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ABSTRACT. Let M be a differentiable manifold, TM its tangent bundle and FM its
frame bundle. The theory of complete lifts and Horizontal lifts to FM of vector fields
on M ahs been studied by many authors. In this paper, vertical lifts of functions vector
fields and 1-forms on M to F'M are studied.

0. Introduction

Let M be an n-dimensional C* manifold and FM its frame bundle. The differential
geometry of F'M was studied by T. Okubo (9, 10], Terrier [3], Mok [1, 2], Cordero [4, 5].
In [2], Mok introduced a Riemannian metric on the frame bundle of a2 Riemannian manifold.
This metric is similar to that defined by Sasaki [8] for the tangent bundle TM of a smooth
manifold M. In 1977, Mok [1] introduced the complete lifts of vector fields, different types of
tensor fields and linear connections on M to FM. Moreover, in 1984, Cordero and Manual
De Leon {4, 5] introduced the Horizontal ifrts of vectors fields, tensor fields and connections
on M to FM. One of the present authors [6, 7] has studied vector fields and lifts of different
types of tensor fields on Complex tangent bundle T My, of a Complex manifold Ma,. The
main purpose of the present paper is to study the vertical lifts of function, vector field and
l1-form of M to FM.

1. Preliminaries

In this section, we summarize all the basic definitions and results that are used later.
Indices a,b,¢,...,1,4,k,...,a,B8,7,... have range in {1,...,n}. Summation over repeated
indices is always implied. Entries of matrices are written as A;-, A, or A% and in all cases,
i is the row index while j is the column index. R” is the euclidean n-space G1(n, R) the
general linear group and G1(n, R) the Lie algebra of all n x n square matrices. Coordinate
systems in M are denoted by (U, z'), where U is the coordinate neighbourhood and z' are
the coordinate functions. Components in (U, z*) of geometric objects on M will be referred
to simply as components in U, or just components. We denote the partial differentiation
d/08z' by 8;, and Lie derivative by £,.

Let T, M be the tangent space at a point z € M, (X4) = (X4,...,X,) a linear frame
at z and FM the frame bundle over M, that is the set of all frames at all points of M.
Let m : FM — M be the Canonical parjection of FM on to M; for the coordinate system
(U,2*) in M], we put FU = n~'U. A frame (X,) at = can be expressed uniquely in the
form Xo = X}(0/0z');. The induced coordinate system in FM is {FU,(z*,X%)}. The
matrix [X,] is non-singular and its inverse will be written as [Xf].
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Suppose (U, z') and (U, z"') are two coordinate systems in M and let {FU, (*;z%)} and
{FU ’,(:L'"';X}: )} be the induced coordinate system in FM; by a routine calculation, one
easily gets

s} o 0 i 0 i} g O
= = =Pl —.
o7 =~ F g T RiXegxr ax = H %oaxg
on FU N FU', where 62 is the Kronecker delta and
P = ot g 0%

¢ 8zt Y T 9rifxi

with a given linear connection T' on M, we can define two sets of global 1-forms on F M,
namely 87 and wf. Their expression on FU or

" = X?d:c'.
wh = Xp(ThXide' +dX})

and these n + n? global 1-forms are linearly independent every where. Actually, § = (87)
is the Canonical 1-forms of FM and w = (w?) is the connection form of T'. Let E,, E{ be
the n + n2 global vector fields on F M dual to §7, w?; they span respectively the horizontal
and vertical distribution on FM and their expression on F'U are

i 9 J vk 9
Eo =X (a= Fchﬁgg)

8
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2. Vertical Lifts

2.1 Vertical Lifts of Functions

If ¢ is a function in M, we write ¢¥ for the function in FM obtained by forming the
composition of 7 : FM — M and ¢ : M — R, so that

(2.1) ¢V =por
Thus, if a point £ € FU has induced coordinates (z*, z,), the
(2.2) ¢V (z) = 6" (2, Xa) = ¢ - 7(z) = ¢(z)

Thus the value of ¢V (z) is constant along each frame T, M and equal to the value ¢"(z) is
constant along each frame T; M and equal to the value ¢(z) of ¢ at the point z = 7(z) € M.
We call ¢V the vertical lift of the function ¢. Thus we have, from (2.2),

(23) (¥e)” = )" (¢)”

for any 1, ¢ on M. We now see from (2.2) that the mapping ¢ — #V deternimes a linear
isomorphism of M into FM with respect to constant coefficients.
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If 7 is a 1-form in M, it is regarded, in a natural way, as a function in FM, which we
denote by v1. If T has the local expression r = 7;dz* in a coordinate neighbourhood U of
M, then v has the local expression

(2.4) yr=1X4

with respect to the induced coordinates in FU.
Thus if ¢ is a function in M, then 7(d¢) hjas the local expression

(2.5) v(dg) = 8i X},

with respect to the induced coordinates in FU.

Proposition 2.1. Let X and Y be vector fields in FM such that

X (v(dé) = Y(v(d¢)),
for an arbitrary function ¢ in M. Then X =Y.

Proof: If X(y(d¢)) = 0 for any function ¢ in M| then X =0. If ,: are components of
X with respect to the induced coordinates (z*, X% ) in FU. Then we have from X(y(d¢)) =0

X3(0;8;4) X% + X79;6=0

If this holds for any ¢ € M, 0;¢ and 9;0;¢ taking any preassigned values at a fixed point,
we have

(2.6) XiXi4+X'Xi=0  X;=0

Suppose X} # 0 and assume that X} # 0. Then putting i = 1 in the first equation of (2.6),
we have X/ X! + X1XI =0, from which X7 = BX], for a certain function 8. Substituting
this into the first equation of (2.6), we find 28X/ X! = 0, from which, putting i = j = 1,
we have f = 0, i.e., X* = 0. Thus we see that the vector field X is zero at a point such that
Xi #0, that is, in FM — M. But the vector field X is continuous at every point of F M.
So, we have X = 0 in FM. Thus proposition {2.1) is proved.

2.2 Vertical Lifts of Vector Fields

Let z € FM be such that X¢¥ = 0 for all ¢ € M. Then we say that X is a vertical

vector field. Let ( X,) be components of X with respect to the induced coordinates. The,
from X¢Y =0, we have X?9;¢ = 0 for all $ € M, from which X* =0, i.e.,

(5)-(2)

Thus X is vertical if, and only if, its components in FU satisty (2.7).
Suppose that X is a vector field in M. We define a vector field XV in FM by

(28) XY (yr) = (r(X))",
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being an arbitrary 1-form in M. We call XV the vertical lift of X in M to FM. If X* and
7; are respectively components of X and r with respect to the local coordinates in U, and if

( ;f:,) are components of XV with respect to the induced coordinates in FU, then we have
from (2.8),

Xj(ajT,')X:; + Xj'rj = T,-Xi

for any 7;, from which X’ =0, X i = Xi. Thus the vertical lift XV of X with components
X*in M to FM has components

(2.9) XV = ( )?)

with respect to the induced coordinates in F M. Thus the vertical lift XV of X to FM is a
vertical vector field in FM. Consequently, we have by the definition of XV .

(2.10) XV¢V =0

for any vector field X and ay differentiable function ¢ on M. Using (2.8) or (2.9) and taking
account of (2.2), we can easily verify that

(2.11) (X+Y)YW =xV+vVY
(2.12) (¢X)V = ¢V XV

for any vector fields X, Y and differentiable function ¢ on M. We now have
Proposition 2.2. For the Lie product [XV,YV] of XV and YV

(2.13) xXV,vVi=o0

holds, X and Y being arbitrary element of M.

Proof: Let 7 be an arbitrary elements of 1-form in M. Then, taking account of (2.8)
and (2.10), we have '

(XY, YY) = XYYV (yr) - YV XV (7)
= XV (r(Y))¥ - YV (r(X))” =0
and consequently [X"¥,YV] = 0 by virtue of proposition (2.1). Thus propositon (2.2) is
proved.

We see from (2.9) that the mapping X — XV deternimes a linear isomorphism of M into
FM with respect to constant coefficents. From (2.9), we find in each open set FU

(2.14) (%) = (x2)Y

with respect to the induced coordinates in FM.
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2.3 Vertical Lifts o 1-Froms

Let 7 be a 1-form on M, the l-form 7¥ = #*r on FM is completely defined by the
following,.
7V is the unique 1-form on FM which veriies

(2.15) ™ (XC) = (r(X))V

for any vector field X on M. ‘
If r = r;dz’ is the local expression in U of 7, then 7¥ = r;dz’ in FU with respect to the
global coframe 7 and w’ in FU. Their expression on FU are

97 = X]dzt
wh = X{(ThXidzd + dX2)

one has 7¥ = Xiri6*.
The vertical lift 7V of 7 with local expression r = 7;dz* has components of the form

(2.16) V:(n,0),

with respect to the induced coordinates in FM. Thus the vertical lift 7¥ of 7 to FM is a
vertical 1-form in F M.
Consequently, we have from (2.9) and (2.16)

(2.17) (XV)=0

for any 7 on M. Using (2.16) and taking account of (2.2), we can easily verify that
(2.18) (r4+n)V =7 49"

(2.19) (¢r)V =¢"+"

for any 7, non M.
We see from (2.16) that the mapping 7 — 7V deternimes a linear isomorphism of M into
FM with respect to constant coefficients, and that in each open set FU the formula

(2.20) (dz*)Y = dz*

holds with respect to the induced coordinates.
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