. a desirable method
must not make a fetish of rigorous precision and
mathematical formalism, but rather allow for imp-
recision and partial truth.

In this study, multi-criteria analysis is carried

out with imprecise data and DM's vague prefere-

nce. The fuzzy set theory makes it possible to han-
dle the fuzzy distributive evaluations as a whole,
instead of some representative for the distribu-
tion 5 in which case a loss of information would
occur. Moreover, since the numerical appreciation
is somewhat imprecise, the use of thresholds
seems appropriate to avoid concluding too hastily
that an outranking relation exists. Ordering the
projects the outranking interdependence among

projects can be considered successfully.

References

[1] G.R. d’ Avignon and Ph. Vincke, “An Out-
ranking Method Under Uncertainty,”
Journal of Operational Research, 36, pp.311-321,
1988.

[2] S.M. Baas and H.K. Kwakernaak, “Rating
and Ranking of Multiple-Aspect Alternatives Using
Fuzzy Sets,” Automatica, 13, pp.47-58, 1977.

(3] G. Bortolan and R. Degani, “A Review of
Some Methods for Ranking Fuzzy Subsets,” Fuzzy
Sets and Systems, 15, pp.1-19, 1985.

{4] J.P. Brans, Ph. Vincke and B. Mareschal,
“How to Select and How to Rank Projects : the
PROMETHEE Method.” European Journal of Ope-
rational Research, 24, pp.228-238, 1986.

{5]1]J.]. Buckley, “The Multiple Judge, Multiple
Criteria Ranking Problem : A Fuzzy Set App-
roach,” Fuzzy Sets and Systems., 13, pp.25-37,
1984.

(6] J.]J. Buckley, “Ranking Alternatives Using

European

Fuzzy Numbers,” Fuzzy Sets and Systems, 15. pp.
21-31, 1985.

(7] J.J. Buckley, “Fuzzy Hierarchical Analy-
sis,” Fuzzy Sets and Systems. 17. pp.233-247,
1985.



44 =) - A3

EXTB2EE

£8] D. Dubois and H. Prade, Fuzzy Sets and
Systems - Theory of Applications. Academic Press,
New York, 1980.

[9] D. Dubois and H. Prade, “Ranking Fuzzy
Numbers in the Setting of Possibility Theory,” In-
formation Science, 30, pp.183-224, 1983.

[10] J. Karkazis, “Facilities Location in A Com-
petitive Environment : A Promethee Based Multi-
ple Criteria Analysis,” European Journal of Opera-
tonal Research, 42, pp.294-304, 1989.

[11] J.M. Martel and G.R. d’ Avignon, “A Fu-
Zzy Outranking Relation in Multi-Criteria Decision
Making," European Journal of Operational Resea-
rch, 25, pp.56-69, 1986.

{123 B. Roy. “How OQutranking Relation Helps
Multiple Criteria Decision Making,” in J. L. Coch-
rane and M. Zeley, Eds, Multiple Criteria Decision
Making, University of South Carolina Press, Colu-
mbia, 1973."

[131 B. Roy, “Partial Preference Analysis and
Decision-aid : The Fuzzy Outranking Relation Co-
ncept,” in D. Bell, R. Keeney and H. Raiffa,
Eds, Conflicting Objectives in Decisions, John Wiley

and Sons, New York, 1977.

[14] B. Roy, “ELECTRE IlI: Un Algorithm
de Classements Fonde Sur Representation Flous
des Preferences en Presence de Criteres Multip-
les,” Cahiers du Centre d’ Etude de Recherche Ope-
rationnelle, 20(1), pp.3-24, 1978.

[15] B. Roy and Ph. Vincke, “Relational Sys-
tems of Preference with One or More Pseudocrite-
ria . Some New Concepts and Results,” Manage-
ment Science, 30(11), pp.1323-1335, 1984.

[16] J. Siskos, J. Lochard, and }. Lombard,
“A Multicriteria Decision-making Methodology Un-
der Fuzziness : Application to the Evaluation of
Radiological Protection in Nuclear Power Plants,”
in H.J. Zimmermann, L.A. Zadeh, and B.R.
Gaines, Eds, Fuzzy Sets and Decision Analysis,
North-Holland, 1984.

[17]) L.A. Zadeh, “Fuzzy Sets,” Informations
and Control, pp.338-%353, 1965.

[18] L.A. Zadeh, “Fuzzy Sets as a Basis for
a Theory of Possibility,” Fuzzy Sefs and Systems
1, pp.3-28, 1978.





