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SEMI-CONTINUOUS AND SEMI-WEAKLY
CONTINUOUS FUNCTIONS

Charles Dorsett

1. Introduction

In 1937 regular open sets were introduced. Let (X,7') be a space and
let A,B,C C X. Then A is regular open, denoted by A € RO(X,T), iff
A = Int(A) [14]. In 1937 it was shown that RO(X, T') is a base for a topol-
ogy Ts on X coarser than T and (X, T,) was called the semiregularization
space of (X,T). In 1963 semi open sets and semi-continuous functions
were introduced. The subset A is semi open, denoted by A € SO(X,T),
iff AC Int(A) [8]. If (Y,S) is a space and f: (X,T) — (Y, S5) is a func-
tion, then f is semi-continuous iff for each V € S, f~1(V) € SO(X,T)
[8). In 1970 semi open sets were used to define semi closed sets, which
were used to define the semi closure of a set. The subset B is sem: closed
ifft X — B is semi open and the semt closure of C, denoted by sclC), is
the intersection of all semi closed sets containing C [1]. In 1978 the semi
closure operator was used to define feebly open sets. The subset A is
feebly open, denoted by A € FO(X,T), ff A C scl(Int(A))[10]. Fur-
ther investigations of feebly open sets have shown that FO(X,T) is a
topology on X and T' C FO(X,T) = FO(X,FO(X,T))[3], SO(X,T) =
SO(X,FO(X,T))4], FO(X,T), = T, [5], and RO(X,T) = {scl0]0 € T}
[6].

In 1961 weakly continuous functions were introduced. A function
[ (X,T) = (Y,S) is weakly continuous iff for each z € X and each
open set V containing f(z), there exists an open set U containing z such
that f(U) C V [9). Then in 1985 semi-weakly continuous functions were
introduced. A function f : (X,T) — (Y,S5) is semi-weakly continuous
iff for each # € X and each open set V containing f(z), there exists a
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semi open set U containing z such that f(U) C sclV [11]. In this paper
feebly open sets, semi—continuity, and semiregularization spaces are used
to further characterize semi-weakly continuous functions and the results
are used to further investigate semi-weakly continuous functions and to
extend known results for semi—weakly continuous functions.

2. New Characterizations

Theorem 2.1. Let f: (Y,S) — (X, T) be a function. Then the following
are equivalent:

a) f:(Y,S) = (X,T) is semi-weakly continuous,

) f (Y FO(Y,S)) — (X,T) is semi-weakly continuous,

) [ (Y, S) = (X, Ty) is semi-continuous,

) f (Y FO(Y,S)) — (X,Ts) is semi-continuous, and

(e) f:(Y,S) — (X,T) is semi-weakly continuous.

Proof. Since SO(Y,S) = SO(Y, FO(Y,S)), then clearly (a) and (b) are
equivalent and (c) and (d) are equivalent.

(a) implies (c): Let y € Y and let V' € T, such that f(y) € V. Since
RO(X,T) = {scl0|0 € T'} is a base for T}, then there exists 0 € T such
that f(y) € scl0 C V. Then f(y) € scl0 € Ts C T and there exists a
semi open set U such that y € U and f(U) C scl(scl0) = scl0 C V. Since
SO(Y,S) is closed under arbitrary unions [8], then f : (Y, S) — (X, T}) is

semi—continuous.

(

(b
(c
(d

Since every semi—continuous function is seml—weakly continuous [11],
then (c) implies (e).

(e) implies (a): Since f : (Y,S) — (X,T5) is semi-weakly continuous,
then by the argument above f : (Y,S) — (X, (Ts),) is semi-continuous
and since (Ty); = T, [2], then f : (Y,S) — (X,T,) is semi—continuous.
Let y € Y and let V € T such that f(y) € V. Then sclV € T, and there
exists U € SO(Y, S) such that y € U and f(U) C sclV.

Using the results above and the fact that for a space (X,T), Ts =
FO(X,T)s, gives the following additional characterizations of semi-weakly
continuous functions.

Corollary 2.1. Let f : (Y,S) — (X, T) be a function. Then the following
are equivalent:

(a) f:(Y,S) = (X,T) is semi-weakly continuous,

(b) f:(Y,S) — (X,FO(X,T)) is semi-weakly continuous,

(c) f:(Y,FO(Y,S)) — (X,FO(X,T)) is semi-weakly continuous, and
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(d) f:(Y,FO(Y,S)) — (X,T,) is semi—weakly continuous.

3. New Properties and Extensions of Known Prop-
erties

Theorem 3.1. Let f: (Y,S) — (X,T) be semi-weakly continuous and let
Ue€S. Then fJU : (U, Sy) — (X, T) is semi-weakly continuous.

Proof. Since f : (Y,S) — (X,T,) is semi—continuous and U € S, then
by Theorem 3 in [12], f/U : (U,Su) — (X, Ts) is semi—continuous, which
implies f/U : (U, Sy) — (z,T) is semi-weakly continuous.

Theorem 3.2. Let f: (Y,S) — (X,T) be a function and let {A,|a € A}
be a cover of Y by semi open sets such that A, : (Aay Saa) — (X, T)
is semi-weakly continuous for each o € A. Then f : (Y,S) — (X,T) is
semi-weakly continuous.

The proof is straightforward using results above and Theorem 4 in [12]
and 1s omitted.

Theorem 3.3. For each a € A let (Y,,Sq) and (X4, T,) be spaces and
let fo : Y, — X, be function, let Y = Il eaY,, let S denote the usual
product topology on Y, let X = Il,eaX,, and let T denote the usual
product topology on X. Then the function f: (Y,S) — (X,T) defined by
F(Ya)aca) = (fa(Ya))aca) is semi-weakly continuous iff fo : (Y, Sa) —
(Xa, T,) is semi-weakly continuous for each a € A.
Proof. Let W denote the product topology on X determined by {(X,, (T, )s|a €
A}. Then T, = WIT].

Suppose fq i (Ya,Sa) = (Xa,Ta) is semi-weakly continuous for each
a € A. Then f, : (Ya,54) = (X4, (Ts)s) is semi—continuous for each
a € A and by Theorem 5 in [12], f: (Y, S) — (X, W) = (X, T;) is semi—-
continuous which implies f : (Y,S) — (X, T) is semi-weakly continuous

The proof of the converse statement is straightforward using Theorem
5 in [12] and results above and is omitted.

Theorem 3.4. For each a € A let (X,,T,) be a space, let X, T, and W
be as in the statement and proof of Theorem 3.3, let (Y, S) be a space, let
f:(Y,S) = (X,T) be semi-weakly continuous, and let pg : X — Xp be
the projection function for each B € A. Then pgo f: (Y,S) — (X, T}p)
is semi-weakly continuous for each 3 € A.

Proof. Let B € A. Since f: (Y,S) — (X, T;) = (X, W) is semi—continuous
and Pg : (X, W) — (X3,(T3)s) is the projection function, then by The-
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orem 6 in [12], pgo f : (Y,S) — (Xp,(Tp)s) is semi-continuous, which
implies pso f : (Y, S) — (Xp,Tp) is semi—weakly continuous.

Example 11 in [8], which was used to show that the composition of
two semi—continuous functions need not be semi—continuous, also shows
that the composition of two semi-weakly continuous functions need not
be semi-weakly continuous.

Theorem 3.5. Let (X,,T,) be a space for each a € A, let X, T, and
W be as in the statement and proof of Theorem 3.3, let B C A, and let
P denote the usual product topology on X determined by {(X,,T,)|a €

A—B}U{(X.,(Ts)s)|a € B}. Then P, =T, and SO(X, P) C SO(X,T).

Proof. Since P; is the usual product topology on X determined by {(X,
(Tl € A= B} U{(Xa, (T),)s)le € B} and (T.), = (Ta),), for
each a € B, then P; is the usual product topology on X determined by
{(Xa,(Ta)s)|a € A}, which implies P, = W = T,. Let O € SO(X, P).
Since P C T, then Int,(O) C Intr(O) and since Int,(O) € P, then
Int,(0), = Int,(0),,[2] = Int,(O)r, C Inty(O)r, = Intr(O)r. Since
O € SO(X,P), then O C Int,(0), C Inty(O)r, which implies O €
SO(X,T).

Theorem 3.6. Let (X;,T;) be a space for each i € A = {1,2}, let X and
T be as in the statement of Theorem 8.3, let f : X1 — X3 be a function,
and let g : X1 — X, defined by g(z) = (z, f(z)) for each z € X, denote
the graph function of f. Then f : (X1,Ty) — (X32,T,) is semi-weakly
continuous iff g : (Xy,Ty) — (X, T) is semi-weakly continuous.

Proof. Suppose f : (X;,T1) — (X32,T3) is semi-weakly continuous. Let P
be the usual product topology on X determined by {(X;,7}), (X2, (72)s)}-
Since f: (Xy,T1) — (X2, (T2)s) is semi—continuous, then ¢ : (X3,71) —
(X, P) is semi—continuous [13], which implies ¢ : (X1,71) — (X, Ps) =
(X, Ty) is semi-continuous and ¢ : (X;,71) — (X,T) is semi-weakly con-
tinuous. The converse statement is Theorem 2 in [11].

Let Y and X be sets and let f : ¥ — X be a function. Then
{(y, f(y))|ly € Y} is called the graph of f and is denoted by G(f).

Theorem 3.7. Let (X;,T;) be a space for each i € {1,2}, where (X5, T5)
is Hausdorff, let X and P be as in lhe statement and proof of Theorem
3.6, and let f : (X1,T1) — (X2, T3) be semi—weakly continuous. Then
G(f) is semi closed in (X, P).
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Proof. Since f : (X;,T1) — (X3,T5) is semi—weakly continuous, then
the graph function ¢ : (X;,T}) — (X,T}) is semi—continuous and since
(X, Ty) is Hausdorff, then (X5, (Ty),) is Hausdorff [2], which implies G(f)
is semi closed in (X, P) [13].

Combining the results above gives the next result, which was given as
a theorem in [11].

Corollary 3.1. Let (X;,T;) be a space for each i € {1,2}, where (X3, T5)
is Hausdorff, let X and T be as in the statement of Theorem 3.6, and let
[ (X1, Th) — (X3, T3) be semi-weakly continuous. Then G(f) is semi
closed in (X,T).

A space (X, T) is S—connected iff X can not be written as a union of
two nonempty disjoint semi open sets [15].

Combining Theorem 6 in [11] with results above give the next result.

Corollary 3.2. Let (X;,T;) be a space for each i € {1,2}, where (X1,T1)
is S-connected, let X and P be as in Theorem 3.7, and let f : (X1,T}) —
(X,,Ty) be semi-weakly continuous such that G(f) is closed in (X, P).
Then f is constant.

The following example shows that the statement “G(f) is closed in
(X, P)" in Corollary 3.2 cannot be replaced by the statement “G(f) is
closed in (X,T')”, where T is the usual product topology determined by

{(XlaTl)v (X2’T2)}'

Example 3.1. Let N denote the positive integers, let E denote the even
positive integers, let 0 denote the odd positive integers, let A denote the
negative integers, let X; = NU A, let X, = AU {0,1,2}, and let

z ifze A
f: Xy — X, defined by f(z) =< 1 ifzeO .
2 ifzekl

Then T} = {0} U {B C X;|A — B is finite } is a topology on X; and
{0 U {p}|p € X3} is a base for a topology Ty on X,. Then {\;,T}) is
S—connected, f : (Xy,T1) — (X3, T3) is semi-weakly continuous, G(f) is
closed in the usual product space determined by {(X;,7}), (X2, T%)}, and
f is not constant.
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