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Bayesian Estimation of the Component Availability in
the Exponential Failure,”Repair Time Distributions
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1. Introduction

Let us denote the distribution of failure time X and repair time Y by H(X) and G(Y) respectively. Then
the repairable component with respect to these distribution can be determined by steady-state availablity

A=EX),/(EX)+E(Y)), with is the probaility that the repairable component is in operation in the long
fraction of time. Gaver and Mazumder(3) investigated the estimation of parameters in case that two proba-
bility distributions are specified on the two-state process in operation and under repair. By investigating
the failure of previous try and the period of repairs, Nelson[4] determined the interval of prediction for
the availability of repairable component.

Brender[ 1] worked on the Bayesian estimation of the steady-state availability by using failure rate and
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repair rate.

On the other hand, Thompson[5], [11] and Palicio[5] obtained a method to compute the Bayesian inte-
rval of the availability of a series or parallel system consisting of several statisticaily independent two-state
subsystems having exponential of failure times and repair times.

The main purpose of this paper is to compute Bayesian estimation of component steady-state availability.
In section 2, we will investigate Bayesian estimation of the steady-state availability for noninformative prior
density function and in section 3, we will compute Bayesian estimation for conjugate prior density func-
tion

2. Bayes Estimation for Noninformative Prior Density Function.

Consider a repairable component for which the failure time X is distributed as H(8) with exponential
probability density function(pdf)

h(x| 0)=0L,eXp(-—%),x 0, 850

and the repairable time Y is distributed as G(a, B) with Gamma-pdf

1

glylae , B4)= m

ab-1 . y
ayery eXP(‘E-.‘-),Y 0, )0, 8)0

where a (shape parameter) has a known value @, and f(scale parameter) is unknown value
Assume that X, Y independent the steady-state availability is given by

_ E(X)
= W’E(X)_O’ EY)=a,8,
Then, the likelihood function of ¢, T, T, given

Tey, 1 Lo,
7)[1-'((!0)](

a T
qa (tao—-1) v
PR 7.

@21

1
L(Q’Tx’Tylar BI’ (!.) = E'Qexp('

Let’s introduce some integration for calculation of the expectation,

f o 22"V exp(-az)dz=T (p)a~*

T (b)T (c-b)
T (c)

J ez D (]-2)te-d-D (] 7)-afzm +Bi(a,bic, t),

for It] (1, c>b)0 and
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2Bi(a, bic, t)= ,Z=:o —(Ci) 0

is confluent hypergeometric functions of Gauss form for |t | {1 with

I'a+i)
@=——7—
I'(a)
From Erdelyi[2], we have
:Bi(a, bic;n)=(1—2)"*"" ,;Bi(c—a, c—bjc~2z), for |z]<{1; (2-3)
, where (a, b. c—a, c—b) is positive integer.
Assume that MTBF in the exponential failure time distributed and scale parameter in the Gamma repair

time distribution has independent noninformative prior distribution given by

f6) o o m )0 (2-4)
fB) « Blm -, B> 0, my) 0 (2-5)

Then we have the following lemma.
LEMMA 2. 1 The joint posterior density function of 8 and B is given by

(Ty) o=y "0 (T,) g™ “Vexp(-(T./8)+(T,/84))
g 2 By T (gtmy-1) T (qa o tm,-1)

f(ea, B.Iq,T,,T,:a.) =

where 070, 870 and I'(*)is a Gamma function.
PROOF. From(2-1), (2-2) and (2-3), the joint posterior distribution of 6, B, reduces to

f(aﬁ ﬁllq;Tx)T’; a.) (2'6)
L(q, T, T,1 8, Buiae) £,(8)F,(8s)

f.‘[oL(q;Tstl0’80;(10)'f|(3)f2(30)d13|d0

~aq _1'.‘_. L__. VR —aae( % a - - l -= -m
] e vexp( 7] )[F(a.)] § (myy) =™ exp( h) =6,
xXrx,- T" L -qa -] ta -1 T-' -m -m
J oS se %exp(~ ] )[F(a.)]‘IB. o(ﬂ'l!;) o Vexp(- B.)a 107 ™,dB,d8

By the cancellation, the denominator of (2-6) becomes

f(o,810T.T,, a)
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. T, , T,
- JiSger ety B““o"a’eXP[-(ar— +B. )1dB .48
TX x T’
= fremrmpexp(-—) [ FaB ™9 " exp (- )dB,]dd.
6 B

Suppose B =1, then the inner integral is evaluated as

I,

f:ﬂo‘“‘“o"n’exp(‘_ﬁ YdB,. - I.a tax _+m -0 ceyp(-T,a)da

_ I'(qa, tm,-1)

(T,) (qae+m2-1)
Suppose # =18, then the outer integral of (2-6) is evaluated as

Te
0

Sle-ta*mexp (- Yd8 = SiB8 P exp(-T,. 8)d8

T (gtm,-1)
- —= ‘3“:,“” (Q.E.D.)

LEMMA 2. 2 The posterior distribution of component steady-state availability

A=1/(l1+a 48 )is given by
R(Alq) Tx’ Ty: 41 .)

= ( (1+T, ) (qdo’la-l) A(qa°4nz-2) (1_A)(q+-l—2)
T,
= B(qimy-1, qa ,tmy-1) [ 1—A(1-°‘T—— ) 1%, (0<A<I)

where B(.,.) is Beta function, k=(q+m;+qa +m,—2) and 6§ = B/ 0 is the service factor
PROOF. First, we find the posterior distribution of § = 8, 6. According to LEMMA 2. 1

We express that

Rs (0 1q, T, Ty o) B 67248

- J:S(%’,B.lq,T,,T,:a.) B.5-24,
(Tx)(q’-l-I) (Ty) (q¢°+-2~l) ® BI ~(q+m > -(qa +m )
T (@a, DT (qarmecy () v BT exp
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8 1
B—‘.TK+B—. Ts) ]ﬂ.ﬁ"zdﬁ.
(T!) (c*-i-—l) (T,) (qaoi--!-l)

I' (gtm-1)T (qe +my-1)

[ -«

Sy iem et e [ - (5T.T,) 148,
]

Let B3 =1/a, then we have integration with respect to B that

Ry (6 1q, Ty, Tys )
_ (Ty, tarm =D (T,) (ea *mym1) § (a4m -0 T (gtmytqa ,tm,-2)

I (qgtm,-1)T (qatme-1): (FT,4T,) stmy*sa,+m,-0
(Tx) (2*m,= 1 (T,) (@ _+m -1, § (asn -1

Blgtmy-1, qo otmy=1) (§ T, #T,) (9*m,*aa +u, -0

Accordingly, the posterior distribution of component steady-state availability A=1/(1+a,8) is given by

R(Alq’ Tx. Ty: o l)

A1-1 A-?
S N RN Y PP
o, Qa
_ (Tx) (q*ll+l) (T’)(quofni-l) (I_A)(qﬁnl-z)
= i
B(qﬂl:"l» qa ,,’fllg“l) [ TJ+TX( ) ] (1=-‘*q¢°+-2-2)
oy
(52) egomy v h e oo (g (aomy o

Batmy-1, qa otmp-1) [1-A (1= 5212 ) ] covm rae omon

By using LEMMA 2.1 and LEMMA 2.2, we can prove the following theorem

THEOREM 2.1 Under a squarred-error loss function, Bayesian estimation of component steady-state avai-
lability A is given by

. _ quoetm,-1 . N L T’a.
_q+m‘+qa .+m2_2 sz (1, qtm, lulll tQa,im,-1:1 __T'x— )
_al,

where 0 < >~{2, B\, bicit) is a confluent hypergeometric function in Gauss form.

x

PROOF.  Bayes estimation of component steady-state availability A is average of posterior distribution.
From (2-2) and (2-3), we reduce as follows ;

Ai* = S o Ah(A]q, T, T,: a,)dA
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g__’. (ga +m_-1)
. ( Tx ) ° 2 f .
- B(qtm,-1,qo ¢tmy-1) '

A(qa *- -1 (I_A) (q+-l-2)

- dA

[1-A(1--502 ‘“T

) ] (q+I10¢a°+-2—2)

T,
T ¥y
( L';T—,_ ) (et =, VT (qtmgtqo ,tme-2) T (qa otmy) T (qtm,-1)
) I (gtm,-)T (qaotme-1) T (gtmytqa ,tm,-1) IS
T
(=27 ae om0 (qa g tmy-1)
= T ( a'T’) (qa_+m -1 -
q+m1+qao+ﬂz‘2 T ° ¢t !
qa.+m,’l

N q+m1+qa.+mg~2 'Q‘

where Q=:Bi(q+m;+qas +m—23 qas +ma s q+m+qas tme—13 1—(ae 7,7)) and Q.=:Bi(l, g+m

-1 q+tm+tqas tm—1:1—(a T,/ To)).
4T A T o Q. E. D).

3. Bayes Estimation for Conjugate Prior Distribution

In this secetion, by employing the technique similar to that of the previous section, we shall obtain Ba-
yes estimation of steady-state availability for conjugate prior distribution. Suppose MTBF in the exponen-
tial failure time distribution and the scale parameter in Gamma repair time distribution have independent

conjugate density function ;

b (a+1) _1
‘(0)1“(3)(_) exp ( 7 ), 08>0, a, b0
d
K.(8)= F(C)(E_)(“” exp(——) 80, ¢, d20.

Then, we have the following lemma.
LEMMA 3. 1 The Joint posterior density function of & and B is given by

K(g; ﬂolq»tx’ty;ai)
(Tath) @+ (T,4+d) “@=,* < exp(=(1/6) (Tutb) - (1/84) (T,+d))
0 (qta+l) B . (q¢°+c¢1) . 1" (q+a) r (q o ."’C)

PROOF From (3-1) and (3-2), the joint distribution of @ and B, is as follows,

K(a, B.IqﬁTx;T’;a.)
LT, T, 8, Bai aa)ks(8)ks(B)

fof.L(q,Tx,T,l0,6.?a.)'f.(0)f.(ﬂ.)dl3.d0
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- q __L 1 q, -qa {a -1 _l!_ __l_]_c___ -(at
:e e (-2 ) g ! Ba %t (Y1) 2o expl 3.)[(I‘(a)a)]0 (ar®
® o ® -a _15_ 1 a - -qa (a ~-1) _T’
F8y 67 exp (- )[I‘(a.,] Be %o ( F,¥1) exp(ﬁ.)

1
T,

b
-(a+l) - —
T ) B exp ( 3 )

exp(-b /8)(d=/T (c) Bo c*Pexp(-d /B4)
(de/T (c)) Bo‘c*Vexp(-d/B8,4)dB,d 8

By the canceliation,

FTST gcrarn goiaa serneyp | —bl—(T,+b)——l—(T,+d) 1d8.d6

]
o 1 o
=f38  tatarvexp[ "5 (Tetb) J J e B o 92, c* Vexp { ——1—— (Tytd) } - dBd8
¢
Suppose s =1/ @, then the inner integral of (2—8) as follows :

Sra tve,*=*Vexp[ -(T,4d) Jda

FT8 e v exp [ - o (T,4d) 148,
e

I (qaetc)
(Tytd) 2t

and suppose 6 =1/a, then the outer integral of (2-8) as

Fe@ et vexp| {—51—(T,+b)} 1d=538 < **Vexp[ {-8(T,+d)} 1d8

B (q+a) .
) (Ty+d)(q+n) (Q' E. D.)

LEMMA 3. 2 The posterior density function of component steady-state availability for A=1/(1+a: §)
is given by
h(AI q’ Tx’ Ty: o 0)

(“ .T,/TK) (qao*-l—!) A(anO-Z-z) (I_A) (Q*ll°2)

B(q+m1'l, q a .+m;*1) (I”A(l‘“ [44 .T,/Tx)l (qf.lfqaobna—z)

PROOF First, according to LEMMA 3. 1

S{81q, T, Tyt ay)
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B

= f: K( ‘8—‘» Bl'q'Tx'T:;aO)'O 3_2dﬁl

(Teth) 2@ (T 4d) (9e * w é_. avas D - (qa tes 1)
I (gta) T (qa ¢tc) Il Fy ) B °

exp [—B§._ ] (Tx+b)+_1—.(TJ+d) 1B8407%d8,

- (Tx+b) (q+ad (T,,‘.d) (q¢°+c) 8 {(q+a-13) J‘:g .‘ (qtatqaetct+1)

I' (q+a) T (qtc)

1
exp [-l—?— {6 (Tetb)+(T,td)} 1d8

¢
, where 1/8=60,f. suppose B;=1a, then

S(819.TwTyias)
(Tutb) 440 (T, 4d) 52, *©> § <*- T (qratqa 4+o)
T (¢7a) T (G at0) (5 (TFh)F (T, 10)) (xrerae 7o
(Tx+b) (q+a) (Ty+d) (qlo*c) 8 (qta-1)

B(ata, qa o10) [8 (T1 )1 (T,1d)] (@rereetre

Therefore, posterior distribution of steady-state availability is as follows

P(Alq, Ta Ty @)
SA -1/ ay | TaTyiay ) (A2 ay)
(Tuth) <7 (T, 4d) 92,*9 {(AT*-1)/ a4} 4" A2/ @)
Blata, qa¢tc) (8 (T,td)t (A 1-1) (T,1h) /a o} (s avas,ve
(Tx.',b) (qta) (T,+d) (an*c) [(A—l_l)/a .] (q+a—1)A-2/a v
B(qta, Qo o+0) (I-A[I-{ @ o (T, +d) / (T, B)} ]} (=7 area 7o

(oo (T, +d) /(Totb)] (92 ¢ A Laa om0 (]-p) ara-D>
B(ata, qotatc) (1-A[1-{a o (T,#d) /(T #b) ]} (Frarea o

THEOREM 3. 1 Under the squarred-error loss function, Bayes estimation steady-state availability A is gi-

ven by
. X5 tasgtat TSI
A, ratqa otc 2By [1, qtaiqtatqa 4t1:1 T.+b ]
g+d
. where 0< <2, .B,(a,bic:t)

T,th
PROOF. From LEMMA 3. 2 (2-2) and (2-3), we have following Bayes estimation of component steady-

state availability A ;
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A= A P(A|q, Tx,Ty: a4)dA
[a .(T,+d)/(Tx+b)] (qaofc) A(q¢°+c) (I_A) (qta-1) dA
B(qta, qa otc) {1-A[1-{a 4 (T,4d)/(Tetb)}]} tatarsatre
. _leoT4d)/(Tath)] 4¢®*® [ (qtatqa )T (ga.tet]) T (qta)
) I (qta) T (qa . +c) T (qtatqa ,+ctl) !
_ qa.+c
T qtatqaetc 2

where K =3B, (qtatqa ¢tc, qa otctliqtatqa tetlil-a 4 (T,+d)/(T,tb)},

o .(T,+d)

and K,=,B,[l, qtaiqtatqa 4+C+1:1- —T;——
} (Q.E.D.)
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