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ON GENERALIZED FLOQUET THEORY 

A. A. S. Zaghrout 

1. Introd uction 

One basic theory for the linear periodic system 

x = A(t)x , -∞ <t< ∞， 끼
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is, of course, that of Floquet’s which says that the solution of the system 
(1.1) with A(t + ω) = A(t) in the form of the fundamental matrix φ (t ) 
can be expressed as 

φ (t) = p(t) exp(tR) , p(t + ω) = p(t ) 

and R is a constant matrix 

VVe sha11 use the following definition introduced in [1] . 

Definition 1. If f denote a function on some interval 1 into itself it 
will be convenient to denote by f [n1, for every non- negative integer n , the 
functions defined inductively by f[Ol(t) = t and f[n1(t ) = f (J[n-11(t )) for 
n > 0 and t E 1. 

Definition 2. If f denotes a function on 1 into itself then any function 
(or matrix function) P is f - periodic in 1 if P (J (t)) = P(t) for all t in 1. 

Definition 3. The system (1.1) is a Generalized Floquet system with 
respect to f (01" GFS- f) if f is an absolutely continuous function on (0:, ∞) ， 
Q 즈 -∞ ， such that 

j' (t)A (J (t)) = A(t) , (1.2) 

for‘ almost all t > 0: and 
f(t) > t , 씨
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for all t > 0: 

Clearly the case A periodic with period ω is given by (1.2) with f(t) = 

t+ ω. In what follows it wiU be assumed without 10ss of generality that 
0: is negative. 

2. Main Results 

Let X be the principal matrix solution of a G FS- f (1.1). It is a well 
known result of a generalized Floquet theory ([1 ], page 189) that (1. 2) 
imp1ies 

X (f[n1(t)) = X(t)Vn (2.1 ) 

for every t E 1, V is a constant nonsingu1ar matrix, V = X (f (O)) , and if 
tn = f[n1(o) then V = X(td , t1, tn E 1. 

Theorem 2. 1. Assμme that the system (1 .1) is GFS-f and the following 
conditions are satisfied; 

(i) There exists a matrix B which is given a. e. (almost everywhere) on 
an inteπJal 1 by 

φ;φr1 + f;φ iA(f;)화1 = B , i = 1,2, (2.2) 

where φ1 and φ2 are πonsingular‘ matricesJ f1 and f2 are real- valued fiμnc­
tions on the interval 1 into (0:, ∞) J the entries of φi and the funclioπS fi 
being absolutely continuous on 1 and the prime denote derivatit,cs. 

(ii) There exists points t1 aηd t2 in 1 such that 

fi(t i) = f[mi1( fJ (ti)) ' i = 1,2, i =1= j (2.3) 

where m1 = 0 aηdm2 = 土1 J aηd 

φi(t i ) = Cφ2(ti ) ， i = 1,2 (2 .4) 

where c is a scalar coηstaηt. 

Then every solution of (1.1) is f-periodic on (0:, ∞). 

Corollary 2.1. 1f the system (1.1) is a GFS- f aπd th eTe exist absolμtely 
continuous functions !I and f 2 0π some interval 1 into (0:, ∞)，0: 즈 -∞ 
s'U ch that 

f; A(fd = f~A(f2) a.e. in 1 (2.2)* 

aη4 텐 theïe exist poiηts t1 and t2 iη 1 at ψhich (2.3) holds t뻐he r:η~ ev’eT 
so이l뻐jψtion of (μμ1.1) i껍s f -perπ~o뼈dic on (φ0:， ∞) . . 
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Proo! The result follows by taking φ φ2 = U (the unit matrix) 

Proof of T h eorem 2.1 
Let yi = φiX (λ) ， i = 1,2 where X is a fundamental matrix solution of 

(1.1) as in [6J , Yl and Y2 are nonsingular since φi and X are nonsingular, 
so that yi and Y2 are fundamental solution matrices of 

y' = B(t)y 

Consider’ 

κ (ti) = φ‘ (ti)X(λ (t;) ) 
φi( ti)X j[m i1 (fJ( ti))) 

by using (2.3). Hence by using (2.1) we have 

κ (t i ) = φi(t i )φj 1 (t i )ζ (ti)Vmi ， 

so that for ml = 0 we have 

Y1(tJ) = φ1 (h)φ감 (t1 )Y2 (t 1 ). 

Thus by using (2 .4) we have 

Similary 

Yi (t 1) = cφ2(t 1 ) φ감 (t 1 )Y2 (t 1 ) 

CY2 (t 1 ). 

Y2(t Z) = φ2( t 2 )φ ~1(t2)Yl(t2)vm2 

Hence by using (2 .4) we have 

Y2(t2) = (1/c) Yi (t2)Vm2 . 

(2.5) 

We note that the piecewise continuity of A and absolute continuity of φ1 
and λ are sufficient conditions for the uniqueness of solutions of (2.5) , and 
hence 

yi = cY2 and y2 = (1 / c)Y1 V m2 everywhere in 1. 

Thus Y2 = Y2 V m2 and V m2 = U since Y2 is nonsingular and since mz = 土 1 ，

then V = U and by using (2.1) it follows that 

X (J[n1(t)) = X(t) 
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for every t > a , and integer n. This completes the proof. 

Theorem 2.2. Assume that there exists a continuous or piecewise con­
tinuous matrix B such that the following conditμons are satisfied: 

(j) A is given a. e. on two intervals J1 and J2J 

(λ C (a ， ∞)， a> -∞， i = 1,2) by 

ψ;ψ-1 + g;ψ iB(gi) ψ[1 = A, i = 1, 2, (2.6) 

where ψ1 and W2 are non-singular matricesJ g1 and g2 are rea/-valu ed 
functions on J1 and J2 respectivelYJ the intries OfWi and gi being absolμtely 
continuous on Ji . 

(ji) There is a point Ti in ι such that f[nd(η) ε Jj 

gi(Ti) = gj (j [n;](Ti)) , i = 1,2,i =1= j (2.7) 

where n1 = 0 aηd n2 = 士1 ;

ψ 1 (j[n‘ l(π)) = kψ2 ( Ti ) , i = 1, 2 (2.8) 

where k is a scalar、 constant. 
If the system (1. 1) is GFS-f then every solution of it is f-periodic on 

(a ， ∞) . 

The case W1 = ψ2 = U (the unit matrix) may be stated as the following 
corollary: 

Corollary 2.2 . If the system (1.1) is GFS-f and there is a pieceψzse 

continuous matrix B and absolμtely continuous funct ions g1 and 'g2 on 
intervals J1 and J2 respectivelν where Ji C (a , ∞)， a> -∞ ， i=1 ， 2 ， sμch 
that 

g;B(gd = A , a.e. η ι ， i = 1, 2 

and 텐 (2. η holds at points Ti in J jJ then eve때 so/μtion of (1 .1) is f ­
periodic 0η (a , ∞) . 
Proof of t야heorem 2.2. Let Y be a fundemental solution matrix of (2.5) 
and let X i WiY(gi) , then as in the proof of theorem 2.1 , one finds 
that X 1 and X 2 are fundamental solution matrices of (1.1) on J1 and J2 

respectively. Consider 

Xi (π)= ψi( Ti)Y(α(η)) 
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Then by using (2.7) we have 

Xi (π) = ψi( Ti) Y(gi (J [ni1 ( Ti))) 
= ψi(η)ψj1 (J[n‘ l( T;) )Xj (J [nt} ( π)) 

Hence by using (2.1) it follows that 

so tha't 

Xi (η) = ψi( Ti)한1 (J[n ;J (π ))Xj (π )Vni ， 

X 1(Td = ψl(Td띤1(TdX2(Td for η1 = 0 

= kψ2( T1)ψ감 (π )X2 (η ) 

= kX2 (T1) , 

by using (2.8). Also , we have 

X2 (乃) = ψ2 (T2)한1 (J [n2 ] (乃 ))X1 (T2)V n2 

= (1 jk)ψ 1 (J [n2] (T2)ψ간(J[n21 (乃))X1 (T2)Vn2

= (1jk)X1 (乃)Vn2 ，

25 

by using (2.8) . Thus as in the proof of theorem 2.1 , V = U, and X is 
f - periodic on (0:, ∞). This completes the proof. 

R emark 1. In the case that either f1 and h or gl and g2 are monotonic, 
Theorems 2.1 and 2.2 are statements of the same results, in thi s case also 
corollaries 2 .1 & 2.2 are equivalen t. For example, if h and h are mono­
tonic we will show that the conditions (2.2) , (2.3) and (2 .4) of Theorem 
2.1, may be written in the form of (2.6) , (2.7) and (2.8) of Theorem 2.2 , 

respectively. 

Let Ji = λ (1) and define gi = f i-1 (the inverse funciton of f i) and 
Wi 화l(g;) ， (화 1 is the multiplicative inverse of φ i) ' Then as in [5], 
equation (2 .2 ) may be written in the form of (2.6). If we take η = λ (ti) 
then (2 ,3) becomes 

π = f[mtl (Jj(gi(Ti))) 

l.e. 
f;l (J[-m tl (π)) = gi(η) 

where f[-m tl is the inverse of f[m;J and this exists for the sequence f[md is 
increasing sequence from (1.3). Thus 

gi (J[πtl(π) ) = gi(π) ， n1 = -m1 
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which is (2 .7). Also (2 .4) becomes 

(cφ2t 1 (ti) = 화1 (ti) 
(l/c)한1(td = 화1 (ti) 

(l /c)φ감(α(π)) = φ;1(9;(π )) ， i = 1,2. 

For i = 1, we have 

(1 /c)φ;-1(91(71)) = 화1 (91 (η)) 
(1/ c)φ;-1(92(71)) = ψ1 (71) 

by using (2 .7) for n1 = O. Hence 

(1/ c)ψ2( 71) = ψ1 (71) ' 

Thus 
ψ1 (J[n1 )(71)) = kψ2 ( 71) , k = 1/ c. 

For i = 2, we have 

(1/ c)φ감 (92(乃)) = φ1 1 (92(72)) 
(1/ c)ψ2( 72) = 화1 (91 (J [n2

) (72)) 

by USillg (2.7). Hence 

kψ2( 72) = ψ1 (J [n2
) (72)) 

From (2.9) and (2.10) , we have 

ψ1 (J [n i
) (깐)) = kψ2(깐) ， i = 1,2, 

which is (2.8). 

Remark 2. The result of [6] is obtained by taking f( t) = t + ω 

(2.9) 

(2 .10) 

Remark 3. The result in [4] (Theorem 2, pp. 691) is obtained by corollary 
2.1 with f(t) = t + ω ， f1(t) = t, f2(t) = -t , t1 = 0 and t2 = -ω/2 ， so that 
m1 = 0, m2 = + 1. 

By the generalized Floquet theory [1 ], if X o is any continuous no떠n 

gular matrix on (a , ∞) such that Xo(O) = U and satisfying (2.1) , then 
there exists a continuous nonsingular matrix P which is f - periodic on 
(a , ∞) such that P(O) = U and 

X(t) = P(t)Xo(t) (2 .11 ) 
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and (as in [5], pp . 19- 20) , there is at least one solution x(t) of (1.1) such 
that 

x(f (t)) = '\x(t) 

for all t , where ,\ =f=. 0 is a constant (real or comple잉앉x서〈 
solution of (1.1), then there exists a constant vector Xo such that 

x(t) = X(t)xo = P(t)Xo(t)xo 

by using (2.9). If x(t) is to satisfy (2.10) , then 

P (f (t))Xo (f (t))xo = '\P(t)Xo(t)xo 

P(t)Xo(t)Vxo = '\P(t)Xo(t)xo 

by using (2.1). Hence 

P(t)Xo(t)(V - '\U)xo = O. 

Since P and X o are nonsingular then 

(V - '\U)xo = 0 

(2.12) 

(2.13) 

(2.14) 

Consequently if ,\ is aneigenvalue of V and Xo is a corresponding eigen­
vector, then the solution x(t) defined by (2.13) has the desired property. 
Thus we have: 

Theorem 2 .3 . If the system (1. 1) is GFS-j, theπ it has a f - periodic 
solution if and onlν if there exists an eigen valμe of V which is equal to 1. 
Also if there is an eigenvalue of V which is equal to 1) theη the system 
(1 .1) has a f [2Lperiodic so l1따on. 

PTOof Since 

x(f [21(t)) ~ x(f(f (t)) = -x(f (t)) = x(t) 

the resul t follows by using (2.10) wi th ,\ = -1. 
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