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1. Introduction 

In 1937 regular open sets were introduced. Let (X, T) be a space and 
let A , B , C C X. Then A is regular‘ open, denoted by A E RO(X, T) , iff 
A = Int(A) [14]. In 1937 it was shown that RO(X, T) is a base for a topol­
ogy Ts on X coarser than T and (X , Ts) was called the semiregularization 
space of (X , T) . In 1963 semi open sets and semi-continuous functions 
were introduced. The subset A is semi open, denoted by A E 50(X, T) , 
iff A C Int(A) [8]. If (Y, 5) is a space and 1 : (X , T) • (Y, 5) is a func­
tion , then 1 is semi-continuous iff for each V E 5 , 1-1 (V) E 50(X, T) 
[8]. In 1970 semi open sets were used to define semi closed sets, which 
were used to define the semi closure of a set. The subset B is semi closed 
iff X - B is semi open and the semi closμre of C, denoted by sclC , is 
the intersection of all semi closed sets containing C [1]. In 1978 the semi 
closure operator was used to define feebly open sets. The subset A is 
feebly opeη， denoted by A E FO(X, T) , iff A C scl(Int(A))[10]. Fur­
ther investigations of feebly open sets have shown that FO(X , T) Ís a 
topology on X and T C FO(X , T) = FO(X , FO(X, T))[3 ], 50(X, T) = 

50(X, FO(X , T))[4 ], FO(X , T)s = Ts [5], and RO(X, T) = {sclOIO E T} 
[6]. 

In 1961 weakly continuous functions were introduced. A function 
f : (X ,T) • (Y,5) is weakly continuous iff for each x E X and each 
open set V containing 1 (x) , there exists an open set U containing x such 
that f(U) c V [9] . Then in 1985 semi-weakly continuous functions were 
introduced. A function f : (X , T) • (Y,5) is semi-weakly coηtinμous 
iff for each x E X and each open set V containing f (x) , there exists a 

Received March 12 , 1987 

95 



96 Charles Dorsett 

semi open set U containing x such that f(U) c sclV [11]. In this paper 
feebly open sets, semi-continuity, and semiregularization spaces are used 
to further characterize semi-weakly continuous functions and the resu1ts 
are used to further investigate semi- weakly continuous functions and to 
extend known results for semi- weakly continuous functions. 

2. New Characterizations 

Theorem 2.1. Let f : (Y, S) • (X , T) be a function. Theη the follo따ng 

are equivalent: 
(a) f : (Y,S) • (X , T) is semi-weaklν contiημoμs) 

(b) f: (Y, FO(Y, S)) • (X , T) is semi-weakly coηtinμoμs) 

(c)f:(Y,S) • (X, Ts) is semi- continuoμs) 

(d) f: (Y,FO(Y,S)) • (X , Ts) is semi-continuoμs) and 
(e) f: (Y,S) • (X, Ts) is serηm따l 

Proof Since SO(Y,S) = SO(Y,FO(Y,S)) , then clearly (a) and (b) are 
equivalent and (c) and (d) are equivalent. 

(a) implies (c): Let y E Y and let V E Ts such that f(ν) E V. Since 
RO(X, T) = {sclOIO ε T} is a base for Ts, then there exists 0 E T such 
that f(ν) E sclO C V. Then f (y) E sclO E Ts c T and there exists a 
semi open set U such that ν E U and f(U) c scl(sclO) = sclO c V. Since 
SO(Y, S) is closed under arbitrary unions [8], then f : (Y, S) • (X , Ts) is 
semi- continuous. 

Since every semi-continuous function is semi- weakly continuous [11 ], 
then (c) implies (e). 

(e) implies (a): Since f : (Y, S) • (X, Ts ) is semi- weakly continuous, 
then by the argument above f : (Y, S) • (X, (Ts) s) is semi-continuous 
and since (Ts)s = Ts [2], then f : (Y, S) • (X, Ts) is semi- continuous. 
Let y E Y and let V E T such that f(ν) E V . Then sclV E Ts and there 
exists U E SO(Y, S) such that y E U and f(U) c sclV. 

Using the results above and the fact that for a space (X, T) , Ts 

FO(X , T)s , gives the following additional characterizations of semi-weakly 
continuous functions. 

Corollary 2.1. Let f : (Y, S) • (X , T) be a function. Then the followiηg 
are equivalent: 

(a) f: (Y,S) • (X， Tη) i싫s serηm따l 

(b비) f: (Y, S외) • (X， FO이(X， T)) i때s sem따l 
(c이) f : (Y, FO(Y, S)) • (X , FO(X, T)) is ser따 
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(d) f: (Y,FO(Y,S)) • (X , Ts) is semi-weakly continuous. 

3. N ew Properties and Extensions of Known Prop­
erties 

Theorem 3.1. Let f :끼(Y，’ S외) • (X， Tη) be semi-weakly conti때ous and let 
U E S. Then fjU: (U,Su) • (X , T) is sem따l 

Proof Since f : (Y,’ S되) • (X , Ts) is semi- continuous and U E S , then 
by Theorem 3 in [12], fjU: (U,Su) • (X , Ts) is semi- continuous, which 
implies f jU : (U, Su) • (x , T) is serru-weakly continuous. 

Theorem 3.2 . Let f : (Y, S) • (X, T) be a funciion and let {Aal o: E A} 
be a cover of Y bν semi open sets such that fjA a : (Aa,5Aa ) • (X ’ T) ) 
i때‘，s serηm따l 

S않emi-weak샘lν coηtinuous. 

The proof is straightforward using results above and Theorem 4 in [12] 
and is omitted. 

Theorem 3.3. For each 0: E A let (κ ， 5a ) aπd (Xa ,Ta) be spaces and 
let f a : κ • X a be fu nciioπ ， let Y II O'EAκ ， let 5 denote the μsual 
p1'Oduci topologν on Y , let X IIaEAXO', and let T denot e the usual 
p1'oduci topology on X. Then lhe funciion f : (Y, 5) • (X , T) de，껴ned by 
f((νO' LEA) = (fO' (Ya)) O' EA) is semi-weakly cor따nuous i.fJ f a : (Ya, 50') • 
(Xa ,TO') is serηm따l 

P1'O‘η'oof Let W denote the product topology on X determined by {(XO" (끄 )s l o: E 

A}. Then Ts = W[7] 
Suppose fa : (κ ， 50') • (Xa, TO') is serru- weakly continuous for each 

0: E A. Then fa : (κ ， 5a ) • (Xa, (Ta)s) is semi- continuous for each 
0: E A and by Theorem 5 in [12] , f : (Y, S) • (X, W) = (X, Ts ) is serru­
continuous which implies f : (Y, 5) • (X, T) is semi- weakly continuous 

The proof of the converse statement is straightforward using Theorem 
5 in [12] and results above and is omitted 

Theorem 3 .4 . For each 0: E A let (XO" TO') be a space, let X , T , and W 
be as in the statement and proof of Theorem 3.3, let (Y,5) be a space, let 
f : (Y, S) • (X ’ T) be sem따l 
the projeciion funciion for each 더 ε A. Th en pβ o f : (Y,5) • (Xβ ， Tß) 

is semi-weakly continuous for each ß E A. 

P1'00f Let 더 E A. Since f : (Y, 5) • (X, Ts ) = (X , W) is semi-continuous 
and p，β : (X,W) • (Xβ ， (매 )s) is the projection function , then by The-
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orem 6 in [12], pβ 。 f : (Y, S) • (Xβ ， (Tß)s) is semi-continuous, which 
implies pβ o f : (Y, S) • (Xß, Tß) is semi-weakly continuous . 

Example 11 in [8], which was used to show that the composition of 
two semi-continuous functions need not be semi-continuous, also shows 
that the composition of two semi-weakly continuous funct ions need not 
be semi-weakly continuous. 

Theorem 3.5 . Let (Xa, Ta) be a space for each a E A) let X , T) and 
W be as in the statement and proof of Theor、em 3.3) let B C A) and let 
P deπote the 때lal product topology 0η X determined bν {(Xa, Ta)la E 

A-B}U{(Xa ,(Ta)s)la E B}. Then PS = Ts and SO(X ,P) C SO(X ,T) . 

Proof Since PS is the usual product topology on X determined by {(Xa 
(Ta)s)la E A - B} U {(Xa, ((Ta)s)s)la E B} and (Ta)s = ((Ta)s)s for 
each a E B , then PS is the usual product topology on X determined by 
{(Xa, (Ta)s) la E A} , which implies PS = W = Ts. Let 0 E SO(X, P). 
Since P C T , then 1ntp( 0) C 1ηtT (0 ) and since Intp(O) E P , then 
Intp( O )p = Intp(0 )pJ2] = 1꾀랴낀T. C 1ntT( O )y'. = IntT( O )y. Since 
o E SO(X , P ), then 0 C Intp(O) p C IntT (O )y, which implies 0 E 

S O(X ,T). 

Theorem 3.6. Let (Xi , Ti ) be a space for each i E A = {1 , 2} ) let X and 
T be as iη the statement of Th eorem 3.3) let f : X 1 • X 2 be a fu nction) 
and let g : X1 • X ) de，껴η ed bν g(x) = (x ,J(x) ) fo r each x E X lJ denote 
the graph function of f. The때7η~ f : (Xll l되ì) • (X2 ,’ T과2) is serηm따l 

conη-dinuo따 i.ff g : (Xll T1 ) • (X ’ Tη)μzs sem따l 
Proof Suppose f : (X1 ,’ 1되ì) • (X2μ’ T2 ) is semi- weakly cont inu()Us. Let P 
be the usual product topology on X determined by {(X1, 되) ， (X 2 , (T2 )s)} ' 
Since f : (XI, Td • (X2 , (T2 )s) is semi-continuous, then g : (XI, T1 ) • 
(X , P) is semi- continuous [13], which implies g (X1 , 되 ) • (X , Ps) = 
(X , Ts) is semi- continuous and g : (X] , T1 ) • (X , T ) is semi- weakly con­
t inuous . T he converse statement is Theorem 2 in [11] 

Let Y and X be sets and let f Y • X be a function. Then 
{(ν ， f(y))ly E Y } is cailed t he graph of f and is denoted by G(J ). 

Theorem 3.7. Let (X i , 인) be a space for each i E {1 , 2} ) where (X2 , T2 ) 

is Hausdor./J, let X and P be as iη the statement and proof of Th eorem 
3.6) and let f : (X1 , 피 ) • (X2 , 좌 ) be semi-weaklν continuous. Then 
G(J) is semi closed in (X , P) . 
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Proof. Since f (XI， 되) • (X2, T2 ) is semi-weakly continuous, then 
the graph fun ction 9 (X1, T1 ) • (X, Ts ) is semÌ- continuous and since 
(X2, T2 ) is Hausdorff, then (X2 , (T2 )s) is Hausdorff [2], which implies G(J) 
is semi closed in (X, P) [13] 

Combining the results above gives the next result, which was given as 
a theorem in [11] 

CorQllary 3.1. Let (X; , 민) be a space loT each i E {1 ,2} , wheTe (X2 , T2 ) 

is HausdoTjJ, let X and T be as in the statement 01 TheOTem 3.6, and let 
1 : (X1 , 되 ) • (X2, T2 ) be s e mi-weaklν COη tiημoμs. Theη G(J) is semi 
closed in (X , T) 

A space (X , T ) is S-connected iff X can not be written as a union of 
two nonempty disjoint semÌ open sets [15]. 

Combining Theorem 6 in [11] with results above give the next result . 

Corollary 3 .2. Let (Xi ， 인) be a space loT each i E {1 , 2}, wheTe (X1 ， 되) 
is 5 -connected, let X and P be as iη TheOTem 3.7, and let 1 : (X1 , 긴 ) • 
(X2 , T2 ) be semi-weaklν continuo따 such that G(J) is closed in (X , P). 
Then 1 is constant ‘ 

The following example shows that the statement “G(J) is closed in 
(X ,P) ‘. in Corollary 3.2 cannot be replaced by the statement “G(J) is 
closed in (X , T)" , where T is the usual product topology determined by 
{(X1, 되) ， (X2 , T2 )}. 

Example 3. 1. Let N denote the positive integers, let E denote the even 
positive integers , let 0 denote the odd positive integers, let A denote the 
negative integers, let X 1 = N U A, let X 2 = A U {O, 1, 2} , and let 

r x if x E A 
1: X 1 • X 2 definedbyf(x) ={ 1 ifxEO. 

I 2 if x E E 

Then 되 {Ø} U {B c X 1 1A - B is finite } is a topology on X 1 and 
{O U {p} Ip E X 2 } is a base for a topology T2 on X 2 . Then (X1 ， 되) is 
S-connected , 1 : (X1 ， 파) • (X2 , T2 ) is semi- weakly continuous, G(J) is 
closed in the usual product space determined by {( X 1 , 긴 )， (X2 , T2 )} , and 
1 is not constant. 
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